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The Painlevé property

Example 1.

No singularity points
dw
dz

w (z) = zp€*

Irina Bobrova

Simple pole Branch singularity point

2 ‘ 1
w(z) = w(z) ==+

Z0 — Z VZo — Z
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The Painlevé property

Example 1.
No singularity points Simple pole Branch singularity point
aw _ w _ 2 aw _ 1.3
dz dz dz 2
. 1 1
w (z) = zpe W(Z):ZO—Z W(Z):i\/ﬁ

Definition 1. If singular points of the solution of the differential equation depend
on the initial data, then such points are called movable.
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The Painlevé property

Example 1.

No singularity points Simple pole Branch singularity point

dw dw 5 dw 1 4
— =W — =W —_— = w
dz dz dz 2
(2) = 2e? (2) = — (2) = £——
wlz) = Z wlz) = wi(z) = -
0 Z0 — Z VZo — Z

Definition 1. If singular points of the solution of the differential equation depend
on the initial data, then such points are called movable.

The Painlevé property

Definition 2. A differential equation satisfies the Painlevé property, if its explicit
solution has movable simple poles only.
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The Painlevé property

Example 1.
No singularity points Simple pole Branch singularity point

dw dw 5 dw 1 4
—_— = W _— = —_— = — W
dz dz dz 2
w (z) = zp€* w(z) = 1 W(Z):ié
0 Z0 — Z VZo — Z

Definition 1. If singular points of the solution of the differential equation depend
on the initial data, then such points are called movable.

The Painlevé property

Definition 2. A differential equation satisfies the Painlevé property, if its explicit
solution has movable simple poles only.

Problem 1. Classify all equations satisfied the Painlevé property in the given form

d?w dw
— =P — 1
dz? (Z’ w dz) ’ (1)

where P (z,w, w’) is a meromorphic function in z and a rational function in

/
w and w’.
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The Painlevé property and isomonodromic problem

£

o d

1 (5rana)vaa=o swroo=t

i 14_3(/\ z) ) Y(\z)=0, trB(\z)=0,B(\ Z)_—gly'y_1
E) dz ’ ’ - Y% ? - ’ o dt .
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The Painlevé property and isomonodromic problem

£
9 d
$ (d)\ +A(/\,z)> Y (A\z)=0, detY (A z)=1;
g i—|—B(/\Z) Y(A\z)=0, trB(X\z)=0 B()\z)——iY y-1
E) dz ’ ’ ] ’ - Y% ’ - dt .
the compatibility condition — A= 9B 4 [B, A], tr B = 0 (2)
p y dz - dA ) ) - -
i Pt

N
o

——=pPfN

P deg
% V

The confluence scheme for the Painlevé equations
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Six Painlevé equations
PVI [w(2); «, 5,7,4]; (0,0,0, 0)(071’00’2)

1/1 1 1 2 1 1 1
n_ = [ = - A ’
v 2<W+W1+WZ)(W) (z+zl+wz)w

+W(W—1)(W—Z)< z z—1 +5z(z—1)>'

2(z—-1)° a+ﬁm+7(w—l)2 (w—z)°

PIl [w (2); ol (3) ) Pl {w (2)]; (5/2)(x)

w” = 2w + wz + a. w” = 6w? + z.
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Six Painlevé equations
PVI [w(2); «, 5,7,4]; (0,0,0, 0)(071’00’2)

, 1/1 1 1 2 (11 1 ,
W _2<W+W1+WZ)(W) _(z+zl+wz)w

+W(W—1)(W—Z) (oz—i—ﬁz oy z—1 +5Z(Z_1)>.

22 (z — 1) w2 o1 (W 2)?

PIl [w (2); a; (3)() Pl {w (2)]; (5/2)(x)
w” = 2w + wz + a. w” = 6w? + z.
Example 2. (from Py to P))

w' =2wd 4+ wz + « {W|—>5w+5_5, z+ &2z — 6710, av—>4e_15}
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Six Painlevé equations
PVI [w(2); «, 5,7,4]; (0,0,0, 0)(071’00’2)

, 1/1 1 1 2 (1 1 1 ,
W _2<W+W1+WZ)(W) _(z+zl+wz)w

+W(W—1)(W—Z) (a—i-ﬁz oy z—1 +5z(z—1)>'

22 (z — 1) w2 o1 (W 2)?

PIl [w (2); a; (3)() Pl {w (2)]; (5/2)(x)
w” = 2w + wz + a. w” = 6w? + z.
Example 2. (from Py to P))

w' =2wd 4+ wz + « {w ew+e® ze2z—6e"0 as 45_15}

w” =23 + 6w? + Ozw + 2
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Six Painlevé equations
PVI [w(2); «, 5,7,4]; (0,0,0, 0)(071’00’2)

, 1/1 1 1 2 (1 1 1 ,
W _2<W+W1+WZ)(W) _(z+zl+wz)w

+W(W—1)(W—Z) (a—i-ﬁz oy z—1 +5z(z—1)>'

22 (z — 1) w2 o1 (W 2)?

PIl [w (2); a; (3)() Pl {w (2)]; (5/2)(x)
w” = 2w + wz + a. w” = 6w? + z.
Example 2. (from Py to P))

w' =2wd 4+ wz + « {w ew+e® ze2z—6e"0 as 45_15}

w” =23 + 6w? + Ozw + 2 {e—=0} w'= 6w? + z
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The Hamiltonian structure

Pulw(z);b]: w’'=2w’+zw+ (b—;).

Okamoto variables

_ o 2 =2,
q=w, p=w +w +§,

{a,p} =1, {q,9} ={p,p} =0

, OH 5 Z
1, , Z T=% P
Hn[b]:Ep—(q +§)p—bq &

/

oH
p'=———=2pq+b.
9q
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The Lax pair and the isomonodromic problem

The Jimbo-Miwa pair

aoa=2 (3 ) a0, (i, o).

A1l 0 1 0 u
B()\7Z) = 5 (0 _1> + 5 (—2U1V ) c

o

o
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The Lax pair and the isomonodromic problem

The Jimbo-Miwa pair

_L(1 0 0 u v+z/2 —uw
AN z)= A <0 _1>+)‘<—2u1v O)+(—2u1(WV_b) —v—z/2>7

A1 0\ 1/ 0 u
BX2) =3 (0 —1> t3 (—2u1v o) '
{dlnu dw V:—2wv+b}

= —w ——Wz—i—v—l—z
dz T dz 2’ dz
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The Lax pair and the isomonodromic problem

The Jimbo-Miwa pair

AN z) = N2 <(1) _01> +A (_251\/ ) + (_2UV1+(;\//2_ b) —Vimz//2> :

A1 0\ 1/ 0 u
BX2) =3 (0 —1> t3 (—2u1v o) '
{dlnu dw

o <

= —w ——Wz—i—v—l—z =
dz T dz 2  dz
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The Lax pair and the isomonodromic problem

The Jimbo-Miwa pair
_L(1 0 0 u v+z/2 —uw
Alhz) =2 (0 —1) A <_2U1v 0) i (—2u1(wv —b) —v —Z/2> ’
A/l 0 1 0 u
B(A,z) = 5 (0 _1> ) (—2u1v 0) '

@z Ve Y TV Ty T

d>v 1 (dv)? b?
Remark. P34 [v(2);h]: ?Z =3 <V> —2vZ —zv — —.
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Backlund transformations

Definition 3.

A Bicklund transformation transforms one PDE solution to another its
solution.

An auto-Backlund transformation leaves a PDE invariant.
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Backlund transformations

Definition 3.

A Bicklund transformation transforms one PDE solution to another its
solution.

An auto-Backlund transformation leaves a PDE invariant.

Example 3. w— —w: —w” = -2w3 —zw + b = Py [w;b] — Py [w;—b].
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Backlund transformations

Definition 3.

A Bicklund transformation transforms one PDE solution to another its
solution.

An auto-Backlund transformation leaves a PDE invariant.

Example 3. w— —w: —w” = -2w3 —zw + b = Py [w; b] — Py [w; —b].
Claim 1.
The transformation s in the given form preserves the solution of the P,
equation

S(f"l,ﬁ,f;[)) _s<q+z,P,Z;—b), (6)

The coordinates G and p are canonical.
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Backlund transformations

Claim 2.

The transformation r in the given form preserves the solution of the Py,
equation

r(?l, A,f;B)=r(—q,—p+2q2+z,z;1—b). (7)

The coordinates § and p are canonical.
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Backlund transformations

Claim 2.

The transformation r in the given form preserves the solution of the Py,
equation

r(&,ﬁ,2;13>:r(—q,—p+2q2—|—z,z;1—b). (7)

The coordinates § and p are canonical.

Theorem 1. The Béicklund transformation for the second Painlevé equation is the
following one
1 200 —
W =w . a=1-& e==l. (8)

2ew’ —w? -2
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Backlund transformations

Claim 2.

The transformation r in the given form preserves the solution of the Py,
equation

r(?l, A,2;13>=r(—q,—p+2q2+z,z;1—b). (7)

The coordinates § and p are canonical.

Theorem 1. The Béicklund transformation for the second Painlevé equation is the
following one
1 200 — €

2ew’ —w? -2

w=w

a=1-a, e==+1. (8)
Remark.
e =1, then (8) coincides with the transformation s;

e =—1, then (8) coincides with the composition r o s.
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Backlund transformations
(9)

Te=(rs), Si=(rs)s, keZ
k \ -2 -1 0 1 2
Tk srsr  sr 1 rs rsrs
Sk Srsrs  srs s r  rsr

Compositions of Backlund transformations

June 8, 2020 10/18
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Backlund transformations

Te=(rs), Si=(rs)s, keZ

k ‘ . -2 -1 0 1 2
T | ... srsr sr 1 rs rsrs
S| ... srsrs srs s r  rsr

Compositions of Backlund transformations

Srsrs Srs s r rsr

s:b——b, r:b—=1-0b
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Backlund transformations

Te=(rs), Si=(rs)s, keZ

k ‘ . -2 -1 0 1 2
T | ... srsr sr 1 rs rsrs
S| ... srsrs srs s r  rsr

Compositions of Backlund transformations

Srsrs Srs s r rsr

s:b——b, r:b—=1-0b

Claim 3.
Ti(b)=b—k, Sk(b)=k—b, k € Z.
s2=1andr®=1.
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The affine Weyl group and its extension

Theorem 2. Bicklund transformations r and s are generators of the affine Weyl
group of type A(ll),
W ={TkS:keZ}=/rs), (10)
with fundamental relations r> =1, s2 = 1.
Remark. If we set so = s, s; = rsr, and ™ = r, we obtain the extension of W:
W = (so,s1;7m), sa=1, st=1, ms=sT. (11)

The Cartan matrix ~ The Dynkin diagram

A_(2 2
2 2 >
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The affine Weyl group and its extension

Theorem 2. Bicklund transformations r and s are generators of the affine Weyl
group of type A(ll)

1

W ={T«,Sk: ke€Z}=(rs), (10)

with fundamental relations r> =1, s2 = 1.

Remark. If we set so = s, s; = rsr, and ™ = r, we obtain the extension of W:

W = (so,s1;7), se=1, s2=1 75 =sm. (11)
The Cartan matrix ~ The Dynkin diagram
A 2 =2
T\-2 2 <
The discrete dynamics d—P(A(ll)/E7(1)) [ I:
P =-p+2¢°+z

1-b O—O—O—I—O—H (12)

Ql

E7(1) root system
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Generating rational solutions

The particular rational solution

z 1
- b) = .- 1
(q7 pv ) (07 2' 2) ( 3)
H T4 To T ‘ Sy So S
1 1 223 -4

- o0 = =0

9 z z z(z3+4) =z
Z+4 oz oz Z+4 z oz
P 222 2 2 272 2 2
b 3 11 3 11
2 2 2 2 2 2
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Generating rational solutions

The particular rational solution

z 1
by =(0,%; = 13
@rit)=(0.53) (13)
... Tou To T .. |.. s, S &
1 1 23 -4 1
-~ o = =0
9 z z z(z3+4) =z
2+4 z oz 244z oz
P 222 2 2 222 2 2
b 3 i 1 3 L
2 2 2 2 2 2

Claim 4. If m = 2b — k holds, rational solutions obtained by actions of T, and

Sm on (g, p; b) = (O

z 1 th
)55 are the same.
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Sigma-coordinates

o (z) =Hy(b), (14)
1 1
== "= —pg— =b. 15
o 1 Pq = 5 (15)
11\2 "3 / / 1o
(6" +4(c") +20 (za—a)—zb =0. (16)
Claim 5. Sigma — coordinates are log — symplectic
Q=d(Ind’)Ado".
H s r
g o o+ A
~ z
&' o —0'-|—.A2 + E
5! o 0" +2A3+zA+ (b-1)
The action of W on sigma — coordinates; A = %{:/2
June 8, 2020 13 /18
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The mKdV equation: some symmetries

Vi — 6V2Vy + Vi = 0. (17)
Remark. The mKdV equation is the result of the Backlund transformation of the
KdV equation by the Miura transformation.

Us +6Uly + Uy =0 = u:vva2 :>vtf6v2vx+vXXX:0.

the KdV equation the Miura transformation the mKdV equation
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The mKdV equation: some symmetries

Ve — 6v2vX + Viox = 0.

(17)

Remark. The mKdV equation is the result of the Backlund transformation of the

KdV equation by the Miura transformation.

Us +6Uly + Uy =0 = u:vva2 :>vtf6v2vx+vXXX:O.
the KdV equation the Miura transformation the mKdV equation
The symmetry Independent coordinates
_ w(z(x 1))
X = x0y + 3td, — v, (31),
z(x,t) = ———=
(3t)1/3
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The mKdV equation: some symmetries

Ve — 6v2vX + Viox = 0.

(17)

Remark. The mKdV equation is the result of the Backlund transformation of the

KdV equation by the Miura transformation.

Uy + 6uuy + Uy = 0 = u:vx—v2 :>vt—6v2vx+vXXX:O.
the KdV equation the Miura transformation the mKdV equation
The symmetry Independent coordinates
_ w(z(x 1)
X = x0y + 3td, — v, (31),
z(x,t) = ———=
(3t)1/3

Pi[w(z);u] : w” =2w? +zw + a1, a5 = const.
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The stationary mKdV hierarchy

The stationary KdV hierarchy
at2n+1u + 8X€n+1 [U] = Oa n> 07 (18)
1
8XgnJrl - (83 + 4U8X + 2Ux> gn; EO = 57 (19)
where £, is the Lenard operator.

Example 4. (n = 2) Ups + u® 4+ 100t + 20wty + 30020, = 0
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The stationary mKdV hierarchy

The stationary KdV hierarchy
at2n+1u + 8X€r1+1 [U] = Oa n> 07 (18)
1
Oxlnir = (02 + 4udy + 2uy) Ly, Lo = > (19)
where £, is the Lenard operator.
Example 4. (n = 2) Ups + u® 4+ 100t + 20wty + 30020, = 0

|l the Miura transformation

The stationary mKdV hierarchy | |
at2n+1V + ((9XX + 28XV) én [VX _ V2} _ 0’ n 2 O, (20)

Oxlni1 = (8f +4 (vx — v2) Ox +2 (vx — vz)x) Ln, lo= 5> (21)

Example 5. (n=2) Vi + VX(S) — 10V vy — 40V, v — 10V3 + 30v4x, = 0
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OtzneaV + (O +20xv) by [ix —v?] =0, n>0. (22)



The stationary PIl hierarchy

OtaneaV + (Oxx +20xv) Ly [ve = v?] =0, n>0.
The symmetry Independent coordinates
) — Mz 001)
Xy = x0x + (20 + 1) 8y,,., — vO, ((2n+ 1; tant1) >
z(x,t) =

((2n+1) tonga) >
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The stationary PlI hierarchy

OtapiaV + (Oxx +204v) £y [VX — v2} =0, n>0.
The symmetry Independent coordinates
Vo) — W 2(D)
X, =x0x + (2n+ 1) Oy,,,, — VO, ((2n+ 1))( tant1) >
z(x,t) =

((2n+1) tonga) >

The stationary PII hierarchy | ]

d
(d+2w)ﬁn W —w?] =zw+a, n>1,
Z

0,Ln41 = (63 +4(w —w?) o, +2(w — W2)/> Ln, L1=w —w?

Example 6. (n=0) (z—=1Dw=—-a
Example 7. (n = 2) W — 10w2w” — 10ww'® + 6w5 = zZw + s
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The non-stationary PII hierarchy

The Virasoro symmetry Independent coordinates
n to = —z,
To=S"(2k +1) Ter1d7,.,
n kgo( ) k+1 Tk+ _ (2k _|_ 1) Tk+1
((2n+1) Tyn) ¥
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The non-stationary PII hierarchy

The Virasoro symmetry Independent coordinates
n to = —z,
T, = 2k +1) Ty110
n ;0( + ) k+1 Tk+1 (2k + 1) Tk+]_

2k+1

((2n+1) Thya)>

The non-stationary PII hierarchy [ ]
d ) n—1 )
(dz + 2W> (Ln [W — W2} + ; ti Lk [W — W2]> =zw+a, n>1, (25)

0,Ln41 = (8;’ +4(w — W2) 0, +2(w — W2)I> Lo, Li=w —w? (26)

Example 8.
(n=2) (W”” — 10w2w” — 10ww’® + 6W5) +t (W' —2w3) =zw + az
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