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1. Equation of adiabatic gas motion

r=(2%2!,...,2") e R n=123,
_ 0 . . _ 1 n . .
t =2"is time, v = (v',...,v") is velocity,

p is pressure, and p is density.

vl + vty + . vk i fp =0, i=1,...,n,
EQ prt+vipg+. .+ Vg + o+ +0k) =0, (1)
Pt + 0 Dg o+ V0 Pan + AL+ 0) =0,

A=A(p,p) > 0.
A solution of equation (1) is a vector-function
(v(z), p(@), p(=))

satisfying to this equation.



2. Differential operator associated with equation (1)
u=(ul,...,u""?) = (v!,... 0", p,p) € R*2
R R™2 5 R ¢ (z,u) =

Go: J¢C— R Goifues oz, E=0,1,2,. ..
e C J1C1.

Let F', ..., F™*2 are left parts of system (1). Then the
quasilinear differential operator

A:T(¢() — I'(¢),
Fl(j1u)

Au) = — (
F"2(j1u)

OF"
Gui

(mmgﬁi

is associated with equation (1).



3. Symbols of the operator A

rreé&cJ, x=C(i(x),

€ =Edt+ ...+ &da™ € T (R
(, is the fiber of ¢ at point x.
w=(w,...,w"?) €.

The symbol of the operator A at point xy:
U(A)ﬂm : T;(RnJrl) ® CJ? — Ca:a

()& )™

7

OBy s (€ w) > (5
U

The value of o(A),, at a fixed covector &:

Gf(A)fﬂl =0(A)z, ‘§®§m: Co — Ca-



4. Characteristic set

A covector £ € T (R™"1) is characteristic w.r.t. x1 € & if the
linear map o¢(A)g, is degenerate, i.e.

det(a (u) §k> |x1: 0.

uj
Calculating this determinant, we get:
&+ + ... +umE,)8

x ((bo+v'é + 078 +0%8,)° — 4

%ﬁ+$+£»=0

The characteristic set in T3 (R"*1):

>

n="1




5. Geometric structures on solutions

Let (v, p,p) be a solution of system (1) and let M be its graph.
Characteristic sets of equation (1) define the geometric structure
S on M:

n=1 n=2,3

V. PP V. p.P




6. Differential invariants of 0-order on solutions

The field of cones is identified with the natural conformal
ctructure on M defined by metric

A
g_l = (8xo+vlax1 +4.. .+'Unaxn)2—g

(611 @xl +.. +81n8xn)

The natural conformal metric on M is defined by formula

u" A 112 n\2 0\2
9= (o — @)= = ()2 ) (da”)
+ 2utdxldxt + ...+ 2u™d2 dz"

~(de})?— .. — (dm”)Q).

Its signature is (1, 3).



7. The natural bundle of planes and cones
The geometric structure S on M is defined by the equations:

Eo+viéi+... +0", =0,

A(p,
@+t + . +oe - FEOE e =0
[1:1}1:...:1)”]6]RPH7
A A a1)(n
et o) ppet

The structure S is identifies with the section

of the natural bundle of planes and cones

(n+1)(n+2)
B

m: E(r) = (M x (RP” x RP )) — M,



8. Spaces A, and algebras g,,
Let x € M, z9 = S(x), and 71 = j1S.

Let X be a vector field in M defined in a neighborhood of x and
let X be its natural lifting in E(7).

The value X:Eg) of X0 at z, is defined by the 1-jet JiX.

The jet 1 = j1S is identified with the tangent space K, to
image of section S at point zy = S(x).

Consider all vector fields X in neighborhoods of z.
Ay = {52 X | X§) € Kz }.

w0 = {7AX|X© =0} C To(M) ® TH(M).

9z0 C Az,



9. Horizontal subspaces and exterior forms

A subspace H C Ay, is horizontal, if the projection
miola : H = To(M), Ti0: ;X = Xa,

is an isomorphism.
Az, =H D gy,

Every horizontal subspace H C A,, define the exterior 2-form
wyg on Ty (M) with values in T, (M):

wnr(Xe Ye) = [0l ;) (Ka), (ol ) ) (2)
i

52X, Y ] =X, Y.

wir € To(M) ® (TX(M) AT(M)).

x T



10. Spencer cohomologies

Oz C Tn(M)® T, (M).
The Spencer complex

01,1

0 = (8ao) ) = g0 ®T (M) == To(M)®(T; (M)AT;(M)) = 0,

where
(020)™") = (820 @ T3 (M) ) N (To(M) ® (T3 (M) @ T3 (M)))

O11(h)(Xg,Ye) = M(Xy)(Ye) — h(Ye)(Xz), VXa,Y,eT,(M).

Theorem. The cohomology class
wa, = wi + 01,1 (gay ® T} (M)

is independent of choice of horizontal subspace H C A, .



11. Differential invariants of 1-order on solutions

The function
. (1) 1
ws:T1—— Wy, T1€Lg CJm
is a l-order differential invariant of structure S.

The natural conformal metric g on M generates the natural
conformal metric g on the tensor space

T4 (T M) AT* O))
L) (T2 M) AT ) =01 020 ST D)) ©011(g0 BT A1)

The invariant wg™ can be considered now as a natural tensor

field on M.



12. Natural linear connections on solutions

Theorem. Let x € M and x1 = jLS. Then there is a unique

horizontal subspace Hy C Ay, defining wsly by formula (2),
that is

WSz = wi, .

Consider the bundle
T : Jtr — JOr
The section of 71

r:J% — JlT,

Vee M T(X.) = (riolm,) (Xs),

i1s a natural linear connection on M.



13. The natural linear connection on solutions, n = 1.

Let (v, p,p) be a solution of equation (1) for n = 1 and let

F;k be components of the natural linear connection on M. Then

0 _ Vag — Uz + oy 0 _ 10 _ 0o _
oo = o ;o Top=T7=0, I7; =0,

VO — Ve VO — VX Oy
F(1)0 = Ftl)l = F%o = Fh = T
(6] « «

where o = /A(p,p)/p.

Let Rg be a curvature tensor of this connection. Then

1
2
Rg = g( — iy — VOO + Vg

+ oo + vai — Vpaoy ) dt A dx.



14.1. Explicit solutions, n = 1.

A(p,p) = p-

In this case
Rgs = vgs.

The following solutions of system (1) have the linear connection
with zero curvature tensor.

r+c3 t+cr

t = —
U( 7$) t—i-Cl 2 c2,
_ +03) (6))
b 2) = ooft 4 e Bl exp( 2E ) | oy
p(t,x) = ca(t + 1) exp( v + 5 +C4),
p(t.2) = ( 2 +1)(t+61)czeXp(62(x+03> ~|—02t—|—04)
’ t+c t+c 2 ’

where c1, cg, c3 1 ¢4 are constants.



14.2. Explicit solutions, n = 2.

A(p,p) = vp,

where 7 is a positive constant.

ws =0 < U;:UZ and v;:—vi.
t+ kq ko
1
t = t), k 0
v(,x,y) (t+k1)2+k%x+(t+k1)2+k%y+6()’ 27& )
k t+k
2 2 1
t = d(t
vt 2, y) (t+k1)2+k§x+(t+k1)2—k§y+ ®),
e~ 2k3+ka
t L
p(t,z,y) Y exp(f),
e~ 27vka+ka
t7x7 = e )
) = (e gy oY)

where |}



14.2.1. Explicit solutions, n = 2.

. ((t - k;;:_ k§)1/2 (x(cosﬁ —sin B) + y(cos B + sin B))

e ks
_/ (t+ k)2 +42) 7 (e(t)(cos f—sin B)+d(t)(cos f+sin ) )dt
1 2

t+ Kk

ﬁzarctg( >+k5,

[NIE

c(t) = ((6(1_27)“1“04—]4:6) cos B—(e<1_27)k3fd—|—/~c7) sin ﬁ) ((t—i—kl)Q—i—k%) ,

N

d(t) = ((eM=2VR o+ kg) sin B+ (e 2VFT g+ k) cos B) ((t+k1)?+k3) 2,

1 1
r.= / 62 — 26 — 1)(t + k1)?
52 +1 ((t+ k)2 + k;g)7+1 ( ) 1)

+2k1 (=" — 20+ 1)(t + k1) + k7 (—0° + 26 + 1)) dt ,



14.2.2. Explicit solutions, n = 2.

]. / 1 2 2
Ty = 2426 —1)(t+k
TS (4 k)2 + )T ( 2

+2k1 (0% — 26 — 1)(t + k1) + kF(—0° — 20 + 1))dt,

0 =tg(ks) u k1, ..., k7 are arbitrary constants.



14.3. Explicit solutions, n = 3.

2 1_
vy +v, =0,
3 1_
vy +v, =0,
3. .2
vy +v; =0,

ws =0 <=
x
vg’—Qv;—f—v;:

2 1
Yy

vg’—l—v;—%l—

3
2u; —wv

7

_’UJ,’_



14.3.1. Polytropic gas motion, v # 4/3 and v # 1
A(p,p) = -

1 X + k3 6(2737)]62 23

= — t+k Tt + k
VS iR dogy CHR)TTRER
o Ythky B3R 2-3

= — t+k Tt 4+ k
V=i E 43y Gk R,

2+ ks el23k2

3 2-3
Vo = — t+k V|t + k1],
t+k  4-3y (G A
e—3k2+ke
= ————ex ,
P TR p(f)
€—3k2’7+/€6
= ex ,
where kq, ..., kg are arbitrary constants and

Tyt 24k ka4 ks L 1=31ks 3(t+ kp)33
|t + k| (3—37)(4—3v)

f=e



14.3.2. Polytropic gas motion, v = 4/3

v :t—l—kl € t+ kq ’
v2:y+k4—e*2’“2ln|t+k1|
t+k1 t+k1 ’
U3:Z+k5_e—2k2w
t+ k1 t+ kq ’
o—3k2
P:mexp(f),
e—4k2
P:me){p(f)v
where
f:efk2x+y+z+k3+k4+k5_3€,3k2M ke
|t—|—k:1| |t+k1]

and ki, ..., kg are arbitrary constants.



14.3.3. Polytropic gas motion, v =1

’Ul _ xr + k‘g . 6_k2 t ’
t+ ki |t + k1
2 Yy + k4 — ko t

e ’
t+ ki |t + k1

z+k _ t
W3 = 5 _ o—ke

t+ k1 |t+k‘1|’
e—3k2
P:mexp(f)a
6—3k‘2
PZWGXPU),
where
f=e Tt Rl +3e (n|+1!+7t+kl)+6

and ki, ..., kg are arbitrary constants.
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Initial equations of adiabatic gas motion

pdiw +gradp =0, dip+pdive =0, diS(p,p) =0,

where d; = % + vt 8?:“ S(p, p) is entropy, and 95/0p # 0.

Introducing

0S ,08
A = _p 22 /%2
(p, p) pap/ap,

the initial equations can be rewritten to the form (1)



Algebras g,

bul(z) -
a 0 0 0
B —but(z) —cud(z) a b ¢
n=3 g5 ={ bu'(z) —dud(z) —-b a d ’a,b,c,dER}.
cul(z) +du?(z) —c —-d a



The tensor wg, n =1, 2.

@ If n=1, then

wg = 0.
O If n =2, then
1 1
wg = §(u% —u2)0,1 ®dz® Adx! + §(u5 1), @dx® Ada?
1 1
+ i(u% +u2)8,2 @ dz® A dxt — 5(1& — u3)0y2 @ dx® A da®.



The tensor wg, n = 3.

@ If n =3, then

1 1
wg = g(—ug—ug—i—Qu%) 8x1®da:0/\dx1—l—§(u%+u%) Dy @da’ Adx?

1
+ i(ui’ + u3) Op1 ® da® A da®

1 1
+§(u%+u$) D2 @dx® Adxt + g(—u§+2u§ —ul) 0,2 ®dz’ Adz?

1
+ §(u§ + u}) 0,2 ® dz® A da®

1 1
+ 5(1&’ +ul) 0,3 @ da® A dat + §(u§ +u3) 95 ® da® A da?
1
+ §(2u§ —u2 —ul) 85 ® dzl A dad.



