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ALEXANDRE M. VINOGRADOV : MY TEACHER

he taught me how to think of

- SPACES

- GEOMETRIC STRUCTURES

VINOGRADOV 'S
SECONDARY CALCULUS

"

GEOMETRY ON THE SPACE OF
SOLUTIONS OF A PDE
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A 21 YEARS LONG STORY 1998→ 2019

> 20 DIFFIETY SCHOOLS

• dozens classes given
• several d'fferent topics 2010
• 3 d-Herent Countries
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DIFFIETY SCHOOL

International School on

Geometry of PDES & Seconda ry Calculus

FIRST ITALIAN EDITION : Summer 1998

not an ordina ry School

but a mission

MAIN AIM : CREATING A TEAM

Mathematical

Industrial ization
4119



A PERSONAL VIEW - POINT

LEARNING FROM VINOGRADOV

"

SECONDARY)| [CALCULUS
È po

" potrà poi v0"
-- t

|
Vinogradov's post-Doc

Seminar Under

Vinogradov's | Today
Supervision

"
"

Vinogradov's
myfirst |

retirement

Diltietg School trentesimo?
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VINOGRADOV 'S SECONDARY CALCULUS

(an Informal Introduction ) a - Prolongation

✗ = (✗1 , . . . , ✗
n ) Independent Variable

U = (U' , . . . , um) dependent Variable

S : { f- ( × , . . . . UI , . . . ) = 0 system of PDES

§ Di = Lit Heifer total derivati .es

F = 0
So : { Dif = 0

DiDjf = o
= E c- g-•

° - Jet Space

coordinatized by

I ( ×
,
- . .

, UI , - - . )
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VINOGRADOV 'S SECONDARY CALCULUS

(an Informal Introduction ) DiHieties

E E Jo

8 = f- - ,Dilg ,
- -

= ,
.
. . .

. n

CARTAN DISTRIBUTION on &

Et . (6,8 ) is a (elementary ) di pietra . io
ti#em
School !

R-em.la is inventive and

{ Solutions of S } F- { n - dim int . submfds of (6,3 ) }

( but Frobenius fails ! )
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VINOGRADOV 'S SECONDARY CALCULUS

(an Informal Introduction ) Horizontal Cohomolugy

IDEA : functions ,
vector fields , differenti al forms ,

etc on the

Space of Solutions of S are horizontal cohovuology !

DI the horizontal De Rham Complex of E is the
"

leaf-Wise
"

De Rham Complex of the inventive distribution 8 con 8 .

Eri (G) = 1-Già)
,
d- = dai Di )

È (G) : = H
.

(EL (g)
,
d- )

horizontal De Rham

cohovnowgy
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VINOGRADOV 'S SECONDARY CALCULUS

(an Informal Introduction ) Secondary Function s I

§ = / < (ac ,
. . .

.UI , . . . ) d'✗
Variational principe
impoted on u = U (a)

L : = Ldnx LAGRANGIAN DENSITY
,
LEÌL" (G)

STOKES THEOREM ⇒ § = [I] e II
"

(G)

☒ (G) = variational principles constrained by s

II
"_ '

(G) = Conservation laws for S

H "
_ ' (G) = gauge chowges

:
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VINOGRADOV 'S SECONDARY CALCULUS

(an informal introduction ) secondary Function s II

VINOGRADOV 'S SECONDA RY FUNCTION PRINCIPLE

II. (G) : = { Smooth Anchors on the Space of Solutions of s }
Seconda ry Function ← (E)

VINOGRADOV 's SECONDARY CALCULUS PRINCIPLE

Differential Calculus on the Space of Solutions of s is

differential calculus up to homotopy on (d-
•

(G) id)
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VINOGRADOV 'S SECONDARY CALCULUS

(an Informal Introduction ) Secondary Vector Fields

Rem
.
Then are local coefficiente for II. (G) .

Exmpl . VA : = 1- (TG / G) BOT CONNECTION

Ehi (G) ☒ VE is a DG module over (FIG)
,
d- )

⇒ IÌCG
,
va ) : = Herta ) VA ,

d-)

II° (G.Va ) = nonTrivial infinitesima symmetric s of S

VINOGRADOV 'S SECONDA RY VECTOR FIELD PRINCIPLE

II. (G
,
va) : = { vector fields on the Space of Solutions of s }

Seconda ry Vector Fields <
☒(E)
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VINOGRADOV 'S SECONDARY CALCULUS

(an Informal Introduction ) Secondary Differential Forms
Exmpl . ✓di i. = 1-((TG / G)E- ANNI ) DUAL BOT CONNECTION

STILE ) Uri is a DG module over (FIG)
,
d- )

⇒ II. (G. voi ) : = ATENE ) VÀ ,
à)

VINOGRADOV 'S SECONDA RY 1- FORM PRINCIPLE

II. (G) Udf) : = { 1- forms on the Space of Solutions ofs }
Seconda ry 1 - Forms DICE)
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VINOGRADOV 's & - SPECTRAL SEQUENCE

Rem
. Themis di : ¢ (G) → D' (E) such that

di [ L] = ELCL)

Variational principe ] [ Ihs of Euler- Lagrange cap .

VINOGRADOV 's & - SPECTRAL SEQUENCE

o
1

sito) ING )→ ÀYG
,
vai) → Intendi ) - . . .

t IT' (E)→ A- "" (G) Viri ) → È
"_ '

(6)Usi )→ . . .
→ Harte)

st' (G)
t : : : •

.

.

:
I

o → ¢96) Isn' (g) (G) → ° . .
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2004 -2008 : SEMINARS IN THE MOUNTAINS

• Weekly Seminar
• Exercise Sessions

• Reading Groups

:
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DOING RESEARCH with VINOGRADOV

Differential Calculus over 6raded Algebras

CA → di (A) ↳ super geometry
granted Granted Geometryalgebra

M → di (M) → litri (M)) → . . . →domanifold DeRham Algebra Iterated DFS

Vinogradov 's Conjecture :

Iterated differential forms can be usual to build

GRAND UNIFICATION SCHEMES in Particle Physics
15/19



2010 → 0 : RETIREMENT & BEYOND

A Silver Caravel for New Trips

• More Diftiety School s (Poland , Italy )

• Networking Projects (cost , . . .)

• A New Book
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AN UNFINISHED BOOK :

DE RHAM COHOMOLOGY & INTEGRATION

PLAN Algebraic /Cohomological Integration
without Riemann/ Lebesgue

(except for existence & unique ness of Solutions of ¥ (a) = GG ) )

Algebraictopology with Differential Forms

no Singular Homology , Sheaf Cohovuology , De Rhamthm

VINOGRADOV 'S PRINCIPLE Differential Calculus over comm . Algebras

is the main thing (even for topologico Issues) .
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2019 : AN IMPRESSWE SPEECH

Di ftiety School 2017 ,
Lizzano in Belvedere 18h9



1998

2015

2006 2005

2007

è
a

The limits of my language
è
go

are the limits of my World
2

E I.WITTGENSTEIN
E
i 2004

2010
2017 20"
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