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1. Introduction

Consider integrable Hamiltonians
n
A=D o2

ey T, where
i=1

H:A+U(l‘1,

related to simple Lie algebras. For such Hamiltonians the
potential U is a rational, trigonometric or elliptic function. For
instance, the elliptic Calogero-Moser Hamiltonian is given by

H=A+g)Y oz — ),

i>j

where g is arbitrary constant.
Observation 1 (A.Turbiner). For many of these
Hamiltonians there exists a change of variables and a gauge

transformation that bring the Hamiltonian to a differential

operator with polynomial coefficients.



Example. Consider the Calogero model with n = 3:
> 1
H=A+g —.
; (i — x5)°
Let Y = Zf’zl x; and y; = 1; — % Then

A 0? 2(82 0? 0? >

W2 3\oy 0 dmowe

Thus we have reduced the Hamiltonian to the following two
dimensional one:

1,02 82 02 > 1
He=— (gt oy —— ) +rv(v 1)) ———. (2
3(83/% 93 8y18y2> ( ); (yi —v5)° )

Here y3 = —y1 — v2.



The change of variables

T=—yi— Y —nye. Y= —11y2(y1 +¥2)

and the gauge transformation H — h~'#h, where
h=(z—y)" 2z +y)"(z + 2y)",
bring H to the polynomial form

0?2 0?2
L= + 3y—F

1, 0? 0
i T T,

oxdy 3 ox’

O



In the trigonometric case the transformation to a
polynomial form is given by

T = cos Y1 + cosya + cos (y1 + y2) — 3,
y =siny; +sinys — sin (y1 + y2).
Recently (A.Turbiner, VS) the transformation

o' (y1) — ¢’ (v2) - p(y1) — p(y2)

o) (12) — 9w2)9' () 7~ oy (v2) — o(y2)9' (1)

xr =

that brings the elliptic Calogero-Moser Hamiltonian to a
polynomial form has been found. The above rational and
trigonometric transformations are its degenerations.

O



Conjecture (M. Matushko). The analog of the above
transformation for arbitrary n is given by the solution of the
linear system

Mu = e,

where u = (uy,...,u,)t e=(1,1,...,1)! with
. o(y)
dy;

This formala gives correct transformations in the cases
n=123.



Obviously, for any polynomial form P of Hamiltonian (1)
1: the contravariant metric g defining by the symbol of P is flat
and

2: P can be reduced to a self-adjoint operator by a gauge
transformation P — fPf~!, where f is a function.

Besides evident properties 1,2 we have in mind the
following non-trivial

Observation 2. (A. Turbiner). For all known cases

3: P preserves some nontrivial finite - dimensional vector space
V' of polynomials.

In the most interesting case the vector space V coincides
with the space V}, of all polynomials of degrees < k for some k.



1. ODE elliptic case.

Let
Q- za, <

be an ordinary differential operator of degree m with polynomial
coefficients.

Conjecture. The vector space Vi of polynomials of degree
< k, where k > m, is invariant with respect to Q iff ) is a
polynomial in generators

d 5 d
J1 =1, JQ——x, Jg—ﬂ?%, J4—x%—k:x.
The Lie algebra generated by J, ..., Jy is isomorphic to gl(2). O

Remark. Consider operators D =T — 1 and X = 2T,
where T'(f(z)) = f(x +1). Then [D, X] = 1.



Lemma. If Q) preserves Vi, riie k > m, then dega; < m + 1.

In particular, any such operator P of second order has the
following structure:

2

P= (a4x4 + a3z® + asx® + a1z + ao)@—i-

d
(ngg + b2$2 + blx + bo)df + ng2 + c1x + co,
x
where the coefficients are related by the following identities

b3 :2(1—k) a4, Co Zk(k—l) a4, c1 = k(ag—kag—bg).



The transformation group

S1T + So

P P — (ssz+ 84)7kP(83$ + S4)k, (3)

acts on the nine-dimensional vector space of such operators. The
coefficient a(x) at the second derivative is a fourth order polyno-
mial which transforms as follows

car + c2>

4
— +
a(x) — (s3z + s4) a(c;g;v e

If a(z) has four distinct roots, we call the operator P elliptic. In
the elliptic case using transformations (3), we may reduce a to

a(z) =4z(z —1)(x — k).



Define parameters nq, ..., ns by identities
bp =2(142n1), b = —4((/{ +1)(ny + 1)+ kng + n3>,
by = —2 (3 + 2n1 + 2n2 + 2n3),
k= —%(nl + ng + ng + ny),

ns = co + na(1 — no) + knz(1 —n3) + (n1 +n3)? + k(ng + no)?.
Then the operator H = hPh~!, where
h = x%(:c — 1)%2(33 — R)RTB
has the form

d? a(x) d ni(l —ni)k
H:a(l‘)@"i‘ (2)dx+n5+n4(1—n4)l‘+l<xl>+

na(1 —n9)(1 — k) N n3(1 —ng)k(k — 1).
z—1 T —K




Now after the transformation y = f(x), where

f2=4f(f = D(f - &)

we arrive at

2 _
Hzcg;+n5+n4(1n4)f+w+
na(l —n2)(1—k) nz(l—n3)r(k—1)

f-1 [ -k '

In general here n; are arbitrary parameters.
When
1
k= —§(n1 + ng +nz + na)

is a natural number, the operator H preserves the finite-
dimensional polynomial vector space V.



Another form of this Hamiltonian (up to a constant) is
given by

2

H=2
dy?

+na(1 —n4) p(y) +n1(1 —n1) p(y + wi)+
n2(1 —n2) p(y +ws2) +n3(1 —n3) p(y + w1 + wa),

where w; are half-periods of the Weierstrass function p(x). If
n1 = ng = nz = 0 we get the Lame operator. In general, it is the
Darboux-Treibich-Verdier operator.



2. Two-dimensional case.

Consider second order differential operators

(92 2 0? 0

ez, y>§y + fy) (4)

with polynomial coefficients. Denote by D(z,y) the determinant
a(z,y)e(z,y) — b(z,y)?. We assume that D # 0.

The operators we are interested in should possess three
important properties:
Property 1. We assume that the associated contravariant
metric

is flat or R1,271’2 =0.



This is equivalent to

2 (b2am — 2abbyy + a*cpy + 2bcag,y — 2(b* + ac)bgy + 2abcgy+

+02ayy — 2bcby, + bQny) x D + first order terms = 0.
Example 1. For any constant s the metric g with
a= (2% =1)(z* — k) + (2* + K) 7,
b=zy(x®+y>+1-2k), (5)
c=(r=1)@* -1+ @ +2-r)y’ +y'
is flat.

In this case we have

D = (P o+ 20+ 1) (y2+2? =20+ 1) (> + (= D)2+ k(1 k) ).



Property 2. The operator should be potential. This means that

2(1)6 —cd + c(az + by) — b(by + cy)>

By D (6)

B ﬂ(bd— ae + a(by + cy) — blay +by)>
Oz D '

The properties 1 and 2 guaranty that L can be reduced to
the form ) )
- 0 0
L=—+—+V
0 Tap T (z,y)

by a proper change of variables and by a guage transform.



Observation 2. (A. Turbiner). Known polynomial forms for
the Calogero-Moser type Hamiltonians preserve some finite -
dimensional vector spaces of polynomials.

In this talk we consider operators (4) with polynomial
coefficients that satisfy the following condition:

Property 3. The operator has to preserve the vector space V,
of all polynomials P(x,y) such that deg P < n for some n > 2.



Proposition. The operator L satisfies Property 3 iff the
coefficients of L have the following structure

a= q1x4 + q2x3y + q3x2y2 + k2 + k2x2y + kga:y2+

a1x2 + asxy + a3y2 + a4 + asy + ag;

1
b= q1x3y+qu2y2+q;5:1:y3+§ <k4x3+(k1+k5)x2y+(k2+k6)xy2+k3y3>

+b122 + boxy + b3y? + bax + bsy + bg;

c=qr*y? + ey + g3yt + kaa®y + kswy® + key+
c12? + cowy + e3y® + car + ey + cp;



d=(1-n) (2(q1x3+qu2y+Q3xy2)+k7m2+(k2+kg—k6)wy+k3y2> n

dix + day + ds;

e=(l-n) (2(Q1$2y+Q256y2+Q3y3)+k4$2+(/€5+/€7—k’1)$y+k8y2)+
e1x + eay + es;

f=n(n=1)(a19% + 2oy + asy® + (ke = k) + (ks = o)y ) + fi.

The dimension of the space of such operators equals 36.

The group G L3 acts on this vector space by the formula
P Q
Ea

P=—=, g= L=RT"LR",

R

where P, (), R are polynomials of degree one in x and y.



This representation is a sum of irreducible representations W7,
Wy and W3 of dimensions 27, 8 and 1 correspondingly. A basis
in Ws is given by

x1:5k7—k5—7k1, $2:5k8—k2—7k‘6,
r3 = bdy + 2(n — 1)(2&1 + bQ), Ty = ey + 2(n — 1)(2b1 + 62),
T5 = bdy + 2(n — 1)(2b3 + CLQ), Tg = 9eg + 2(n — 1)(203 + bg),
x7 = bdz +2(n — 1)(as + bs), xg = bez + 2(n — 1)(bs + ¢c5).

The generic orbit of the action on Wy has dimension 6. There
are two polynomial invariants of the action:

I = x% — x3T6 + x% + 3x425 + 3(n — 1)(z127 + T228),
and
I, = 295% — 355%% — 3w3x§ + ng + 9z 425(x3 + x6)+

9(n—1)(z12307+T20628— 201 X6T7—2T2X3T8+3X2T4T7+321T528).



Flat potential operators with discrete symmetries

For almost all known examples the operator L that satisfies

Properties 1-3 its symbol admits additional finite group of
discrete symmetries.

Example 2. The operator with coefficients
a=a* (2’ +y°) +azr’ + By, b=ay(® + ) + (o — By,
c = yi (@ + y?) + Bz? + ay?,

d=2(n—1z(\—2%—y?),
e=2(n—1y\—a*—y?),

f=n(n-1)(z%+9).
satisfies Properties 1-3, and possesses the discrete group of
symmetries isomorphic Dy, generated by reflections

T — —x, Yy =,

T—=x,y— —v, x—=y y—ax (1)



Consider the case when L is invariant with respect to a
reflection. Using a transformation, we reduce the reflection to
the form & = z, § = —y. Then the coefficients of the operator L
have the following symmetry properties:

CL(IIJ‘, _y) = CL(.fL', y)7 b(l‘a _y) = _b(‘T? y)’ C(l’, _y) = C(‘/L’v y)a
d(ZE, 7y) :d(z,y), 6({1/‘,7y) = *€($,y), f(xa 7y) :f(xvy)
The class of such operators admits the transformation group

ar+ 6 Y

xzvx—{—é’ y:'yx—l—(s'

(8)

Transformations L = ¢; L + ¢ are also allowed.

Transformations (8) act on 15-dimensional vector space of
coefficients of polynomials a, b, ¢. The irreducible components of
this representation have dimensions 5, 3, 3, 3, 1.



If we write the coefficients a, b and ¢ in the form

1 1
a:P+Qy2, b:Z(P/_R)y+§Q/y37

1 1 1
-9 (*P”—*R, ) 2 N 4'
c {33 o)y +2Qy

where deg P =4, deg@ = deg R = degS = 2, then the
coefficients of these polynomials and the constant o correspond
to irreducible components.

In particular, the polynomial P changes under
transformations (8) as follows

P_(7x+5)4p(jii§). )

Definition. A differential operator L is called elliptic if
the polynomial P has four different roots on the Riemann
sphere. It is called trigonometric if P has one double root.



Classification of the elliptic models

Proposition 1. If Property 1 holds and P, S # 0 then any
root of the polynomial S is a root of the polynomial P. [J

Consider elliptic models with symbols that admit the
discrete group of symmetries (7) isomorphic D4. Without loss of
generality we set P(z) = (22 — 1)(2? — k). Taking into account
Proposition 1 and the condition S(—xz) = S(z), we may put
S(z) = (2? — 1). Another possibility is S(z) = 0.

In both cases the system on algebraic equations for 6
unknown coefficients of polynomials @), R and ¢ equivalent to
zero-curvature condition Ry 212 = 0 can be easily solved. As a
result we obtain

Proposition 2. Any elliptic symbol that admit symmetries
(7) coincides up to a scaling with the symbol from Example 1.



Consider now any elliptic symbols invariant with respect to
T =z, y = —y. Without loss of generality we set

P(z) =z(x — 1)(z — k).

It follows from Proposition 1 that there are two
alternatives: multiple roots ~ A: S = kz? and distinct roots
B: §=kx(z—1).

Theorem 1. In Case A with k£ # 0 we obtain from
Ri919 =0 that

1454y

S(x) =2% R(z)= —g( 2 — 22 4 3k — 2kx),

1
Q(x):§(2—x—{—1+1{,2—l€$—li), oc=0. O



Theorem 2. In Case B we have
S(x) =z(x—1), R(z)=—-3(z*—2kz + k),

1 1
Q(w)zi(x2—25x+2m2—ﬁ), 023(2m—1). O
It turns out that in the case S = 0 we have no elliptic
symbols.
It is easy to verify that the symbol from Theorem 2 is
equivalent to the symbol (5) from Example 1.

Now for both elliptic symbols found in Theorems 1,2 we are
going to find from (6) the coefficients d(z,y), e(x,y) at the first
derivatives in the Hamiltonian. It is trivial since given a, b, c
condition (6) is equivalent to a system of linear equations for
the coefficients of polynomials d and e.



The Inozemtsev elliptic model

However there is a non-trivial observation here. For symbol
(5) polynomials d and e depend on three arbitrary parameters.
But due to Ds-symmetry the symbol admits the transformation
7 = 22, j = y?. After this transformation and a scaling, we get

a=z(x—1)(x—r)+ (1 —r)z(z+K)y
b=x(x+1-2r)y+ (1 —r)zy?
=(l-2)y+(@+2-r)y" +(1-r)y"
It follows from (6) that
d=Mz(z+y—ry)+X(l+y—ry) +px,
e=Mylz+y—ry)+A3(x—1)+quy,
=M@ +y—Ky)+ As,

where

kp+ (1 — K)g + M (26 — 1) + X2(2 — k) + A3(1 — k%) = 0.



Thus, now d and e depend on 5 arbitrary parameters!

Let L be the corresponding second order operator with the
above polynomial coefficients. If we bring the operator L = —4L
to the canonical form by transformation

o fof, g2 @ =DUE) ),

k—1

where

fP=4f(f = D(f - K),

and by a gauge transformation, we get

H=A+2m(m—1)(p(r +y) + p(x —y))+

3
D ni(ni = D)z + wi) + oy + wi)),
i=0
where wyg = 0, w3 = wy + w2 and w1y, ws are the half-periods of
the Weierstrass function p(x).



This is so called Inozemtsev BC', Hamiltonian. Its
polynomial form preserves Vi, if

k= —%(Qm—i— an)

is a natural number.



As and Gy elliptic models

For the symbol from Theorem 1 condition (6) leeds to

1
d— §(1,n) <3(5x2—4x—4ﬁx+3li)+(2$*1*/‘€)y2)a

e= g(l—n) Yy (9:1:—|—y2—6/£—6), f= %n(n—l) (6x—|—y2>. O

Therefore, in this case we have no arbitrary constants in d and e
except for n. It turns out that this is a polynomial form of the
Ao-elliptic model.

In contrast to the BCy Inozemtsev case, the finding of
transformations that bring the operator to the Schrodinger form
(1) is a rather difficult problem.



To receive arbitrary parameters in d and e we apply the
same trick as in Example 1. Namely we apply transformation
7 = x,7 = y2. Due to the symmetry properties of the symbol
the new symbol is also polynomial:

1
a:a:(x—1)(a:—f<c)+§(1—x+x2—n—mx+/<;2)y,

1 1
b:§(7x2—8x—8/<car+9n)y+§(2x—1—/<;)y2,

4 4
c:4x2y+§(4x—3—3m)y2+§y3.

The determinant D is given by D = —3t K(z,y), where
K= (k3y3 + 6/<:2y2 + 9k1y + 108k0),

ks = (k—1)2, ko=2%(x—1)(z— k),

ky = (k4 12?4+ 2(k* — 4k + 1)z — (5 — 2)(k +1)(2k — 1),
ki = a* 4+ 8(k + 1)2® — 2(4K2% + 23k + 4)a® + 36k (k + 1)z — 27K



Condition (6) implies
1
d=5(1=n)(62+y)(2r — 1 - K) + 2 (2” - 20 — 202+ 3r),

2 2
e= §(9332 + 122y + y* — 9y — 9ky) + ;(3332 +axy —y — ky)+

2(n—1
(ng)(sz — 152y — 2y* + 9y + 9ky),
-1

We see an extra parameter s this formulas.

Introduce parameters m; by identities

n = —3mj; — ma, s =14 3mq + 3mo.



Then
x? P2
hLh™' = Ay +my(1 — ma)= 4 3ma(l—m) 7 + A (10)

my  m2
2 2

Here A, is the Laplace-Beltrami operator, h= K72 y=2,

P=32"—6(k+ 1) 2>+ (y+ry +96)x — 2(k? — Kk + 1)y,

Kk+1
3
Applying the transformation

F)?F (y2) = F)2f' (y2)

A=

(3m1 + mg)(l + 3m1 + sz).

Fy) f'(y2) = f(y1) f'(y2)

o (F ) () — )\
y=on <f(y1)f’(y2) ~ ) [ () ) ’




where f2 = 4f(f —1)(k — f), to operator (10), we get

122 2
b (aa 0

“3\0 T a3 anom

> + V(yh y2>7
where
V = (m1 = D (plys = y2) + 9201+ y2) + 0o +292) )+

mo — 1 mo
P2 D2 (000 1 pfa) + ol ).
This is just the elliptic Ge-model. The elliptic Az-model
corresponds to the special case mo = 0. The invariants of the
p-function are related to the parameter £ as follows

ggz%( 2 _k+1), 93:—%(/@—2)(#@—1—1)(2%—1).

The polynomial form of the Go-model preserves V;, if
n = —3mj —msy is a natural number.



