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Lagrangian equations in 2+1 dimensions

Two-component form

We study Lax pairs, recursion operators and bi-Hamiltonian
representations of (2+1)-dimensional equations

F:f—U”g:O < Uﬁ—; (1)
where f and g are arbitrary smooth functions of
U, Us, Uy1, Upa, Uop. We consider the equations uy = f/g which
are Lagrangian or become Lagrangian after multiplication by g,
an integrating factor of the variational calculus. The Helmholtz
conditions are Dr = Dg, i.e. the Fréchet derivative operator is
self-adjoint. We solve completely the latter equation and obtain
explicitly all (2+1)-dimensional equations (1) which have the
Euler-Lagrange form:



Lagrangian equations in 2+1 dimensions

Two-component form

F =
2

a {Utt(u11U22 — Ufp) — Ut (Ust Upp — UppUy2) + Upa(Upt Ugp — Ut2U11)}

+ap(uplyy — U121) + ag(Urtlyz — U Upp) + aa(UgtUop — Utzg) + as Ui

+C1(Up U12 — UppUq1) + Co( Ut Uop — Uppl2) + Ca(Uq1Uzp — U122)

+C4Up + CsUpp + CglUi1 + C7U12 + Cgloo + Cg = 0. (2)
The form of equation (2) is exactly the same as obtained by E.
Ferapontov et. al. The homotopy formula for this F,

Llu] = f01 uF(\u) d\, yields the Lagrangian for equation (2) with
the result
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Lagrangian equations in 2+1 dimensions

Two-component form

L =
u

a1Z{Utt(U11 U2 — U122) — U (Up1 Upp — UppUq2) + Upp(Us U1z — UpplUs1) }
u

+§{32(Uttu11 — U5) + as(U iz — Upt Up) + a(Uglop — U3)

+C1 (Ut Utz — UrpUyy) + Co(Up U — UgplUso) + C3(Uy1 g — UZ,)}

u
+—

5 (85Ut + CalUpy + CsUpp + CelUqq + C7Uy2 + Cglin) + CoU. 3)
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Lagrangian equations in 2+1 dimensions

Two-component form

The two-component form of our equation F = 0 with F given in
(2) reads

ut=1v,
_1 2 2 2 2 2
Vi = D{an(v1 Uop — 2V Volp + Vo Uyq) + @V + agViVe + &y Vs

+c1(Valyy — ViUy2) + Co(Valyo — Vyloo) + Oe,(U122 — U11U22)
—C4Vy — C5Vo — Cglyy — C7lU12 — Cglipp — Co} (4)

where

0= 31(U11U22 — U122)+32U11 + agUqo + aslos + as.  (5)
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Lagrangian equations in 2+1 dimensions

Two-component form

We modify the Lagrangian L given in (3) and skip some total
derivative terms to obtain the Lagrangian for the
two-component form (4) of our system

2
V
L= (utv — 2> {81(U11U22 — U122) + aslq1 + asUia + agloo + as}

Ut C3
+ur(Ccrus — Colip) Uy + §(C4U1 + Cslp) — gU(Uﬁ Upp — UZ,)

u
_E(CGUH + C7U12 + Cglizp) — CoU. (6)
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Hamiltonian representation

We define canonical momenta
oL

™= S0 v{ai(t1Uzz — Up) + @plh1 + Bglhz + Aalizp + 35}
1 oL
+(c1ur — o) Uyo + E(C4U1 +osUp), wy = 87\/1 =0 (7)

which satisfy canonical Poisson brackets
[7i(2), u"(2)] = 5f6(z — 2)
where u' = u, U’ = v, z = (71, 2).
The Lagrangian (6) is degenerate because the momenta

cannot be inverted for the velocities. Therefore, following the
Dirac’s theory of constraints, we impose (7) as constraints

2
Sy = my — v{ar (U1l — Ufp) + @U11 + aglyz + aalpp + as}

1
—(c1uy — Colo)Uyp — E(C4U1 + Cslz), @y =Ty
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Hamiltonian representation

Next we calculate Poisson brackets for the constraints
Kit = [®u(z1, 22), ®u (2, 25)], Kiz = [Pu(21,22), Pvi(2], 25)]
Kot = [®v(21, 22), P (2, 25)], Koz = [Pv(21,22), Pvi(2], 25)].

and obtain the following matrix of Poisson brackets
i K11 -
(% 7)

Ki1 = a1{2(vy o2 — Vouy2) Dy + 2(Valy1 — vyU12) D

+Vi1lz + Vooly1 — 2Vy2Uq2}

+a2(2vi Dy + vi1) + a3(veDy + vi Do + vi2) + @s(2v2 D2 + vo)
+C1(U11 D2 — u12D4) + co(U12D2 — UppDy) — €40y — csD2 (9)

which can be written in a skew-symmetric form.

9/36



Hamiltonian representation

The Hamiltonian operator, which determines the structure of
the Poisson bracket, is the inverse to the symplectic operator
J = K1

(o il )=(2 s
o= ( Ko Ki'knkp ) T\ -1 ket ) 10
B =Ll (11)

with K1 defined by (9). Operator Jy is Hamiltonian if and only if
its inverse K is symplectic, which means that the volume
integral Q = [/, wdV of w = (1/2)du’ A Kjdu/ should be a
symplectic form, i.e. at appropriate boundary conditions dw =0
modulo total divergence. Using (8), we obtain

w:%duAKﬁdu—Ddu/\dv (12)
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Hamiltonian representation

Using Ki1 from (9), taking exterior derivative of (12) and
skipping total divergence terms, we have checked that dw = 0
which proves that operator K is symplectic and hence J
defined in (10) is indeed a Hamiltonian operator. The
corresponding Hamiltonian density H; is defined by
Hi = urry + vy — L with the result
1 2 C3 2 u
Hy = EV 0+ §U(U11U22 —Uufp) + §(Ceu11 + C7U12 + Cglpp)
+coU. (13)

The Hamiltonian form of this system is

()= (5R)

11/36



(a5 c4c5)-parameter system

Symmetry condition and integrability G parameter system
4

(c5c7c8)-parameter system

Symmetry condition is the differential compatibility condition of
equation (2) and the Lie equation u, = ¢, where ¢ is the
symmetry characteristic and 7 is the group parameter. It has
the form of Fréchet derivative (linearization) of equation (2),
D, F = M[yp] = 0. We consider here case | of Ferapontov et. al.
with a; = 1 when the equation (2) simplifies to

A+ asUs + C4Upy + CsUpo + Celiqq + C7Uy2 + Cgliop + Cg = 0 (15)

where
g Uy U

A=det| uyy uyr U |- (16)
Ugt Uy U2z
In the following, A can be eliminated by using equation (15)
when necessary.
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ar C4 Cs )-parameter system
(c4cgC7)-parameter system
(c5c7cg)-parameter system

Symmetry condition and integrability

Operator M of symmetry condition becomes

M = Mi2D; + Mot Dy + My Do + asD?
+¢4D¢Dy + 5D Dy + cgD? + ¢7Dy D> + cgD3 (17)

Miz = (Ur1Uzz — U5p) Dy — (Up Uz — UraU12) Dy + (Up Uiz — UppUiy) Dy

Mot = —(Up Upa — UppU2) Dy + (Uplne — UZ%) Dy — (Ugliz — Upy Upp) Do
My = (U Ur2 — UgpUs1) Dy — (UgUsa — Uy Uge) Dy + (Ugtiyy — UZ) Do
(18)

We note the identities
UgMio + upy Mot + uppMyy = ADy,
UpMi2 + uy1Mzy + uioMyy = ADy, (19)
Up My + U1oMot + Upp My = AD>
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(asc4c5)-parameter system

Symmetry condition and integrability (G oy )-parameter system
4C6C7 )|

(c5c7c8)-parameter system

We apply our modification of A. Sergyeyev’s method for
constructing recursion operators which does not require
previous knowledge of the Lax pair. For integrable equation
(15), the symmetry condition M[y] = 0, with the operator M
given by (17), should be presented in the skew-factorized form
(A1B2 — A2By)p =0 (20)

where the commutator relations

[A1,A2) =0, [Ay,Bo] —[A2,B1] =0, [By,B]=0 (21)

should be satisfied on solutions of equation (15). It immediately
follows that the following operators also commute on solutions

X1 =M1+ By, Xo = MNAs + B, [X1 , X2] =0 (22)

and therefore constitute Lax representation for equation (15)
with X\ being a spectral parameter.
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(asc4c5)-parameter system

Symmetry condition and integrability (G oy )-parameter system
4C6C7 )|

(c5c7c8)-parameter system

Symmetry condition (20) provides the recursion relations for
symmetries

A1 =Bip, Axp =By (23)
where § satisfies symmetry condition M[Z] = 0 if and only if ¢
is also a symmetry, M[p] = 0. The latter claim follows from the
consequences of relations (21)

(A1Bo — A2Bq)p = [A1, As]@ = 0,
(A1Bo — A2B1)p = Bz, Byl = 0.

In the following, we will use obvious symmetries of the equation
(15) generated by X = 9/0;, X = 9/01, X = 0/0» with the
symmetry characteristics ¢ = ut, ¢ = Uy, ¢ = Uo, respectively,
which identically satisfy symmetry condition M[¢] = 0 with M
defined in (17). Here we restrict ourselves to three-parameter

equations where a; = 1.
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(asc4c5)-parameter system

Symmetry condition and integrability (G oy )-parameter system
4C6C7 )|

(c5c7c8)-parameter system

We consider the three-parameter equation obtained by setting
Cc=Cr=C=Cy=0in(15)

A + asUpt + CqUpy + CsUp = 0 (24)
where A is defined in (16). The symmetry condition becomes

M[QO] = {M12Dt—|-M2tD1 + M} D2—|—85D?—|—C4DtD1 —|—C5D1D2}(p =0.
(25)

It is identically satisfied by ¢ = u;
Mizo[uy] + Mot[up] + My [Use] + @sug + Calyy + CsUyp = 0 (26)

where the square brackets denote values of operators.
Combining the latter equation with the first equation from (19),
we obtain

Miaur + Morup + My ugp + De(@suy + CaUpt + Csupe) = 0. (27)
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(asc4c5)-parameter system

Symmetry condition and integrability (G oy )-parameter system
4CC7

(c5¢7cg)-parameter system

We use (27) in the identity transformation

1
My2Dy = Mipuy— Dy
Ut

’
= —{Motup + My urp + Di(asuy + caup + CSUtZ)}LT”Dt(28)

Applying this to the symmetry condition (25) we transform it to
the skew-factorized form (20)

{(Mgt + caDy) ( _ Un Dt) + (Mg + csDy) <02 _ e Dt> } o= 0.
(29)

with the definitions
1 1
Ay = FH(MZt +c4Dy), Ax = *(Mn + ¢csDy)

U u
Bi=-Dp+ °Di. Bp=Di— ‘D (30)
it
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(asc4c5)-parameter system

Symmetry condition and integrability (G oy )-parameter system
4C6C7 )|

(c5c7c8)-parameter system

A straightforward check shows that all the integrability
conditions (21) are identically satisfied on solutions of equation
(24), together with their immediate consequences for the Lax
pair (22) and recursion relations for symmetries (23).

If we choose B; to be the second factors in (29), then A; are
defined by (29) only up to a common factor. It is interesting to
note that choosing this factor to be 1/uy, the same as the
denominator in B;, we obtain as a consequence that all the
operators A; and B; automatically satisfy all the conditions (21).
This turns out be the general property of all 1-parameter
integrable equations.
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(asc4c5)-parameter system

Symmetry condition and integrability (G oy )-parameter system
4C6C7 )

(c5c7c8)-parameter system

The Lax pair is constituted by the operators

]
X, = U—"()\(Mgt + ¢4Dy) + up Dy — uy D)

]
Xo = u—n()\(Mﬂ + ¢5D¢t) + ux Dy — upy Dy). (31)

The recursions for symmetries are given by

(Mot+c4Dt)p = (U Di—uy Do),  (My+05Dt)@ = (Ut Dy —up Dy)p.
(32)
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(ascyc5)-parameter system
(c4cgC7)-parameter system
(c5c7cg)-parameter system

Symmetry condition and integrability

We consider the three-parameter equation obtained by setting
as=0C=C =C =01in(15)

A+ cqUp + CgUt1 + C7U12 =0 (33)
where A is defined in (16). The symmetry condition becomes

M(g] = {Mi2Di+Mp; Dy +My Do+C4 Dt Dy +Cs D +c7D1 Do }p = 0.

(34)
It is identically satisfied by ¢ = u;. Combining the equation
M{uq] = 0 with the second equation from (19) we obtain

Miaup + Moguyq + My ug2 + Dy (Caups + Csly1 + C7U42) = 0. (35)
We use (35) in the identity transformation

)
Ms¢Dy = —{Mi2ut1 + My U124 D1(Calipy + Co 1 +C7U12)}ED1- (36)
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(ascyc5)-parameter system
(c4cgC7)-parameter system
(c5c7cg)-parameter system

Symmetry condition and integrability

Applying this to the symmetry condition (34) we transform it to
the skew-factorized form (20)

u u
{(Mm + ¢4Dy) <Dr - u1”1D1) + (M + ¢7D1) (Dz - ufD1> } ¢ =0.
37)
We define
1 1
Ay = —(Miz + c4D1), Az =—(Mpn + c7Dy)
U1 U1+
u u
By=-D,+ 2Dy, Bp=D;— "D (38)
U4 U4

so that (37) takes the skew-factorized form (20).

The Lax pair and recursion relations for symmetries are
obtained by using (38) in the formulas (22) and (23),
respectively.
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(asc4c5)-parameter system

Symmetry condition and integrability (G oy )-parameter system
4C6C7 )|

(c5c7cg)-parameter system

Now consider the three-parameter equation obtained by setting
a5 =2C4=Cs=Cy=01in(15)

A + CsUtp + C7U2 + Cglioo = 0 (39)
where A is defined in (16). The symmetry condition becomes

M[] = { My Dt+Mo; Dy +My Do+c5 Dy Do+07D1 Dy+cg D5} o = 0.

(40)
It is identically satisfied by ¢ = u,. We combine the equation
M[u,] = 0 with the second equation from (19) to obtain

Miouip + Morugo + My Upo 4 Do(Cs o + C7U12 + Cglinp) = 0. (41)
We use (41) in the identity transformation

1
Mi1 Do = —{Myausp + Motuiz + Da(CsUpp + Cru12 + 08U22)}U72D2- (42)
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(asc4c5)-parameter system

Symmetry condition and integrability (G oy )-parameter system
4C6C7 )|

(c5c7cg)-parameter system

Applying this to the symmetry condition (40) we transform it to
the skew-factorized form (20)

u u
{(M12 + ¢c5D5) (Dt — ut292> + (Mat + ¢7D5) <D1 - u;zDz) } ¢ =0.

22
43)
We define
1 1
Ai = —(Mjz +csDs), Ay = —(Mot + ¢7D5)
Uoo Uzo
B — —D; + “1202, B,— D, — Y2p, (44)

Uz2
so that (43) takes the skew—factorlzed form (20). All the
integrability conditions (21) are identically satisfied on solutions
of equation (39).
The Lax pair and recursion relations for symmetries are
obtalned by using (44) in the formulas (22) and (23),

T L
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Notation for bi-Hamiltonian systems

Here we present the notation convenient for bi-Hamiltonian
systems and some remarks concerning second Hamiltonian
operators.

U= U11U22—U122+85, @ = Vilo — Voly2, X = VilUig— VaU11.
(45)
The determinant A defined in (16) becomes
A=vi(O—-as)— vid+ voy. (46)
We introduce the operators
W:¢D1—XD2,:> D1¢—DQX:—\UT, Q\J:W—C4D1—C5D2
(47)
where T denotes transposed operator. We define
F=voDy —viDa, T =u12Dy —uy1D2,  © = U2 Dy — U202
[ =asl + ¢, + ¢cs0. (48)
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Notation for bi-Hamiltonian systems

First-order operators (18) entering the symmetry condition read

Mi; = (0 —as)Dy =V, Mot = —dD; 4 vi© — vol’
My = xDy — vi T + wyT. (49)

In the following section, we only show that the second
Hamiltonian operator J; = RJp is skew symmetric, J] = —J;
skipping the check of the Jacobi identities and compatibility of
the two Hamiltonian operators Jy and J;.

The resulting bi-Hamiltonian system has the form

ur\ ouHy '\ duHo
< Vt>_J°<5vH1 >_J1<5VH0> (50)

where Jy and J; are the first and second Hamiltonian operators,
respectively, while H; and Hy are the corresponding
Hamiltonian densities.
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Bi-Hamiltonian form of (asc,cs)-parameter system

According to (46) the equation (24) in the two-component form
becomes

_ (Vv -cavi —csve) _ V[V

U=V Vi
t ’ t O] 0]

(51)
We will need the inverse operator i ~! which can make sense
merely as a formal inverse. Thus, the relations involving I~
are also formal. The proper interpretation of the inverse
operators and relations involving them requires the language of
differential coverings.

We specify the inverse of I by the property I ~'i" = / where I is
the unit (identity) operator. A detailed example of constructing
such an inverse operator was given in our previous paper.
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Bi-Hamiltonian form of (asc,cs)-parameter system

According to the definitions (30) and (49), we have

1 1
A = 7{_((1) — C4)Dt + v;O — Vgr}, B, = Vt(VQDt — VtDz)

Vi
1 1
A2 = Vt{(x + C5)Dt — vt'Y‘ + V4 F}, Bg = Vt(VtD1 -V Dt)

(52)
Recursion relations (23) become
—(¢ — C4~)1Z + (vi© — val) g = vop — viDop
(x+es)p+ (=T +wvlg=viDip—viyp (53
where ¢ and @ are symmetry characteristics for the original and

transformed symmetry, respectively, and ¢ = ¢4, ¥ = 3;. The

subscripts denote partial derivatives.
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Bi-Hamiltonian form of (asc,cs)-parameter system

Combining the two equations in (53) we eliminate ) with the

result 3 . 5 .
(p=Up—0yp «— @=0""(Vp—0y). (54)

Utilization of (54) in (53) yields only one independent equation

~ 1
RO

—%wf—1mw. (55)

— )V — U+ U[v]Ds )}
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Bi-Hamiltonian form of (asc,cs)-parameter system

Recursion relations (54) and (55) can be written in the form of a
matrix recursion operator R

(8)-r(0)-(R Re)(0) o

where
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Bi-Hamiltonian form of (asc,cs)-parameter system

The first Hamiltonian operator (10) for equation (24) due to (9)
takes the form

0 1
Uy — ( oD ) (58)
0 _%7 %(w - ‘UT)%
and the corresponding Hamiltonian density (13) becomes
H, = v?0/2. (59)

The second Hamiltonian operator obtained by the formula
J1 = RJp has the form
f—1 r—1\UTl
Ji = ( ~ o = > . (60)
Lwi-t Lwr-twl -t
The operator J; in (60) is manifestly skew symmetric, same as
Jo in (58).
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Bi-Hamiltonian form of (asc,cs)-parameter system

The remaining task is to find the Hamiltonian density H,
corresponding to the new Hamiltonian operator (60) according

to the formula
v
5Llf4b o N
*(%%)(ww) 1)
[l

where (51) has been used. We assume that Hy does not
depend on partial derivatives of v, so that ,Hy = Hp .
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Bi-Hamiltonian form of (asc,cs)-parameter system

The first line of equation (61) with J; defined in (60)

- H, H,

1 <5UHO + \UTé’V> =V < o,Hy = —WT% +C4x + 050
(62)

being used in the second line of this equation

1 -y rHoy 1 _Hov W[V
il <5UH°+“’ o) 3o - Oo

implies I'[Hp /O] = c4v4 + G5V <=
Vo Dy [H07V/D] — W D2[H07V/|:|] = C4V1 + C5V5, OF flnaIIy

Ho = O{(cs21 — c4z0)v + F(v)} + h[u] (63)

where f(v) is an arbitrary smooth function belonging to the
kernel of ', F is the antiderivative for f, (0 = uyqUoo — u122 + as
and h[u] is a function only of u and its partial derivatives.
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Bi-Hamiltonian form of (asc,cs)-parameter system

Hp in (63) should satisfy the second equation in (62) which
yields

duHo = (€521 — Cazo + f(V))(V41Uo2 + Voo Uyy — 2Vy2U52)
+  F(V)(VPUzp + VEU 1 — 2ViVolp) + 2(Cax + C5P). (64)

Calculating directly the variational derivative 6,Hy from Hy in
(63) and comparing it with (64) we obtain §,h[u] = 0. In the
final result we skip the "null Hamiltonian" h[u]

Ho = {F(V) + (c521 — C4z2)V}(U11Upp — U2, + as). (65)

Bi-Hamiltonian representation of the (asc4cs)-parameter
system (51) has the form (50) with Jy defined in (58), H; in (59),
Ji in (60), Hyp in (65) and the recursion operator R determined
by (57).
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Conclusion

We have obtained the general form of Euler-Lagrange
evolutionary equations in (2 + 1) dimensions containing only
second order partial derivatives of the unknown. Their
Lagrangians have also been constructed. We have converted
these equations into two-component evolutionary form and
obtained Lagrangians for these systems. The Lagrangians are
degenerate because the momenta cannot be inverted for the
velocities. Applying to these degenerate Lagrangians the
Dirac’s theory of constraints, we have obtained the Hamiltonian
operator Jp for each such system together with the Hamiltonian
density H;. We have explicitly demonstrated how the
presentation of a symmetry condition in the skew-factorized
form supply Lax pairs and recursion relations without the
previous knowledge of Lax pairs.
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Conclusion

In particular, we have shown how the symmetry condition for
three-parameter cubic equations can be converted to a
skew-factorized form and obtained Lax pair and recursion
relations for such an equation.

We have derived a recursion operator in a 2 x 2 matrix form for
the first three-parameter two-component system. Composing
the recursion operator R with the Hamiltonian operator Jy we
have obtained the second Hamiltonian operator J; = RJy. We
have found the Hamiltonian density Hy corresponding to J; for
this system, thus ending up with a new bi-Hamiltonian cubic
system in (2 + 1) dimensions. Similar results could be obtained
for the other two cubic three-parameter systems.

35/36



Thank you very much for your
attention.
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