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1. INTRODUCTION: FINITE JETS, EQUATIONS, CLASSICAL SYMMETRIES

A differential equation is a functional relation imposed on unknown functions, their ar-
guments and derivatives up to a certain order. So, a naive way of a geometrization of the
equation, say F(z,u,u ,u") =0, u = u(x), will be to consider the hypersurface

Ep = {F(2,u0,u1,u2) = 0} CR*

in R* with the coordinates x, ug, u1, us corresponding to independent and dependent variables
and derivatives of the latter. But how to reflect “physical meaning” of these coordinates? The
answer is given by the construction of jet spaces.
1.1. Jets on R". Consider the spaces R™ with the coordinates z!,...,2" (independent vari-
ables) and R™ with the coordinates u!,...,u™. Unknown functions will be understood as
smoothE| sections of the trivial bundle 7: R” x R”™ — R™. Denote by C*°(R", R™) the space
of such functions and let [f]° C R™ x R™ denote the graph of f € C*°(R" R™).

For any f € C*(R",R™), z € R", and k > 0, define the class

[k = {g € C®@R",R™) | [¢]° is tangent to [f]° at (x, f(z)) € R™ x R™ with order k }

and define J¥(R™, R™) as the set consisting of all classes [f]% for a given x € R™. For any two
functions f, g and a number o € R set

s+l =[f +alss  alfl; = lafl5.
Exercise 1. Prove that the above operations are well defined.
Thus J¥(R",R™) is a vector space.

Exercise 2. Prove that

dim J*(R", R™) = m(" Z k) .

Define the jet space J¥(R™,R™) of order k by

JFRYR™) = | ) JER™R™).
rER?
For any f € C*(R",R™), define its k-jet
Jr(f): R® = JHR",R™)
by ji(f)(x) = [f]¥ and endow J*(R",R™) with the minimal topology under which all the
maps jx(f) are continuous. ‘
For any multi-index o of length I < k, define the functions u}: J*¥(R",R™) — R, j =
1,...,m, as follows. Let 6§ = [f]% € J*(R",R™). Then
. olel fi
(g =
UO'( ) 83:0 Y

where f = (f!,..., f™).

1The word ‘smooth’ means of the class C™” everywhere below.



GEOMETRY OF DIFFERENTIAL EQUATIONS, ADVANCED COURSE 3

Exercise 3. Prove that all the u/ are well defined and continuous, while the correspondence
k 1
O=[fF— (' .. 2" . . ul,..),
1

where (z!,...,2"), are the coordinates of z, is an homeomorphism between J*(R™, R™) and
the space R” x RY, where N is the dimension of J¥(R",R™) (see Exercise [2).

Thus we can consider the jet spaces as smooth manifolds (diffeomorphic to R” x RY). In
particular, JO(R",R™) = R" x RV,
In what follows, we shall write J* instead of J*(R",R™), when the context is clear.

Exercise 4. Prove that the maps ji(f) are smooth.
Define the maps 7y : JF = R™ and T l: JE = Jl, k>1, by
me([f15) = = and me([f15) = [f1e
respectively.
Exercise 5. Prove that these maps are smooth surjections.

1.2. The Cartan distribution. Denote by [f]* C J* the graph of ji(f). Take a point 6 € J*
and define 6y = €} C TpJ* as the hull of all Ty[f]*, where [f]¥ passes through 6. Thus, we
obtain the correspondence

JE 30— 6 c TyJk. (1)
This is a particular case of a general construction. Let M be a smooth manifold. A distribu-
tion 9 on M is a vector subbundle of the tangent bundle TM — M. A distribution may be
understood as a smooth correspondence M > x — 2, C T, M, where dim &,, = rank Z does
not depend on z.

Exercise 6. Prove that €%: 6 ‘fé“ is a distribution on J*(R™, R™) and

n+/<:—1>

Essentially, there are two ways to describe a distribution locally. The first one is to indicate
differential 1-forms that vanish on 2. The space of such forms is denoted by A(2).

Exercise 7. Show that A(%”) is generated by the forms
wl = dul — Zumdzv lo| <k, j=1,...,m. (2)

They are called Cartan (or contact) forms on J*.

Another, dual, way is to indicate those vector fields that lie in 2. We shall not distinguish
between notation for the space of such vector fields and for Z itself.

Exercise 8. Show that the Cartan distribution €* spans the fields

D, axﬁZ ma 3)

where summation is taken over all j =1,...,m and o such that |o| < k, and
4 0
vie 2L o=k j=1,....m 4
e o] J (4)
A submanifold N C M is an integral manifold of & if
ToN C Dy

for any 6 € N.
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Exercise 9. Show that N is an integral manifold if and only if w|y = 0 for any w € A(2).

Exercise 10. Prove that a section s: R" — J*(R", R™) of the bundle m is of the form ji(f)

if and only if s*(w?) = 0 for all the Cartan forms wj.

A distribution & is integrable if for any point § € M there exists a unique local integral
manifold Ny of dimension dim Ny = rank & that passes through this point.

Frobenius Theorem. A distribution & on M is integrable if and only if one of the two
equivalent conditions holds:

(1) [X,Y] € Z whenever X andY € 2,
(2) dw(X,Y)=0 forallw e A(Z) and X, Y € 2.

Exercise 11. Prove equivalence of and .
IfXy,....X;, l=rank 2, is a (local) basis in & then Condition reads

(X5, X} Z%Xa, 1<i<j<l,

where a;; € C*®(M). If wi,...,wy, r = dim M — rank &, form a basis of A(Z) then Condi-
tion (2)) is equivalent to

I8
dwi:me/\wa, 1=1,...,7,

where p;, are 1-forms on M.
Exercise 12. Show that €* is not integrable.

1.3. Lie transformations. The Cartan distribution is the main geometric structure on J*:
its symmetries, i.e., diffeomorphisms G: J* — J7 such that

G.(6)) = %5(9), 0eJk,
are called Lie transformations. A complete description of Lie transformations is given by

Lie-Bicklund Theorem. For any Lie transformation G: J* — J* there exists a unique Lie
transformation G . JF+1 — JHL (its Lift) such that the diagram

Jh+1 GO G Jk+1

L]

Jh G gk

18 commutative.
Any Lie transformation G is of the form:
o Form > 1: G(()k), where Go: J° — JO is an arbitrary diffeomorphism.
e Form=1: ng_l), where G1: J' — J' is an arbitrary Lie transformation of J',
where, by induction, G©) = (G=1)1),
Lie transformations of J L are called contact transformations.
If w) are the Cartan forms on J* then a diffeomorphism G is a Lie transformation if and

only if
Z >\G'Oé T

where A5, € C=(JF).

Exercise 13. Let 7' = f'(z,u), @/ = g(x,u) be a diffeomorphism of JO(R? R™) = R" x R™,
Describe its lift to J' in coordinates.
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Let X be a vector field on J*. It is called a Lie field if the corresponding one-parameter
group consists of Lie transformations. For Lie fields, an infinitesimal analog of the Lie-
Béacklund Theorem is valid. A field X is a Lie field if and only if

X(wh) =) uhowt,
aT

where Mg;;v € C=(J").

Exercise 14. Let X =, a;0/0z' + Y, b;0/0u? be a vector field on J°. Describe in coordi-
nates its lift to J1.

In the case m = 1, Lie fields on J' are called contact fields,
Exercise 15. Show that any contact field X is of the form

_ N9 0 N, 0\ N~(of  9f\ 0
X = P Ou; Oxt + (f ;“’au,) ou +Z <8xi +u18u> Ou;’ (5)

i=1

where f is an arbitrary smooth function on J! called the generating function (or characteristic)

of X.

Obviously, Lie fields form a Lie algebra. In particular, given two contact fields Xy and X,
by Equation ([5)), one has
(X7, Xl = X109y (6)

for some function {f, g} which is called the Jacobi bracket of f and g.
Exercise 16. Compute the Jacobi bracket in coordinates.

1.4. Equations and classical symmetries. Since coordinates in J* are “partial deriva-
tives”, a differential equation is natural to be understood as a submanifold & c J*.

F <£L'1,£L'2,u, Ou 8u> =0

xl’ dx?
be a scalar equation in two independent variables. Then the manifold
Ep = {F($1,$2,u,u1,UQ) = O} - Jl(R27R1)

is the corresponding geometric image of this equation.

Example 1. Let

Let f: C*(R"™) — C*°(R™) be a smooth function. Then f is a solution of an equation F' = 0
of order k if and only if [f]¥ C & = &r. We shall assume that the system of function F =
(F',...,F") is generic in the following sense: for any H € C*°(J*) the condition Hlg =0
implies H =}, \;FY.

Define the Cartan distribution on & C J* by

Go(&) =Ty NEY.

Then solutions can be understood as n-dimensional integral manifolds of €(&’) that project
surjectively to R" by mg.

Let & C J* be an equation. A Liie transformation G: J* — J* is a (classical) symmetry
of & if G(&) = & When & = &, F = (F',...,F"), then G is a symmetry if and only
if G*(Fj)‘(g, =0 for all j, or

G*(F7) =Y M.

A Lie field X is an infinitesimal symmetry if is tangent to &, which amounts to X (F7) ‘g, =0,or
equivalently

X(Fy=> "y Fi.
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There is another, intrinsic, way to define symmetries: a diffeomorphism G: & — & is a
symmetry if it preserves the restricted Cartan distribution 4. Similarly, a vector field X
on & is an infinitesimal symmetry if [X, G| C €s. Of course, any symmetry in the first sense
defines a one in the second, but not vice versa.

Exercise 17. Give examples of equations whose intrinsic symmetries are not induced by
extrinsic ones.

It can be shown, see [I], that when the equation at hand is not “too overdetermined” (i.e.,
when codim & is not “too big”) intrinsic symmetries coincide with extrinsic ones, except for
the casesn =1or k = 1.

1.5. Globalization. Until now, we considered jets of vector-valued smooth functions on R"
and differential equations imposed on such functions. Nevertheless, there exist examples of a
more general, global nature.

Example 2. Let M be a smooth manifold. Then dw = 0, where w € A'(M) is a 1-form, is a
first order equation imposed on sections of the cotangent bundle.

Exercise 18. Find other “natural” examples of differential equations defined globally.

To pass from the above described local viewpoint to the global one, the following changes
are needed:

Local version Global version

The space R" A smooth manifold M

The trivial bundle R” x R™ — R"™ | A vector bundle n: £ — M
R™-valued functions on R™ (Local) sections of 7

Then the manifolds J*(r) are defined, and all other definitions and results remain valid.
The space of sections will be denoted by I'(7) below.

Exercise 19. Give rigorous definitions and reformulate all the above results for the global
case.

2. INFINITE JETS AND HIGHER SYMMETRIES

Equations exist together with their differential and algebraic consequences. The correspond-
ing geometric setting is given by infinite jets and infinitely prolonged equations.

2.1. Infinite jets. Consider a vector bundleﬂ m: F— M,dimM =n,dim E =n+m. Then
one has the following infinite sequence of smooth surjections

M+ B = J0n) ¢— .. —— Jh(r) &8 gt () e
Its inverse limit J°°(7) is the space of infinite jets associated with . The above sequence
defines the embeddings (algebra monomorphisms) of the function algebras
C®(M) c C®(J% C---co®J*) c ooy ...,
and we define C(J>) = UpC>(J*). Thus, a smooth function on J*° is a smooth function

of z', ..., 2™ and arbitrary but finite number of u’. A point § € J* may be understood as

the class of tangency [s|5° or as the Taylor series of s at © € M. Evident surjections
Too: J®(m) = M and 7o i1 J®(m) — J*(m)

are defined.
Let X be a vector field on M. Define the vector field €x on J>(7) by

35 (€x(f) = X(UL()(f),  feC™(J%), sel(m).

2Those ones who prefer the local picture can think of 7 as of the trivial bundle R” x R™ — R"
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Locally, for X = a10/0z' + ... a,0/0z",
Cx = a1Dy + .. anDyn,

where

0 0
Z J
8.’El o 8uo_
are the total derivatives.

Exercise 20. Prove that
[Cx,Cv] = Clxv] (7)
for any two vector fields X and Y on M.

The Cartan distribution € on J* is defined as the span of the fields €’x. Due to @, one
has

[€.¢] C €.

Thus, keeping in mind the Frobenius Theorem, the Cartan distribution on J°° may be con-
sidered as “formally integrable”.

Exercise 21. Show that rank% = dim M and every Cartan plane % is horizontal with
respect to oo : J(m) — M.

Exercise 22. Show that integral manifolds of ¥ of maximal dimension are graphs of infinite
jets [s]*° C J>®(m), s € I'(m).

Thus, the Cartan distribution on J is not integrable in the classical sense, since there
exists infinitely many maximal integral manifolds passing through a given point 6 € J*.

2.2. Prolongations. Let an equation & C J¥(7) be locally given by the relations F! =
0,...,F" =0, FJ € C®(J®). Its Ith prolongation & C J**+!is given by

D, (F7) =0, lo| <1, j=1,...,rm

where Dy = Dyoy 0---0 Dyop, p = |0, is the corresponding composition of total derivatives.
One has the sequence

3 &t &+ &

Its inverse limit is denoted by &> C J°° and called the infinite prolongation of &. Points of
the infinite prolongation are formal solutions of the equation. Not all the maps above may be
surjective.

Exercise 23. Invent examples of equations for which &+! — & are not surjections.

In the case when all these maps are smooth surjections, the equation is called formally
integrable. From now on, we deal with infinite prolongations of formally integrable equations
only and shall denote them by &, omitting the “infinity” superscript. We assume that the
map & — M is surjective also.

By the definition of the infinite prolongation, all total derivatives are tangent to &’; thus, the
Cartan distribution is tangent to & and induces the distribution %'(&’) which is also (formally)
integrable.

2.3. Higher symmetries. Theory of higher symmetries (symmetries of the Cartan distribu-
tion) on J*° is essentially infinitesimal due to infinite dimension of the manifold.

A Lie field on J* () is a vector field such that [X, €] C €. Since ¥ is a formally integrable
distribution, any X € ¥ is a Lie field and such fields are tangent to any graph [s]> C J*°.

Exercise 24. Prove that % is an ideal in the Lie algebra of all Lie fields on J*°.
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Elements of the quotient algebra are called symmetries of €. Let
0 .0
X = ; ai@ + jzo b(]jaiug

be a Lie field. Then

=X - Zalii

is a Lie field as well which is vertical with respect to the projection m.,. Thus, the algebra of
symmetries can be identified with the algebra of m,-vertical Lie fields. These fields admit an
explicit description.

Theorem. There is a one-to-one correspondence between symmetries of the Cartan distribu-
tion on J*°(m) and sections of the pull-back w3 () locally given by

@ € x(m) =T (x’, |—>E¢—ZD au . (8)

Fields of the form are called evolutionary derwatzons.

Exercise 25. Let 7': E/ — M be another vector bundle and Ey, ¢ € s(7), be an evolutionary

derivation. Consider s € I'(n% (7')) locally presented in the form s = (s!,... ™), m' =

dim 7’. Prove that the component-wise action

/

E7 (s) = (Ey(s), ..., Bu(s™))
is well defined globally.
For ¢, w2 € s their (higher) Jacobi bracket is defined by
{e1, 02} = EF, (p2) — EZ, (01).

Exercise 26. Prove that

[Epys Bp,| = Eyg, )
for any 1, @9 € s.

Thus, s(m) is a Lie algebra with respect to the Jacobi bracket.
Consider the situation of Exercise A section s € T'(n% (7')) is identified with a nonlinear
differential operator acting from I'(7) to I'(§) by

f€L(m) = A(f) = 5% (s) € ().
Its linearization lg: s»(mw) — [(xk (7)) is defined by
ls(p) = EF (s).
1

In coordinates, if s = (s',...,s™) then

0y = ZZS;DU

o o

A Lie field is a (higher infinitesimal) symmetry of & if it is tangent to &. They form a Lie
algebra sym & with respect to the Jacobi bracket.

Exercise 27. Let A: T'(n% (7)) — (7l (7”)) be a differential operator in total derivativesﬂ
and & C J°°(7) be an infinite prolongation. Show that any such a A can be restricted to &,
i.e., there exists a unique operator A such that the diagram

4>F (w5 (7))

l b

(i ()] 2) *>F7r (")

3Such operators are called total, or €-differential operators.
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is commutative, where r(s) = s|,.

Theorem. Let & be given by {F = 0} for F € T'(n%,(£)) and assume that & projects to JO(r)
surjectivelﬂ. Then

symé& = ker/{g,
where Ly = Lp|g.

Thus, to find symmetries of &, one needs to solve the following system of linear equations
in total derivatives

OF! OF1

D, ! Dy (™) =0,
Jul (") + ur (™) =0
OF" OF"

ﬁDU(S@l) +---+ Z 6umDa((’Dm) == O,

where the sums are taken over all the so-called internal coordinates (see examples below) on &
and ¢ = (p!,..., ™) is the unknown symmetry.
3. EXAMPLES: THE BURGERS AND KORTEWEG-DE VRIES (KDV) EQUATIONS

Consider two illustrative examples.

3.1. Burgers equation. The Burgers equation
Ut + Uy = VUgy

is popular to model processes of gas dynamics and fluid mechanics (v being viscosity). When v #
0, it can be transformed to the form

Ut = Uy + Ugpy.
Internal coordinates on & may be chosen as
T, b, Ug = U, UL = Ugp, U = Ugpy ..o, Uk, - -

Then symmetries are defined by

Dy() = urp + uDy(p) + D2(), (9)
where 5 5 5 5
_ v - 2 k v
D = P Zk: R De ot " Zk: D (wun + u2)8uk‘

Of course, this choice of internal coordinates is no unique. For example, an alternative
choice is

€z, t? Upp = U, U0 = Ut, ..., U0k, Ulk,- - -,
where
Uk = Ut . . ¢ Utk = Ugt . . -
S~~~ S~~~
k times k times

Exercise 28. Write down total derivatives on & for this choice of internal coordinates.

Any solution ¢(z,t,u,...,u) of Equation @D for k > 1 is of the form
1
vxla] = auy + 5(&35 + kua + a)ug—1 + O(k — 2),
a, a being functions of ¢, and

{pilal, i)} = rpiald,  c= %(lab _ kba).

4This only means that there is no functional relation in our equation.
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Here and below O(l) denotes a function on & that does not depend on w41, ..., u; and “dot”
is the t-derivative.
For small & we have explicit solutions

) =u1, 1 =tu+1,

0_ 1_ 1 1 2 _ 42 2
P9 = ug +uuy, P = tug+ tu+2x u1+2u, vy = t7ug + (t°u + tx)ug + tu + x,

(these are classical symmetries) and also

L=ty 4 (a4 3tu) +3t2+<1+3t> 4L
= -\ u)u —tu =X =tu |Juu —-Uu-.
¥3 p3 B 27T 5t B 1 1ty

From the identity
1 .
{oxlal, ¥7} = 5%71[@]

it follows that the coefficient a in ¢gla] is a polynomial in ¢ of order < k.
One has

L.

{oxlal, o3} = 5(2at — kajupir + O(k);

applying this formula to ¢ = u; we obtain existence of symmetries
) =up +O(k —1).

On the other hand,

{orlal, ¥3} = t(ta — ka)u, + O(k — 1).
Applying this to 902 one obtains existence of symmetries

b = thu, + Ok — 1), i=0,... k.
The computations above lead to the following result:

Proposition. The algebra sym & for the Burgers equation is infinite-dimensional and consists
of the functions ¢, = t'up+. .. forallk > 1 andt =0,1,...,k. As a Lie algebra it is generated
by o), p3, and goil,,. One also has

o 1 il
{6k ei} = 5(“ - k])%fr]l_g + Ph41-35
where opy_3 is a symmetry of order < k+1 — 2.

Exercise 29. Prove that all symmetries of the Burgers equation are polynomial in all vari-
ables.

Let us assign the following weights
lz| =1, [t|=2, |ux|=k—-1

to the internal coordinate functions and for a monomial define its weight to be equal the
sum of its factors weights. Due to Exercise all the symmetries ¢; can be regarded as
homogeneous with respect to these weights.

Exercise 30. Prove that the homogeneous symmetries 902 pair-wise commute.

3.2. The Korteweg-de Vries (KdV) equation. This famous equation describes waves on
shallow water surfaces and is of the forn]|

Up = Uy + Ugze (10)
and the linearization is

Dy() = urp + uDy(p) + D3(),

9 9 9 ) 9
-DLI,‘ = % +§Uk+1aw€, Dt = a +§Dx(u'u1 +u3)87u]€

where

5 The equation is often written in the equivalent form u; 4+ 6uug + Uzzz = 0.
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Exercise 31. Analyze other possible choices of internal coordinates and write down the
corresponding formulas for the total derivatives.
Similar to Subsection [3.1] it can be shown that any symmetry is to be of the form
Yak—1la] = augg—1 + O(2k — 2), k>0,

a = a(t) being a polynomial in ¢. Classical symmetries of KdV are

90(1) = u1, x-translation,
o1 = tug + 1, Galilean boost,
03 = ug + uuy, t-translation,
go% = tus + (tu + %x) u] + gu, scaling.

Exercise 32. Prove that there exists no symmetry of order > 3 with a # const.

But symmetries of the form ugg_1 + ... do exist for all £k > 1 and this will be established
in Section [Bl

4. AN APPLICATION: 1-SOLITONS AS INVARIANT SOLUTIONS OF THE KDV EQUATION

A solution s of an equation & is invariant with respect to a symmetry ¢ € symé& if the
field E,, is tangent to [s]> C &.

Exercise 33. Prove that to find y-invariant solutions one is to solve the equation ¢ = 0
together with the initial one.

Both the Burgers and KdV equations possess z- and t-translation symmetries (u, and wuy,
respectively.). Solutions invariant with respect to the symmetry cu, + u; are called traveling
waves. They are of the form u = u(z — ct), where ¢ = const is the velocity. Let x — ¢t = 7.

4.1. Traveling waves of the Burgers equation. The defining equation for traveling wave
solutions is
—cu' = uu' + u",
where “prime” denotes the 7-derivative. Hence,
2du
(u—c)?+a?

where a > 0 is the integration constant. There are three families of solutions:

0 2

Tr—ct+A to
v alz —ct+ A)

U =acot ———— + ¢,
2

1+ Bexp(—a(z — ct))
=«
1+ Bexp(—a(x — ct))
where A, 3 are constants, 8 > 0.

= —dr,

+c,

4.2. 1-soliton solutions of the KAV equation. To comply with the standard notation (see
Footnote [5)), rescale the KdV equation by x +— —x, u — 6u. Then the defining equation for
traveling waves is
—cu’ + 6un’ +u" = 0.
Hence,
—cu+3u? +u’ = A, A = const;
multiplying by v’ and integrating, one obtains

1
—§u2+u3+§(u/)2:Au+B, B = const.
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By physical reasons, u, v/, u” — 0 as soon as 7 — d00; consequently, A = B = 0 and

=T7+a. (11)

/ du
uy/c — 2u
Using the substitution
¢ 2
u = 3 sech” w,
we integrate and get

u= gsech2 (‘f(z —ct+ a)> . (12)

This is the (right moving) soliton solution of the KdV equation. It was observed and reported
by John Scott Russel, see, e.g., [3] in 1845.

Exercise 34. Find other traveling wave solutions of the KdV equation.

5. BACK TO SECTION [3 LENARD’S RECURSION OPERATOR

We shall now present a method to establish existence of symmetries uop_1 + ... for the
KdV equation, see Section [3.2] Namely, assume that there exists an operator R such that
E(gOR:ROKéa, (13)

where R is another operator. Then, obviously, for any ¢ € sym & one has R(yp) € sym&. E.g.,
for the heat equation u; = ., any operator R = Y a; D%, a; = const, possesses this property.
But linear equations with constant coefficients provide probably the only example with such
a simple solution (see below).

The operator £z is expressed in total derivatives and so both R and R are reasonable to
be expressed in the same form. A @-differential operator satisfying is called a recursion
operator for symmetries of &.

Note that if & is an evolution equation then D; may be excluded from the expression for R.

Exercise 35. Prove that R = R for evolution equations, provided R being a ¢-differential
operator in D,.

5.1. Burgers equation. Consider the solutions to of the form Zkzo a DY for the Burg-
ers equation.

Exercise 36. Prove that the only solutions of this form are R = const.

Certainly, these solutions are not interesting. Nevertheless, in a wider setting, nontrivial
solutions do exist.

Exercise 37. Prove that the operator
1 1 _
satisfies Equation ([13]).

In this particular case, it can be shown by elementary means (though it is not simple) that
D! acts on symmetries in a well-defined way, but generally more complicated techniques are

needed. We expose the latter briefly in Subsection [5.2

5.2. Digression: conservation laws and cosymmetries. We consider scalar evolution
equations & = {u; — F'(u) = 0} for simplicity, where F'(u) is a smooth function of z, t, u,
Ug,e - -

Let A =3, a;D%. The operator
A = Z(—Dq;)i o a;

is called the formally adjoint to A. The Green formula reads
(A%) - =1 - (Ap) € im Dy. (14)
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Exercise 38. Prove formula .

_rmy =24 p (9e) p2( 90
Sa) = £3(1) = 02 Dx<8%> Dx<8um)

is called the FEuler operator.
A 1-form w = X dx + T dt is a conservation law of the equation & if

Indeed, assume that lim, 4., 1T = 0. Then

The operator

d 400 +o0 “+oo
— Xdx = D; X dx = D, Tdr= lim T— lim T =0

dt — 0o — 00 0 T—+00 T——00

on solutions of &.
A conservation law is trivial if X = D,(p), T' = D(p) for some function p.

Exercise 39. Prove that a conservation laws is trivial if and only if 6(X) = 0.
A function v is called a cosymmetry of & if
le(4p) = 0.
Exercise 40. Prove that for any conservation law, the function 6(X) is a cosymmetry.

Let ¢ and ¥ be symmetry and cosymmetry of &, respectively, i.e.,

Di(p) =Lr(p),  Di(v) = —L3(¥).
Then
Di(pp) = Di(h)p + ¥ Di(p) = —plp () + PLlr(p) = Da(Tp )
for some T, by (14), i.e.,
Wep = 1/1(,0 dr + T%w dt
is a conservation law. Hence, D! o acts on ¢ in a well-defined way if and only if this
conservation law is trivial. Using this fact, consider two examples.

5.3. KdV. Consider the KdV equation in the form ((10)).

Exercise 41. Check that that the operator
2 1
R=D?+ Jut gungl (15)
satisfies Equation ([13]).

Let us prove that it generates an infinite hierarchy of symmetries for the KdV equation.
What we actually need to show is that the action of D! on symmetries is well defined.

To this end, note that

©F = tug + (tu + éx)m + gu
is a scaling symmetry; due to this fact the equation becomes homogeneous with respect to the
weights
|$|:17 |t|:37 |uk’|:_(k+2)a

consequently, polynomial symmetries and cosymmetries can be considered to be homogeneous
as well.

The weight of the symmetry ¢35, | = ugx_1 + ... (if such a symmetry exists) is —(2k + 1).

Exercise 42. Show that all (x,¢)-independent solutions of the equation

Dy(¥) = uDy(v) + D(4)),

i.e., cosymmetries are of the form

1/}0:17 wk:U2k72+---7 k:17277
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Hence, |1;| = —2k. But
|0(0 - P—1)| = |¥9k—1| — lul =1 = 2k.

Consequently, §(¢ - ¢9, ;) = 0 and the conservation law W10 is trivial. Thus, the result
follows by induction.

Exercise 43. Prove that the action of the operator from Exercise on symmetries of the
Burgers equation is also well defined.

6. WHAT HAPPENS WHEN APPLYING LENARD’S OPERATOR TO (z,?)-DEPENDENT
SYMMETRIES?

Let us now apply the operator to the symmetry (1 of the KAV equation. One has
2 1 2 1
R(p}) = (Dﬁ +3ut 3u1Dx1> (bur +1) = tug + Su(tur +1) + gua(tu+ ) = @i
But the next step leads to

2 1 1 92
R(g@%) = <D§ + gu + 3’LL1D;1> (tu'g, + (tu + gm)ul + 3’LL>

4 4 1
= t(us + uus + ujug + u2u1) + x(us + uuy) + §u2 + §u2 + §u1D;1(u).

v3 3

Of course, the most interesting part of this expression is the last summand: objects of such a
type do not belong to the geometrical picture we had until now. Formally, one can introduce
a new variable u_; such that

Dy(u—1) = u,
but at the moment there is no place for such a nonlocal quantity in our current world. Let us
extend the latter.

7. GEOMETRIZATION: COVERINGS
Geometric setting for nonlocalities is provided by the notion of a covering.

7.1. Definitions. Let & be an infinitely prolonged differential equation with the Cartan dis-
tribution ¥ = €(&), dim% = n. Consider another manifold & endowed with a formally
integrableﬁ distribution € of the same dimension. We say that & covers & if a vector bundle
&S E s given such that B

dr(65) = €, 5,

for any 6 € €. The map 7 is called a covering and the dimension of fibers is called the
dimension of this covering.

Let in local coordinates D,1, ..., Dyn be the total derivatives in & and w', w?,...,w!, ...
be coordinates in the fiber of 7 (nonlocal variables). Due to the definition, D,: can be uniquely
lifted to the fields

- 0
N D,=D,+Xi, X :ZX;“%, (16)
lying in € and such that

foralll1 <i<j<n.

Exercise 44. Prove that locally, & is always an infinitely prolonged equation determined by
the relations

ow®
_ = X2 1
=X (18)

6Le., such that [€,%] C %.
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System is overdetermined and compatible modulo the equation &.
A morphism of two coverings is a map g: & — &’ such that the diagram

is commutative and dg(%%) C ‘5; . Two coverings are equivalent if g is a diffeomorphism.

@ =
A covering is trivial if for any 6§ € & there exist coordinates in which the fields X; in
vanish. This means that the covering is locally equivalent to

7 & x RImT 5 & D, =D, i1=...,M.

7.2. Examples. Consider several examples.

Example 3. Geometric treating of the situation considered in the end of Section [f] is as
follows. )

Consider the KdV equation denoted by &. Let & = & x R with the variable w being a
coordinate in R. Put

3 ) 3 1, B
D:C—Dx‘i‘uaiw, Dt—Dt+ <2U +U2> 8710

Exercise 45. Check that [D,, D;] = 0 and w enjoys the equation

1 2
W = iwx + Wera

(this the so-called the potential Korteweg-de Vries, or pKdV, equation). Obviously, w is a
formalization of the quantity u_; above.

Exercise 46. Prove that a similar construction,

. ) - 1 0
D,=D — D, =D —u? —
T x+uaw7 t t+<2u —|—’LL1> ow’

applied to the Burgers equation leads to the equation

1

2
= §wx + Wy,

wt
which is linearizable.
Example 4. Consider the sine-Gordon equation

Ugy = SIN .

Exercise 47. Prove that

~ L wtu 0 . 2 . w—u 0
Dm—D$+<2)\sm2+uw>aw, Dy—Dy+<)\sm 5 —uy)aw, A#£ 0,

is a covering and w satisfies the same equation for any nonvanishing .

Exercise 48. Prove that for these coverings are pair-wise inequivalent for different values
of A.

Example 5. Consider the pKdV equation in the form
ug + 3u2 + Ugzy = 0. (19)
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Exercise 49. Prove that the fields

_ 1 5\ O
D, =D, + <)\—ux—2(u—w) > e (20)

Dt =D; + ((u - w)(uxx - wxz) - 2(“:25 + Ugwy + wi%)) %

determine a covering structure in & x R for any A and the new w satisfies the pKdV equation.

Exercise 50. Prove that for these coverings are pair-wise inequivalent for different values

of \.

Example 6. Let & be an equation in two independent variables  and y and w be a conser-
vation law, i.e., a form X dx + Y dy such that D,(Y) = Dy(X). Then by

D,=D,+X, Dy,=D,+Y

we introduce a covering structure 7, in & x R. E.g., the coverings from Example [3| and
Exercise [46] are of this kind.

Exercise 51. Prove that two coverings 7, and 7, are equivalent if and only if w and w’ differ
by a trivial conservation law.

Example 7. Let X € €(&) and X € € be its (unique) lift to &. Denote by L C C™(&) the
space of fiber-wise (with respect to 7) linear functions. The covering is linear if X (L) C L for
any X € %. This means that the fields X; in ((16)) are of the form

0
X; = B 2
%al w awﬁ

If the matrices A; = (a?ﬂ ) belong to a Lie algebra g we say that 7 is a g-valued zero-curvature

representation and write D, = D, + A;. In this case, equation ([18) reads

Di(Aj) — Dyi(Ai) + [Ai, A] = 0,
where [AZ, A]] = Az o Aj — Aj o A,

Exercise 52. Prove that if we take the KdV equation in the form wu; + uu, + tUzze = 0 then

the matrices
A 0 1 B —uq 2u + 4\
T \—u+X 0/ T\ —ug — 2u2 — 22w + 42 Uy

provide a A-parametric family of sly-valued ZCR.

8. THE WAHLQUIST-ESTABROOK ALGEBRA

Until now, we had no regular way to describe coverings. In a particular case of two-
dimensional evolution equations u; = f(u,u,...,u), where f does not depend on x and ¢
explicitly, there is a method that allows to describe a class of coverings. It goes as follows.

Assume that the 7-vertical fields X and T do not depend of x and ¢ either and, in addition,
they are independent of all u; for i > k. Then such coverings (WE-coverings) are in one-to-one
correspondence with representations of a certain Lie algebra (the Wahlquist-Estabrook algebra)
in the Lie algebra of vector fields on the fiber of 7; we denote this algebra by re(&) = tve.

Consider examples.
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8.1. The Burgers equation and the Cole-Hopf transformation. For the Burgers equa-
tion u; = uu, + uy, the ansatz reads

X = X(w,u,u), T =T(w,u,u),

where w is the collection of all nonlocal variables. Then

oT aT 0X 0X
Ul + uQa—ul — (uuq + uz)% — (u? + uuy + u;;)a—u1 +[X,T] =0,
from where it follows that X = X (w,u) and
or  0X oT 0X
— = — — — 4+ (X, T] =0. 21
Hence,
0X
T= UL + A(w,u).
Substituting this expression to the second equation in , one obtains
0?’X  0A 0X 0X
—t+ =) = — X,uy— +A| =0
U1 <u18u2+8u> uulau—i—{ ’u18u+ } )
from where it follows that
0?X A 0X 0X
— = — —u— X, — X, Al =0.
o2 " o u8u+[’6U]’ X, 4]

By similar computations, we finally obtain that any WE-covering is of the form

~ 1
D, =D, +ua+b, Dt:Dt—l—<2u2+u1>a—|—u[a,b]+c,

where a, b, ¢ are vector fields that depend on w only.

Exercise 53. Prove that these fields satisfy the relations
1
a0, ] = St lad = Boall, e =0, (22)

They define the algebra toe for the Burgers equation.
Using these relations it becomes possible to describe all one-dimensional coverings up to an
equivalence. Two cases are to be considered: (i) a =0 and (ii) a # 0.

Exercise 54. Show that all the coverings corresponding to the first case are trivial.

In Case (ii), in a neighborhood of a generic point there is an equivalence transformation
under which the field a transforms to 9/0w and becomes

1
"= 2B, BV -B8 =, Bv=57,
where “prime” denotes the w-derivative and b = $9/0w, ¢ = v0/0w.

Exercise 55. Solving this system of ODEs, show that all WE-coverings are equivalent to the
following ones:

(3
+.F w 0
Ty Dm:Dz‘i‘(U‘i‘eQ‘i‘)\)%,
~ 1 1 )\2
DtZDt—F<U1-|-2u2—i-2(u—)\)e2“’—2)@?}}7
w 0
Ty Dy =Dy +(u—e2 +A)—
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. 1 1 1 A2\ 0
D, =D Su? - = (u—Aesw — ) L
t t+(“1+2“ g (u—A)e 2>aw’

which are pair-wise inequivalent, A € R.

The covering 70 was discussed in Exercise 46| and is equivalent to the one with
1
Wy = —WU.

2
This is the so-called Cole-Hopf transformation.

Exercise 56. Show the covering equation in this case is wy = wgy,, i.e., the heat equation.
8.2. KdV and the Miura transformation. Consider the KdV equation u; = uug + tgqps.

Exercise 57. Using computations similar to those from Section show that any WE-
covering over the KdV equation is of the form

]jx = Dx—l—u2a—}—ub+c,
. 2 1 1
D, =D, + <2UU2 —ud 3u3> + <U2 + 2u2> b+ +uq b, c] — §u2[b, b, c]] + ule, [c, b]] + d.
The algebra e for the KdV equation is generated by elements a, b, ¢, and d with the relations
[a,b] = [a,c] = [¢,d] =0,
[bv [b’ [b7 Cm =0, [b7 d] + [Cv [C’ [Cv bm =0,
1

avd] + e, ] + g[b, e, e, B]]] = 0.

Up to an equivalence, pair-wise nonequivalent WE-coverings have the following description:

~ 0
70 D,=D;+u—,
ow

- 1 0
D;=D —u?) —
t t+<UQ+2u>aw,
~ 1 0
4 Dy =D, + <u+6w2+)\> S
- 1 1 1/1 2 (1 0
D;=D = Y (S W ) e D
t t+(uQ+3wu1+3u +3<6w ) 3<6w+ ow’
~ 0
7—3 : D$:D$+(U2+AU) 87'11)’
- 2 1 0
Dy=D Quug — u? + ud + A A
t t+(UUQ u1—|—3u+ <u2—|—2u 9w’
AeR
The covering equation for 73 is the modified KdV equation (mKdV)
wy = w2wa} + Weza,
while the corresponding substitution
1
u:wx—ng—A (23)

is the Miura transformation.

Exercise 58. Describe the algebra twe for the mKdV equation and one-dimensional coverings
over it.

Exercise 59. Describe the algebra twe for the pKdV equation and one-dimensional cov-
erings over it.
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Relation between the KdV and mKdV equations by the Miura transformation allows one
to establish existence of infinite number of conservation laws for KdV. Namely, let us change
the nonlocal variable in such a way that becomes

1
U=w— cw, — —>w?. (24)

Then

1 1
Ut — Uy — Ugppy = <1 —eD, — 352w) (wt + <352w2 — w> Wy — wxm>
1 L o 1,3
= 1—5Dm—§5w Di(w) — D, wm+§w —§ew

1 1 .
w=wdr+ (ww + §w2 — 952w5> dt

is a conservation law of the covering equation with the density w.
Let us expand w in formal series

and the form

w:w0+5w1+52w2—|—...

Then the quantities w; must also be densities of conservation laws. Inserting this expansion

to one obtains

2
. . 1 .
U= Z ew; — ¢ (Z 5’wi> - 652 (Z 5lwi> ,
i % T A
from where the recurrent relations for w; follow:

u = wo,

0=w; — (wo)z,

1
0=wy— (w1), — gwg,

1
0=w3— (w2)z — 3Wows,

1
0= wyq — (wg)x — é(w% + 2w0w2),

ey

or
wo = u,
w1 = Uyg,
1 2
w2 :Uxx+6u )

W3 = Uggy + guuxy
) 2 1 3
W4 = Uggze + guz + Ulgy + Eu 5

This provides the infinite hierarchy of conservation laws for the KdV equation.

Exercise 60. Prove that the odd conservation laws obtained in this way are trivial while the
even ones are not.
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9. AN APPLICATION: BACKLUND TRANSFORMATIONS

Let & and & be two (infinitely prolonged) equations. A Bdcklund transformation (BT)
between &1 and & is the diagram

& (25)

where 7 and T are coverings.

Assume that these coverings are finite-dimensional and f is a solution of &. Then €
induces on the (n - dim 7y )-dimensional manifold 7; *([f]>*) C & an integrable n-dimensional
distribution. Consequently 7 1([ f]°°) is fibered by its integral manifolds. In a neighborhood
of a generic point they are projected by 7o to solutions of &. And vice versa.

Let 7, A € R, be a family of pair-wise inequivalent coverings such that the covering equa-
tions &) are pair-wise isomorphic. We shall be interested in the case when in & = &,
TL=Ta, T2 = Ty, 1€,

Denote such a BT by %, .

The first BT of this type was constructed for the sine-Gordon equation (see Example [4]),
and in 1892 Luigi Bianchi discovered the following fact: let u be a solution of the sine-Gordon
equation. Consider the following families of solutions:

U, obtained from U by B
Uy obtained from u by B
U p obtained from Uy by Buu
Uy ) obtained from Uy, by Br-

Then there exists a solution uy , = wu, ,

(26)

and this solution can be explicitly written in terms of u; it can be also understood as nonlinear
superposition of solutions uy and wu,. This is the Bianchi permutability theorem, and later
it was established that this remarkable fact holds for a number of interesting equations of
geometry and mathematical physics.

Consider examples.

9.1. Sine-Gordon. Let & be the sine-Gordon equation and 7 be the covering from Exam-
ple[ i.e.,

U 2 . w-—u
+ Uy, Wy = —SIn

A 2
Exercise 61. Show that taking in u = 0 one obtain the solutions

ww:Q)\sinw — Uy, A#0.

u) = 4 arctan ()\x + % + a) , « = const.
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They are called 1-kinks.

Exercise 62. Continue the Bianchi procedure with the Backlund parameter p and obtain the
2-kink solution

A _
uy,, = 4arctan (A—_F';jtanu)‘élv#), A # [
See [4] for the animated presentation of kinks.
9.2. pKdV and KdV. Consider the covering :
Wy = X — uy — =(u—w)?, wi = (U — W) (Uge — Wee) — 2(u2 + ugw, + w2)

2
over the pKdV equation us + 3uuy + Ugey.
Exercise 63. Show that starting with the zero solution, i.e.,
1 2

ux:A—§u2, Up = Ul — 2.

uy = V2 tanh <\/§(1‘ — 2)\t)> .

This is the one-soliton solution of the pKdV equation.

one obtains

Exercise 64. Show that the superposition of two solutions of this type by the Béacklund
transformation is
2(A — p)

u)\,M:u_ ) /\#V
A Uy

(the two-soliton solution).

Exercise 65. Using the covering from Example [3] obtain the corresponding solutions of the
KdV equation.

10. BACK TO SECTION [6f NONLOCAL SYMMETRIES AND SHADOWS

Let us return back to Section [6] and recall that by applying the recursion operator to the
scaling symmetry we obtained the expression

4 4 1
90% - R(@%) = t(y5 + uug + uruo + u2u1) + z(us + uwuy) + Ju2 + §u2 + gtau-1,

0 0
Ps5 ¥3
where u_1 is a new variable that satisfies (u_1), = u. What kind of a quantity is this object?

On one hand, it lives on the space &, being and element of s (see Section [2.3) lifted to the
covering equation. On the other hand, it satisfies the equation

ls(p) =0, (27)

where /¢ is obtained from £¢ with changing all total derivatives by their lift to &. But it is
not a symmetry: to this end, we shall have to restore the coefficient at 9/0u_; and this may
give rise to new nonlocal objects.

Analyzing this example, let us give the following definition: take an equation & and its
covering 7: & — &.

e A symmetry of the covering equation is called a 7-nonlocal symmetry of &.

e A derivation S: C*(&) — C™(&) is a nonlocal T-shadow if for any X € € (&) one
has
XoS—-SoX e¥€&),
where X is the natural lift of X to &.

7Obviously, any %-differential operator can be lifted to the covering equation in such a way.
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To compute nonlocal symmetries and shadows, the following result is used:

Theorem. Nonlocal symmetries are in one-to-one correspondence with solutions of the equa-

tion
Eé’((p) =0,

where £z is the linearization of the covering equation. Nonlocal shadows are the solutions of
ls(p) =0,

where lg is the natural lift of e to £.
Exercise 66. Prove the theorem above.

Thus, ¢} is a shadow.
Obviously, any nonlocal symmetry defines a shadow, but is the converse true?

11. THE RECONSTRUCTION THEOREM

Consider an equation & and a covering 7: E— & given by

. )
Dxi = Dxi + Z XZQ .
= ow?

Let S be a 7-shadow and we want to construct a nonlocal 7-symmetry S such that S

(&)
S, or, in local coordinates,
~ 0
S=285 a .
+ Ea; 7 e
Since S is to be a symmetry, one has [D,:, S] = 0 for all i, or
» «a G a «a aXza
Do) = S(X7) = SO0 + P (28)
B

Exercise 67. Prove that Equations are compatible over &.

Consequently, these are defining equations for a new covering 77 : & — &,
Two options are possible:

e The covering 7 is trivial. Then can be solved and the symmetry S does exist.

e If 71 is nontrivial then Sis a T11-shadow such that S ool =S.

Thus, the following result is valid:

Theorem. For any covering T: & — & and a T-shadow S there exists a covering i : & — &
and a T1-shadow S such that S‘ . =S5
(&)

Continuing this procedure ad infinitum we obtain a covering Ty : & — &, where S recon-
structs to a nonlocal T,-symmetry.

Let n =2, dim7 = 1, and X do not depend on w (i.e., 7 is associated with a conserva-
tion la on &). Then Equations define a conservation law on &. If this conservation
law is trivial then the shadow is reconstructed, otherwise it determines a new shadow. So,
obstructions to reconstruction are classes of conservation laws modulo trivial ones.

Consider an equation & and let Q = {w;,ws,...} be a basis in the space of nontrivial
conservation laws of &. Associate to () the covering a;: o/ — & obtained by adding the
nonlocal variables coorresponding to all w € Q. Let o = o7 (¢4 ), etc. The inverse limit of

az as

& o oty

is denoted by a,: o/ — & called the universal Abelian covering.

8Such coverings are called Abelian.
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Exercise 68. Prove the following result:

Theorem. For any Abelian covering T: & — & there ezists a covering 7' o, — & such that
the digram

7_/ ~

A ————— &

N

is commutative. Any T-shadow can be reconstructed to a 7’-nonlocal symmetry.

The possibility to reconstruct shadows is practically important because there is no well-
defined construction for the commutator of shadows while their reconstructions are “good”
vector fields.

Example 8. Consider the KdV equation and the shadow go%.

Exercise 69. Prove that, when reconstructed in an appropriate covering, it acts recursively
on ¢ generating the hierarchy gpg.

Symmetries with this property are called master-symmetries.

The only (but important!) problem that arises in examples of such a type is that the
reconstruction procedure, in general, is not unique.

12. BACK TO RECURSION OPERATORS: THE TANGENT COVERING v

Consider an equation & C J*(E) — M and its vertical tangent bundle v: ¥ (&) — &, i.e.,
the subbundle of the tangent bundle consisting of vectors that project to zero on M. For any
function f € C°(&) define its vertical differential wy by

ix(wy) = X°(f) (29)
where XV is the projection of X to the fiber parallel to the Cartan distribution.
Exercise 70. Prove that this construction is well defined.

In coordinates, vertical vectors are

RG]

v = g af,—aj,
. U

Jv a

where @}, are smooth functions on &, while

af
wr = Z wwga
jo e

where wl are the Cartan forms.

Any field X € € (&) can be canonically lifted to #(&£): the forms (29) may be understood
as fiber-wise linear functions on ¥/(&) and we set

X(wf) = Lx(wy)-
Exercise 71. Prove that gX = gX for any X € € and g € C*(&).
Thus, v is a covering (the so-called tangent covering of &).

Exercise 72. Prove that any symmetry of & is reconstructed to a symmetry of #(&). Is this
true for v-shadows?

Exercise 73. Prove that analytically the tangent covering is given by the equations

le(p) =0
added to &, where p = (p',...,p™) is a new dependent variable.
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Exercise 74. Prove that there exists a one-to-one correspondence between holonomic sec-
tionsﬂ of v and symmetries of &.

Example 9. If & is an evolution equation
Uy = f(l',t,u,’U,l,..-,Uk)

then we must consider additionally the equation

aof of of
P = u p+87 p1+ - +%Pk-

In particular,

Dt = UgD + UDPy + Pax
for the Burgers equation and

Dt = Ugp + UDg + Paax
for KdV.

Let & and & be equations. Consider the diagram of coverings

V(&) —— & (30)

>

X

X‘
7(52) TQ> gQ.

Due to the properties of tangent coverings (see Exercise, the BT % must relate symmetries

of the equations at hand with each other. In particular, for & = &5 it plays the role of a
recursion operator.

Example 10 (M. Marvan). The Lenard recursion operator for the KdV equation is presented
in these terms as follows:

Wy = P,
Wt = Pgg + UP,
Pt = Pazz + UPx + UzD,
Ut = Uly + Ugzx

y Y e

Pt = Paga + UPz + UgD = Qzzz + UGz + Uzq
Ut = Uy + Uggr Ut = Uy + Uggy

’ U = Uy + urmr

Note that the geometric definition of recursion operators, i.e., Diagram , does not
indicate the direction of action: one may start with the equation &1 and obtain symmetries
of &. Denoting thus obtained operator by Ris and starting with &, we shall obtain the
recursion operator Ra; acting in the opposite direction which is natural to be understood as
the inverse to Ryo.

Exercise 75. Find the operator inverse to the Lenard recursion operator (Example .

e, sections p: & — ¥ (&) such that ¢.(€(£)) C €(¥).
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13. AN ALTERNATIVE VIEWPOINT: SHADOWS OF SYMMETRIES IN v

The tangent covering possesses yet another property that helps to construct recursion op-
erators. We formulate it for the case of scalar evolution equations, though it is of a general
nature.

Theorem. Let & be a scalar evolution equation and v: ¥V — & be its tangent covering.
Consider a € -differential operator A =" a;; DL D] and its lift A to V. Then solutions to the
equation

A(p) =0, w = Z bipi,

are in one-to-one correspondence with the classes of operators B =Y, b; D such that
Oole = Ao B for some O,
modulo operators of the form B = o /le.
Exercise 76. Prove the theorem.
Thus, the above constructed operators B possess the following property:
B: kerfs — ker A.

In particular, when one sets A = fg then B takes symmetries of the equation & to those
of &.

Example 11. Consider the heat equation u; = uy,. Then the tangent covering is given by
the diagram

Pt = Pzx v —
-
Ut = Ugy

Solving the equation
Dy(b) = u1b + uD,(b) + D2(b)

for b = bgp + b1p1, we obtain a solution

2 2u
bp = ——, b = —,
0 2 1= 2
to which the operator
2

corresponds. It takes symmetries of the heat equation to those of the Burgers equation and
is the linearization of the Cole-Hopf transformation.

If A = /s we obtain recursion operators for symmetries of &. In other words, recursion
operators may be understood as shadows in the tangent covering.

Example 12. Consider the previous example and take A = D; — D2. Solving
[)t(b) = D;‘;(b)
for b = bgp + b1p1, we obtain solutions

X
b:pa b:pl b:§+tp1>

to which the recursion operators

id, Ro=D, R :tDz+g

correspond.
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Exercise 77. Prove that these operators generate the entire associative algebra of recursion
operators for the heat equation with

1
[Ro, R1] = Eid

being the only relation.

If we do similar computations for the KdV equation the result will be trivial: the only
solution is b = ap, i.e., R = aid, a € R. This is not surprising, because the Lenard recursion
operator is nonlocal. Let us add nonlocalities to the picture.

Example 13. Consider the tangent covering of the KdV equation and the covering

qz = D, gt = UP + Pax (31)

over ¥. Then a nontrivial solution in this covering arises,

b=pt 2upt »
= P2 3up 3u1q,

to which the Lenard operator corresponds.

The way of introducing nonlocalities used in the previous example is a part of a general
scheme. Namely, consider a cosymmetry ¢ (in the previous example, ¢ = 1).
Exercise 78. Prove that the quantity ¢ - p is the density of a conservation law on ¥ (&)
(compare with computations in Section |5.2]).

Thus, to any cosymmetry of & there corresponds a “canonical” nonlocal variable in ¥'.
When adding such variables, the recursion operator (if any) will arise in the form
R = Local part + <p1D;1 oy +.. .golD;1 oy,

where 1, ..., are symmetries and 1, ...,1; are cosymmetries. Such operators are called
weakly nonlocal.

14. COMMUTATIVITY OF HIERARCHIES

Our last topic concerns with the question: when do hierarchies of symmetries generated by
a recursion operator commute?
Consider an operator R. Its Nijenhuis torsion is defined by

Nr(X,Y) = [R(X),R(Y)] — R(R(X) oY — R(Y) 0 X).

An operator is called hereditary if Nr = 0. For a symmetry X, define the Lie derivative of R
with respect to X by
Lx(R) = [R,adx],
ie.,
(LxR)(Y) = R[Y, X] - [R(Y), X].
An operator is X-invariant if Lx(R) = 0. For a symmetry X and a recursion operator R,
denote R"(X) = X,,.

Theorem. Let R be a hereditary operator and X and 'Y be symmetries. Then

n—1 m—1
[vaXTL] = [Xv Y]m—i—n + Z ((LXR)(E))ern,i,l - Z ((LyR)(Yj))m+n,j,1‘
=0 =0

In particular, if R is both X- and Y -invariant one has
[Xmu Xn] = [Xa Y]m—i—n

Taking X =Y we see that a hereditary operator generate commutative hierarchies when it is
invariant with respect to the seed symmetry X = Xg.

Exercise 79. Prove the theorem.

Exercise 80. Prove that the Lenard operator for the KdV equation is hereditary.
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15. PERSPECTIVES.

The next course (2013) will be concerned with the theory of Hamiltonian and symplectic
operators for nonlinear PDEs.
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