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Èññëåäóåòñÿ çàäà÷à îïèñàíèÿ îáðàòèìûõ ëèíåéíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ îäíîé íå-
çàâèñèìîé ïåðåìåííîé, àêòóàëüíàÿ â ñâÿçè ñ çàäà÷àìè ïðåîáðàçîâàíèÿ è êëàññèôèêàöèè ñèñòåì
óïðàâëåíèÿ, â ÷àñòíîñòè, ñ çàäà÷åé ïëîñêîñòíîñòè. Ïðèìåíÿåìûé ïîäõîä îñíîâàí íà ñîïîñòà-
âëåíèè êàæäîìó îáðàòèìîìó ëèíåéíîìó äèôôåðåíöèàëüíîìó îïåðàòîðó òàáëèöû ÷èñåë è îïèñà-
íèè ýòèõ òàáëèö íà íàãëÿäíîì ýëåìåíòàðíî-ãåîìåòðè÷åñêîì ÿçûêå. Ïðèâîäÿòñÿ ìàòåìàòè÷åñêèå
ñòðóêòóðû, êîòîðûå íåîáõîäèìî çàäàòü äëÿ îäíîçíà÷íîãî îïðåäåëåíèÿ îïåðàòîðà, è àëãîðèòì åãî
ïîñòðîåíèÿ. Îáñóæäàþòñÿ ñïîñîáû ïðèìåíåíèÿ è îáîáùåíèÿ ðåçóëüòàòîâ ðàáîòû.

Êëþ÷åâûå ñëîâà: îáðàòèìûå ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû; ïðåîáðàçîâàíèÿ ñèñòåì
óïðàâëåíèÿ; ñïåêòðàëüíûå ïîñëåäîâàòåëüíîñòè öåïíûõ êîìïëåêñîâ

Ââåäåíèå

Îáðàòèìûå äèôôåðåíöèàëüíûå îïåðàòîðû âîçíèêàþò ïðè ðåøåíèè ìíîãèõ ìàòåìàòè÷å-
ñêèõ çàäà÷ [1, §2.3]. Ñðåäè íèõ | çàäà÷è ïðåîáðàçîâàíèÿ è êëàññèôèêàöèè ñèñòåì äèôôå-
ðåíöèàëüíûõ óðàâíåíèé (èëè, áîëåå îáùî, äèôôåðåíöèàëüíûõ îáúåêòîâ) ñ èñïîëüçîâàíèåì
C-ïðåîáðàçîâàíèé. Â êëàññè÷åñêîé òåîðèè ñèñòåì ðàññìàòðèâàþòñÿ ïðåîáðàçîâàíèÿ, ïðè
êîòîðûõ çàâèñèìûå è íåçàâèñèìûå ïåðåìåííûå îäíîé ñèñòåìû ôóíêöèîíàëüíî âûðàæàþòñÿ
÷åðåç çàâèñèìûå è íåçàâèñèìûå ïåðåìåííûå äðóãîé ñèñòåìû. Îíè íàçûâàþòñÿ ïðåîáðà-
çîâàíèÿìè Ëè [2, ãë. 4], èõ òåîðèÿ ïîñòðîåíà äîñòàòî÷íî ïîäðîáíî. Îäíàêî ñóùåñòâóþò
îáðàòèìûå ïðåîáðàçîâàíèÿ, ïðè êîòîðûõ ïåðåìåííûå îäíîé ñèñòåìû çàâèñÿò íå òîëüêî îò
ïåðåìåííûõ âòîðîé ñèñòåìû, íî è îò ïðîèçâîäíûõ çàâèñèìûõ ïåðåìåííûõ ïî íåçàâèñè-
ìûì. Òàêèå ïðåîáðàçîâàíèÿ íàçûâàþòñÿ C-ïðåîáðàçîâàíèÿìè [2, ãë. 6]. Â ñëó÷àå îäíîé
çàâèñèìîé ïåðåìåííîé ëþáîå C-ïðåîáðàçîâàíèå åñòü ïðåîáðàçîâàíèå Ëè. Îäíàêî ýòî íå
òàê â ñëó÷àå íåñêîëüêèõ çàâèñèìûõ ïåðåìåííûõ. Áîëåå òîãî, êàê ïîêàçûâàþò ïðèìåðû, â
ýòîì ñëó÷àå C-ïðåîáðàçîâàíèé çíà÷èòåëüíî áîëüøå, ÷åì ïðåîáðàçîâàíèé Ëè. Îòñóòñòâèå
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óäîáíîãî îïèñàíèÿ C-ïðåîáðàçîâàíèé ñäåðæèâàåò ðàçâèòèå ìåòîäîâ èõ ïðèìåíåíèÿ â çà-
äà÷àõ êëàññèôèêàöèè äèôôåðåíöèàëüíûõ îáúåêòîâ. C-ïðåîáðàçîâàíèÿ ëèíåéíûõ ñèñòåì
èíòåðïðåòèðóþòñÿ êàê îáðàòèìûå ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû. Â ñëó÷àå íåëè-
íåéíûõ ñèñòåì ëèíåàðèçàöèÿ C-ïðåîáðàçîâàíèÿ èíòåðïðåòèðóåòñÿ êàê îáðàòèìûé ëèíåéíûé
äèôôåðåíöèàëüíûé îïåðàòîð [3]. Ïîýòîìó èññëåäîâàíèÿ îáðàòèìûõ ëèíåéíûõ äèôôåðåí-
öèàëüíûõ îïåðàòîðîâ ñëåäóåò ðàññìàòðèâàòü êàê ïåðâûé øàã â îïèñàíèè C-ïðåîáðàçîâàíèé
êàê ëèíåéíûõ, òàê è íåëèíåéíûõ ñèñòåì.
Ïðîáëåìà îïèñàíèÿ C-ïðåîáðàçîâàíèé ñòàëà íàèáîëåå îñòðîé â ïîñëåäíèå 20 ëåò â ñâÿçè ñ

ðàçâèòèåì òåîðèèïëîñêèõ ñèñòåìóïðàâëåíèÿ. Ïëîñêèìèíàçûâàþò ñèñòåìû, ýêâèâàëåíòíûå
ëèíåéíûìóïðàâëÿåìûì ñèñòåìàìîòíîñèòåëüíî ãðóïïû C-ïðåîáðàçîâàíèé (ñì. [4]). Ìåòîäû
óïðàâëåíèÿ, ðàçâèòûå äëÿ ëèíåéíûõ ñèñòåì, ïåðåíîñÿòñÿ íà ïëîñêèå ñèñòåìû. Ìíîãî÷è-
ñëåííûå ðàáîòû (ñì. ññûëêè â [5]) äåìîíñòðèðóþò, ÷òî òàêèå ñèñòåìû îïèñûâàþò ìíîãèå
ïðèðîäíûå ÿâëåíèÿ è ïðîöåññû. Ïîýòîìó çàäà÷à ïðîâåðêè ïëîñêîñòíîñòè ñèñòåì ÿâëÿåòñÿ
àêòóàëüíîé.
Â ðàáîòàõ [6, 3] ïîëó÷åí êðèòåðèé ïëîñêîñòíîñòè ñèñòåì íà ÿçûêå îáðàòèìûõ ëèíåéíûõ

äèôôåðåíöèàëüíûõ îïåðàòîðîâ. À èìåííî, ñèñòåìà ïëîñêàÿ, åñëè ñóùåñòâóåò îáðàòèìûé
ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð, îòîáðàæàþùèé ñòîëáåö 1-ôîðì, îïðåäåëÿåìûé ñè-
ñòåìîé, â ñòîëáåö òî÷íûõ 1-ôîðì.
Â èçâåñòíîé ìîíîãðàôèè [1, §2.3] ìîæíî íàéòè è äðóãèå (èíîãäà íåîæèäàííûå) ïðèìå-

íåíèÿ îáðàòèìûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ, à òàêæå ðåçóëüòàòû, õàðàêòåðèçóþùèå,
íàñêîëüêî îáùèì ÿâëÿåòñÿ ñâîéñòâî îáðàòèìîñòè äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ.
Äàííàÿ ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ, íà÷àòûå â [7, 3]. Çäåñü ìû ðàññìàòðèâàåì îáðà-

òèìûå ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû íà îäíîìåðíîì ìíîãîîáðàçèè, ò.å. ñ îäíîé
íåçàâèñèìîé ïåðåìåííîé. Ïðèìåíÿåìûé ïîäõîä àíàëîãè÷åí ïîäõîäó, èñïîëüçóåìîìó ðàíåå
â [8], è îñíîâàí íà ñîïîñòàâëåíèè êàæäîìó îáðàòèìîìó ëèíåéíîìó äèôôåðåíöèàëüíîìó
îïåðàòîðó íàáîðîâ öåëûõ ÷èñåë è îïèñàíèè ýòèõ íàáîðîâ íà íàãëÿäíîì ýëåìåíòàðíî-ãåîìå-
òðè÷åñêîì ÿçûêå. Òàêèì îáðàçîì, îáðàòèìîìó îïåðàòîðó ñòàâèòñÿ â ñîîòâåòñòâèå ýëåìåí-
òàðíî-ãåîìåòðè÷åñêàÿ ìîäåëü, êîòîðóþ ìû íàçûâàåì d-ñõåìîé êâàäðàòîâ. Ïðè ýòîì îäíîìó
êëàññó ïðèíàäëåæàò òå, è òîëüêî òå îáðàòèìûå îïåðàòîðû, êîòîðûå èìåþò îäèíàêîâûå íà-
áîðû ÷èñåë. Îáðàòèìûé îïåðàòîð îïðåäåëÿåòñÿ ýòèì íàáîðîì íåîäíîçíà÷íî. Ìàòåìàòè÷å-
ñêèå ñòðóêòóðû, êîòîðûå íåîáõîäèìî çàäàòü äëÿ åãî îäíîçíà÷íîãî îïðåäåëåíèÿ, è àëãîðèòì
åãî êîíñòðóèðîâàíèÿ, ò.å. ïîñòðîåíèÿ ïî d-ñõåìå êâàäðàòîâ è ïî ýòèì ìàòåìàòè÷åñêèì ñòðóê-
òóðàì, òàêæå ïðèâîäÿòñÿ.
Ïîëó÷åííîå îïèñàíèå îáðàòèìûõ ëèíåéíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ìîæåò áûòü

èñïîëüçîâàíî ñëåäóþùèì îáðàçîì. Óñëîâèÿ íà îáðàòèìûé îïåðàòîð, êîòîðûå ñëåäóþò èç
ïîñòàíîâêè ðåøàåìîé çàäà÷è, ïåðåôîðìóëèðóþòñÿ íà ÿçûêå ýëåìåíòàðíî-ãåîìåòðè÷åñêîé
ìîäåëè. Èùåòñÿ ìîäåëü, óäîâëåòâîðÿþùàÿ ýòèì óñëîâèÿì (èëè äîêàçûâàåòñÿ, ÷òî òàêîé
ìîäåëè íåò). Èñêîìûé îïåðàòîð âîññòàíàâëèâàåòñÿ ïî ýòîé ìîäåëè.
Ñòàòüÿ îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Â ðàçä. 1 îïðåäåëÿþòñÿ îáðàòèìûå ëèíåéíûå

äèôôåðåíöèàëüíûå îïåðàòîðû è ïðèâîäÿòñÿ ïðèìåðû òàêèõ îïåðàòîðîâ. Ýëåìåíòàðíî-ãåî-
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ìåòðè÷åñêèå ìîäåëè îáðàòèìûõ îïåðàòîðîâ îïðåäåëÿþòñÿ â ðàçä. 2. Îñíîâíûå ðåçóëüòàòû
ôîðìóëèðóþòñÿ â ðàçä. 3, à äîêàçûâàþòñÿ â ðàçä. 4. Â çàêëþ÷åíèè, â ÷àñòíîñòè, ôîðìóëèðó-
þòñÿ ïóòè âîçìîæíûõ îáîáùåíèé äîñòèãíóòûõ ðåçóëüòàòîâ.

1. Îáðàòèìûå ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû

Ñ öåëüþ âîçìîæíûõ îáîáùåíèé â áóäóùåì ïðèâåäåì íàèáîëåå îáùåå | àëãåáðàè÷å-
ñêîå | îïðåäåëåíèå ëèíåéíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ (ïîäðîáíîå èçëîæåíèå àëãå-
áðàè÷åñêîé òåîðèè òàêèõ îïåðàòîðîâ ñì. â [2, ãë. 1]). Ïóñòü A|êîììóòàòèâíàÿ àëãåáðà íàä
ïîëåì k õàðàêòåðèñòèêè íóëü.
Ðàññìîòðèì äâà A-ìîäóëÿ P èQ è ãðóïïó Homk(P,Q) k-ãîìîìîôèçìîâ èç P âQ. Â ýòîé

ãðóïïå ââåäåì äâå A-ìîäóëüíûå ñòðóêòóðû, îïðåäåëåííûå óìíîæåíèÿìè

(a∆)(p) = a∆(p), (a+∆)(p) = ∆(ap), a ∈ A, p ∈ P, ∆ ∈ Homk(P,Q). (1)

Îáîçíà÷èì δa(∆) = a+∆ − a∆, a ∈ A. Òàêæå ââåäåì îáîçíà÷åíèå δa0,...,ak
= δa0 ◦ . . . ◦ δak

,
a0, . . . , ak ∈ A.
Ãîìîìîðôèçì ∆ ∈ Homk(P,Q) íàçûâàþò ëèíåéíûì äèôôåðåíöèàëüíûì îïåðàòîðîì

íàä àëãåáðîé A ïîðÿäêà íå âûøå k, åñëè δa0,...,ak
(∆) = 0 äëÿ ëþáîãî íàáîðà a0, . . . , ak

ýëåìåíòîâ èç A.
Ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð èçA âA (ò.å. P = Q = A) íàçûâàþò ñêàëÿðíûì.
Ñêàæåì, ÷òî ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð∆ èìååò ïîðÿäîê k, åñëè îí ïîðÿäêà

íå âûøå k, íî íå ÿâëÿåòñÿ ëèíåéíûì äèôôåðåíöèàëüíûì îïåðàòîðîì ∆ ïîðÿäêà íå âûøå
k − 1. Ïîðÿäîê ëèíåéíîãî äèôôåðåíöèàëüíîãî îïåðàòîðà ∆ áóäåì îáîçíà÷àòü ord∆.
Â ñëó÷àå, êîãäà k = R, A ÿâëÿåòñÿ àëãåáðîé C∞(M) ãëàäêèõ (áåñêîíå÷íî äèôôåðåíöè-

ðóåìûõ) ôóíêöèé íà ìíîãîîáðàçèèM , à P èQ|ìîäóëÿìè ãëàäêèõ ñå÷åíèé äâóõ ëîêàëüíî
òðèâèàëüíûõ âåêòîðíûõ ðàññëîåíèé ξ, ζ íàä M (î òåîðèè ðàññëîåíèé ñì. [9, ãë. 2 è 3]),
ñôîðìóëèðîâàííîå îïðåäåëåíèå ýêâèâàëåíòíî îáû÷íîìó îïðåäåëåíèþ ëèíåéíîãî äèôôå-
ðåíöèàëüíîãî îïåðàòîðà. Â ÷àñòíîñòè, ñêàëÿðíûé îïåðàòîð íà îäíîìåðíîì ìíîãîîáðàçèè
M ïðåäñòàâëÿåò ñîáîé êîíå÷íóþ ñóììó ïðîèçâîäíûõ ïî êîîðäèíàòå t íàM ñ êîýôôèöèåí-
òàìè èç A:

∆ = ak(t)
dk

dtk
+ ak−1(t)

dk−1

dtk−1
+ . . .+ a0(t), ak(t) 6≡ 0, k = ord∆.

Â ìíîãîìåðíîì æå ñëó÷àå ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ìîæíî ïðåäñòàâèòü êàê
ìàòðèöó ñêàëÿðíûõ îïåðàòîðîâ.
Îáîçíà÷èì ÷åðåç Diff+k (P,Q) ìíîæåñòâî ëèíåéíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ èç

P â Q ñòåïåíè íå âûøå k, ðàññìàòðèâàåìîå êàê A-ìîäóëü îòíîñèòåëüíî âòîðîãî (ïðàâîãî)
óìíîæåíèÿ, îïðåäåëåííîãî â (1). Çàìåòèì, ÷òî åñëè P , Q, R| A-ìîäóëè, ∆ ∈ Diff+k (P,Q),
∇ ∈ Diff+l (Q,R), òî ∇ ◦∆ ∈ Diff+k+l(P,R). Ýòî óòâåðæäåíèå âûòåêàåò èç ôîðìóëû

δa(∇ ◦∆) = δa(∇) ◦∆ +∇ ◦ δa(∆)

è òîãî ôàêòà, ÷òî îòîáðàæåíèå δa óìåíüøàåò ïîðÿäîê îïåðàòîðà íà åäèíèöó.
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Îòìåòèì òàêæå, ÷òî â îáùåì ñëó÷àå êîìïîçèöèÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ îïåðàòî-
ðîâ íåêîììóòàòèâíà, äàæå åñëè îïåðàòîðû ñêàëÿðíûå.
Äèôôåðåíöèàëüíûéîïåðàòîð∆ ∈ Homk(P,Q)íàçûâàþò (äâóñòîðîííå) îáðàòèìûì, åñëè

ñóùåñòâóåò òàêîé äèôôåðåíöèàëüíûé îïåðàòîð ∆−1 ∈ Homk(P,Q), ÷òî îïåðàòîð ∆−1 ◦∆

åñòü òîæäåñòâåííîå îòîáðàæåíèå ìîäóëÿ P , à îïåðàòîð ∆ ◦ ∆−1 | òîæäåñòâåííîå îòîáðà-
æåíèå ìîäóëÿ Q. Â ýòîì ñëó÷àå îïåðàòîð ∆−1 íàçûâàþò îáðàòíûì ê ∆.
Îòìåòèì, ÷òî äàííîå îïðåäåëåíèå ñèììåòðè÷íî îòíîñèòåëüíî çàìåíû ∆ íà ∆−1. Ïî-

ýòîìó îïåðàòîð ∆−1 òàêæå îáðàòèì, à ∆| îáðàòíûé ê íåìó îïåðàòîð.
Â ýòîé ðàáîòå ðàññìàòðèâàþòñÿ îáðàòèìûå ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû íà

îäíîìåðíîì ìíîãîîáðàçèè M (ñ îäíîé íåçàâèñèìîé ïåðåìåííîé). Ðàññóæäåíèÿ ëîêàëüíû,
ïîýòîìó ìîæíî ñ÷èòàòü, ÷òîM = R|äåéñòâèòåëüíàÿ ïðÿìàÿ, à P èQ|ìîäóëè âåêòîðíûõ
ôóíêöèé íà R. Íåòðóäíî ïîêàçàòü, ÷òî åñëè ñóùåñòâóåò îáðàòèìûé ëèíåéíûé äèôôåðåíöè-
àëüíûé îïåðàòîð èçP âQ, òîP èQ èìåþò îäèíàêîâóþ ðàçìåðíîñòü, êîòîðóþìû îáîçíà÷àåì
÷åðåçm, ò.å. P = Q = Am, ãäå A = C∞(M).
Ïðèâåäåì äâà ïðèìåðà îáðàòèìûõ îïåðàòîðîâ ðàññìàòðèâàåìîãî òèïà. Â îáîèõ ïðèìåðàõ

a, b, c| ïðîèçâîëüíûå ñêàëÿðíûå ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû.
Ïðèìåð 1. Â òðåõìåðíîì ñëó÷àå, ò.å.m = 3, îïåðàòîðû ∆ è ∆−1, çàäàííûå ìàòðèöàìè

∆ =

 0 c 1

b 1 0

1 ac a

 , ∆−1 =

 −a 0 1

ba 1 −b
1− cba −c cb

 ,

ÿâëÿþòñÿ âçàèìíî îáðàòíûìè, â ÷åì ëåãêî óáåäèòüñÿ íåïîñðåäñòâåííûì ïåðåìíîæåíèåì
ìàòðèö.
Ïðèìåð 2. Â äâóìåðíîì ñëó÷àå îïåðàòîðû ∆ è ∆−1, çàäàííûå ìàòðèöàìè

∆ =

(
1 + bc −b

−a− c− abc 1 + ab

)
, ∆−1 =

(
1 + ba b

a+ c+ cba 1 + cb

)
,

òàêæå ÿâëÿþòñÿ âçàèìíî îáðàòíûìè.

2. Ñõåìû êâàäðàòîâ

Ïóñòü M | îäíîìåðíîå ìíîãîîáðàçèå, A = C∞(M), P , Q | A-ìîäóëè ãëàäêèõ ñå÷å-
íèé äâóõ ëîêàëüíî òðèâèàëüíûõ âåêòîðíûõ ðàññëîåíèé, ∆: P → Q| äèôôåðåíöèàëüíûé
îïåðàòîð ïîðÿäêà l. Ðàññìîòðèì ñëåäóþùèå A-ìîäóëè:

Gp = Diff+p (A,Q), Fk =
{
α ∈ Diff+k+l(A,Q): α = ∆ ◦ β, β ∈ Diff+k (A,P )

}
, p, k ≥ 0.

Òàê êàê Gp è Fk | ïîäìîäóëè ìîäóëÿ Diff+s (A,Q), ãäå s = max(p, k + l), òî èõ ïåðåñå÷å-
íèå Fk ∩ Gp åñòü òàêæå ïîäìîäóëü ìîäóëÿ Diff+s (A,Q). Ìîäóëè Gp, Fk ÿâëÿþòñÿ ìîäóëÿìè
ãëàäêèõ ñå÷åíèé ëîêàëüíî òðèâèàëüíûõ âåêòîðíûõ ðàññëîåíèé íàäM . Îáîçíà÷èì ñîîòâåò-
ñòâóþùèå ðàññëîåíèÿ ÷åðåç ξp è ζk. Ñëîè ýòèõ ðàññëîåíèé íàä òî÷êîé t ∈ M ñîñòîÿò èç
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ëèíåéíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ â òî÷êå t è èìåþò ïîñòîÿííóþ ðàçìåðíîñòü, íå çà-
âèñÿùóþ îò t. Ïåðåñå÷åíèå ìîäóëåé Fk∩Gp ÿâëÿåòñÿ ìîäóëåì ãëàäêèõ ñå÷åíèé ïåðåñå÷åíèÿ
âåêòîðíûõ ðàññëîåíèé ξp è ζk. Ñëîè ïåðåñå÷åíèÿ âåêòîðíûõ ðàññëîåíèé ìîãóò èìåòü ðàçíóþ
ðàçìåðíîñòü, çàâèñÿùóþ îò òî÷êè t ∈M . Òàêîé îáúåêò íàçûâàþò âåêòîðíûì ðàññëîåíèåì ñ
îñîáåííîñòÿìè. Ïîä ðàçìåðíîñòüþ ìîäóëÿR ãëàäêèõ ñå÷åíèé âåêòîðíîãî ðàññëîåíèÿ ñ îñî-
áåííîñòÿìè íàä ìíîãîîáðàçèåì M ìû ïîíèìàåì öåëî÷èñëåííóþ ôóíêöèþ, êîòîðàÿ òî÷êå
t ∈ M ñòàâèò â ñîîòâåòñòâèå ðàçìåðíîñòü ñëîÿ ýòîãî ðàññëîåíèÿ íàä t. Îáîçíà÷èì åå ÷åðåç
dimR.
Ïóñòü îïåðàòîð ∆: P → Q îáðàòèì, l = ord∆, à L | ïîðÿäîê îáðàòíîãî îïåðàòîðà.

Òî÷êó t ∈M áóäåì íàçûâàòü d-ðåãóëÿðíîé òî÷êîé îáðàòèìîãî îïåðàòîðà∆, åñëè â íåêîòîðîé
îêðåñòíîñòè ýòîé òî÷êè ïåðåñå÷åíèå ñëîåâ ξp è ζk èìååò ïîñòîÿííóþ ðàçìåðíîñòü äëÿ ëþáûõ
p = 0, 1, . . . , l è k = 0, 1, . . . , L. Òàêèì îáðàçîì, â îêðåñòíîñòè d-ðåãóëÿðíîé òî÷êè
ôóíêöèÿ dim(Fk∩Gp) ïîñòîÿííà äëÿ óêàçàííûõ k è p. Äàëåå áóäåì ðàññìàòðèâàòü îáðàòèìûå
îïåðàòîðû òîëüêî â îêðåñòíîñòè d-ðåãóëÿðíûõ òî÷åê.
Êàæäûé ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ïîðîæäàåò ïîñëåäîâàòåëüíîñòü öåëûõ

íåîòðèöàòåëüíûõ ÷èñåë dk,p = dim(Fk∩Gp), p, k ≥ 0. Â äàëüíåéøåì àíàëèçå áóäåì îòíîñèòü
îáðàòèìûå ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû ê îäíîìó êëàññó, åñëè ó ýòèõ îïåðàòîðîâ
ñîîòâåòñòâóþùèå ïîñëåäîâàòåëüíîñòè ñîâïàäàþò.
Ïîñëåäîâàòåëüíîñòü {dk,p} îäíîçíà÷íî îïðåäåëÿåò ïîñëåäîâàòåëüíîñòü ÷èñåë

ρk,p = κk,p − κk−1,p−1, k, p ≥ 0, (2)

ãäå
κk,p = dk,p − dk−1,p − dk,p−1 + dk−1,p−1

(ïîëàãàåì, ÷òî dk,p = κk,p = 0, åñëè k < 0 èëè p < 0).
Íåòðóäíî äîêàçàòü, ÷òî ïî ïîñëåäîâàòåëüíîñòè {ρk,p} ïîñëåäîâàòåëüíîñòü {dk,p} âîññòà-

íàâëèâàåòñÿ îäíîçíà÷íî: êàæäîå ÷èñëî dk,p åñòü ñóììà ÷èñåë ρk1,p1 ñ k1 ≤ k è p1 ≤ p,
óìíîæåííûõ íà íåêîòîðûå öåëî÷èñëåííûå êîýôôèöèåíòû.
Îòìåòèì, ÷òî ñ ðîñòîì èíäåêñîâ k è p ÷èñëà dk,p âîçðàñòàþò, ïðè ýòîì ρk,p = 0 äëÿ

áîëüøèõ k, p (ñì. íèæå).
Âåðíåìñÿ ê ïðèìåðó 1, ïîëàãàÿ, ÷òî a| îïåðàòîð ïåðâîãî ïîðÿäêà, à b è c| îïåðàòîðû

âòîðîãî ïîðÿäêà. Äëÿ îïåðàòîðà ∆ íàéäåì ÷èñëà dk,p, à çàòåì âû÷èñëèì âåëè÷èíû ρk,p ïî
ôîðìóëàì (2). Â ðåçóëüòàòå ïîëó÷èì:

ρ0,1 = ρ0,2 = ρ0,3 = ρ2,0 = ρ4,0 = ρ5,0 = 1, ρ5,1 = ρ4,2 = ρ2,3 = −1,

à îñòàëüíûå ÷èñëà ρk,p ðàâíû íóëþ.
Àíàëîãè÷íî ìîæíî íàéòè ïîñëåäîâàòåëüíîñòü {ρk,p} äëÿ îïåðàòîðà ∆ èç ïðèìåðà 2. Åå

íåíóëåâûå çíà÷åíèÿ òàêîâû:

ρ0,1 = ρ0,2 = ρ0,3 = ρ2,0 = ρ4,0 = ρ5,0 = 1, ρ5,1 = ρ4,2 = ρ2,3 = −1.
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Ïîñëåäîâàòåëüíîñòü ρk,p ïîëåçíî èçîáðàæàòü ãðàôè÷åñêè, ïðèïèñàâ êàæäîé òî÷êå ñ êîîð-
äèíàòàìè (k, p) ÷èñëî ρk,p. Íà ðèñ. 1 ïðåäñòàâëåíà ïîñëåäîâàòåëüíîñòü {ρk,p} äëÿ îáðàòèìîãîðèñ.1

äèôôåðåíöèàëüíîãî îïåðàòîðà∆ èç ïðèìåðà 1: ÷åðíûå öåëî÷èñëåííûå òî÷êè îòâå÷àþ íåíó-
ëåâûì çíà÷åíèÿì ïîñëåäîâàòåëüíîñòè, áåëûå | íóëåâûì. Âîçìîæíûå çíà÷åíèÿ íåíóëåâûõ
÷ëåíîâ ïîñëåäîâàòåëüíîñòè, êàê ïîêàçàíî íà ðèñóíêå, â äàííîì ñëó÷àå ðàâíû 1 è −1.
Íà ðèñ. 2 àíàëîãè÷íûì îáðàçîì èçîáðàæåíà ïîñëåäîâàòåëüíîñòü {ρk,p} äëÿ îáðàòèìîãîðèñ.2

îïåðàòîðà èç ïðèìåðà 2.

Ðèñ. 1. Çíà÷åíèÿ ρk,p äëÿ îïåðàòîðà
èç ïðèìåðà 1

Ðèñ. 2. Çíà÷åíèÿ ρk,p äëÿ îïåðàòîðà
èç ïðèìåðà 2

Îòìåòèì ñëåäóþùèå îñîáåííîñòè ðàñïîëîæåíèÿ íåíóëåâûõ ÷ëåíîâ ïîñëåäîâàòåëüíî-
ñòè {ρk,p}:

• âñå íåíóëåâûå çíà÷åíèÿ ïîñëåäîâàòåëüíîñòè ëåæàò íà îñÿõ êîîðäèíàò, à òàêæå íà âåð-
òèêàëüíûõ è ãîðèçîíòàëüíûõ ïðÿìûõ, ïðîõîäÿùèõ ÷åðåç òî÷êè ñî çíà÷åíèÿìè −1;

• íà ýòèõ ïðÿìûõìîæíî ïîñòðîèòü ñèñòåìó êâàäðàòîâ (íà ðèñóíêàõ îíè âûäåëåíû ñåðûì)
òàê, ÷òî âñå òî÷êè ñ íåíóëåâûì çíà÷åíèåì áóäóò ðàñïîëîæåíû íà ñòîðîíàõ ýòèõ êâàäðàòîâ,
ïðè÷åì êàæäàÿ òî÷êà ñî çíà÷åíèåì−1 áóäåò ðàñïîëîæåíà â âåðõíåì ëåâîì óãëó êâàäðàòà, òàê
÷òî êîëè÷åñòâî êâàäðàòîâ ñîâïàäàåò ñ êîëè÷åñòâîì çíà÷åíèé−1 â ïîñëåäîâàòåëüíîñòè {ρk,p};

• ñóììà çíà÷åíèé òî÷åê, ðàñïîëîæåííûõ íà êàæäîé èç îñåé êîîðäèíàò, ðàâíà ðàçìåðíîñòè
m ìîäóëåé P è Q (â äàííîì ñëó÷àé ïîðÿäêó ìàòðèöû, èçîáðàæàþùåé îïåðàòîð);

• ñóììà çíà÷åíèé òî÷åê, ðàñïîëîæåííûõ íà âåðòèêàëüíîé èëè ãîðèçîíòàëüíîé ïðÿìîé,
ïðîõîäÿùåé ÷åðåç òî÷êó ñî çíà÷åíèåì −1, ðàâíà íóëþ.

Îòìåòèì òàêæå, ÷òî ðàçìåðû êâàäðàòîâ íà ðèñ. 1 è 2 ñîâïàëè ñ çàäàííûìè ïîðÿäêàìè
ñêàëÿðíûõ îïåðàòîðîâ a, b, c.
Îêàçûâàåòñÿ, ÷òî ýòè îñîáåííîñòè ðàñïîëîæåíèÿ ÷èñåë ρk,p|îáùèå äëÿ âñåõ îáðàòèìûõ

ëèíåéíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ íà îäíîìåðíîì ìíîãîîáðàçèè. Äëÿ îïèñàíèÿ
òàêèõ ïîñëåäîâàòåëüíîñòåé ââåäåì íåêîòîðûå ïîíÿòèÿ.
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Ðàññìîòðèì êîíå÷íûé íàáîð êâàäðàòîâ, ðàñïîëîæåííûõ â ïåðâîé ÷åòâåðòè êîîðäèíàòíîé
ïëîñêîñòè, ó êîòîðûõ âåðøèíû èìåþò öåëî÷èñëåííûå êîîðäèíàòû, à ñòîðîíû ïàðàëëåëüíû
îñÿì êîîðäèíàò. Âåðõíåìó ïðàâîìó (ò.å. äàëüíåìó îò íà÷àëà êîîðäèíàò) óãëó êàæäîãî êâà-
äðàòà ïðèïèøåì çíà÷åíèå−1, à íèæíåìó ëåâîìó (ò.å. áëèæíåìó îò íà÷àëà êîîðäèíàò) óãëó|
çíà÷åíèå 1. Åñëè åñòü òî÷êè, ÿâëÿþùèåñÿ âåðøèíàìèíåñêîëüêèõ êâàäðàòîâ, çíà÷åíèÿ, íàçíà-
÷åííûå ïî êàæäîìó êâàäðàòó, â ýòèõ òî÷êàõ ñóììèðóåì. Îñòàëüíûì òî÷êàì ïåðâîé ÷åòâåðòè ñ
öåëî÷èñëåííûìè êîîðäèíàòàìè ïðèïèøåì íóëåâûå çíà÷åíèÿ. Ïîëó÷èì ïîñëåäîâàòåëüíîñòü
÷èñåë ρ̃k,p, k ≥ 0, p ≥ 0. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò òàêàÿ ïîñëåäîâàòåëüíîñòü {ak,p} öå-
ëûõ íåîòðèöàòåëüíûõ ÷èñåë, ÷òî ïîñëåäîâàòåëüíîñòè ÷èñåë ρk,p = ρ̃k,p + ak,p óäîâëåòâîðÿåò
ñëåäóþùèì óñëîâèÿì:

∞∑
k=0

ρk,p = 0 (p > 0),
∞∑
p=0

ρk,p = 0 (k > 0); (3)

∞∑
k=0

ρk,0 =
∞∑
p=0

ρ0,p = m; (4)

k−1∑
j=0

ρj,p ≥ zk,p,

p−1∑
j=0

ρk,j ≥ zk,p (k > 0, p > 0). (5)

Çäåñü zk,p| êîëè÷åñòâî êâàäðàòîâ ñ âåðõíèì ïðàâûì óãëîì â òî÷êå (k, p).
Óêàçàííûé êîíå÷íûé íàáîð êâàäðàòîâ áóäåì íàçûâàòü d-ñõåìîé êâàäðàòîâ, à ñîîòâåòñòâó-

þùóþ ýòîìó íàáîðó ïîñëåäîâàòåëüíîñòü {ρk,p}|m-òàáëèöåé d-ñõåìû êâàäðàòîâ.
Îòìåòèì, ÷òî d-ñõåìà êâàäðàòîâ îïðåäåëÿåò ïîñëåäîâàòåëüíîñòü {ρk,p} íåîäíîçíà÷íî.

Âî-ïåðâûõ, ìîæíî äîáàâèòü ïðîèçâîëüíîå íåîòðèöàòåëüíîå ÷èñëî n ê çíà÷åíèþ â íà÷àëå
êîîðäèíàò, ÷òî íå íàðóøèò óñëîâèé (3){(5). Íî ïðè ýòîì ñóììà çíà÷åíèé ïî îñÿì êîîðäèíàò
óâåëè÷èòñÿ íà n. Â ðåçóëüòàòå èçm-òàáëèöû ïîëó÷àåì (m+n)-òàáëèöó. Âî-âòîðûõ, åñòü ïðè-
ìåðû d-ñõåì êâàäðàòîâ, êîòîðûì ñîîòâåòñòâóåò íåñêîëüêî m-òàáëèö. Ýòî âîçìîæíî, êîãäà
åñòü íåñêîëüêî âàðèàíòîâ âûáîðà ïîñëåäîâàòåëüíîñòè {ak,p}, èñïîëüçóåìîé äëÿ ïîëó÷åíèÿ
ïîñëåäîâàòåëüíîñòè {ρk,p} (â ðàññìîòðåííûõ âûøå ïðèìåðàõ 1 è 2 d-ñõåìà êâàäðàòîâ èìååò
åäèíñòâåííóþm-òàáëèöó, ãäåm = 3 â ïðèìåðå 1 èm = 2 â ïðèìåðå 2).

3. Îñíîâíûå ðåçóëüòàòû

Òåîðåìà 1. ÏóñòüM | îäíîìåðíîå ìíîãîîáðàçèå, A = C∞(M), P = Q = Am. Òîãäà:

à) äëÿ âñÿêîãî îáðàòèìîãî ëèíåéíîãî äèôôåðåíöèàëüíîãî îïåðàòîðà ∆ ∈ Homk(P,Q)

ïîñëåäîâàòåëüíîñòü {ρk,p}, ïîñòðîåííàÿ ñîãëàñíî ôîðìóëàì (2), â îêðåñòíîñòè d-ðåãóëÿðíîé
òî÷êè ñîâïàäàåò ñm-òàáëèöåé íåêîòîðîé d-ñõåìû êâàäðàòîâ;
á) äëÿ âñÿêîé d-ñõåìû êâàäðàòîâ ñóùåñòâóåò òàêîé îáðàòèìûé ëèíåéíûé äèôôåðåíöè-

àëüíûé îïåðàòîð ∆ ∈ Homk(P,Q), äëÿ êîòîðîãî ïîñëåäîâàòåëüíîñòü {ρk,p} ñîâïàäàåò ñ
m-òàáëèöåé äàííîé d-ñõåìû êâàäðàòîâ.

Îòìåòèì, ÷òî îáðàòèìûé îïåðàòîð îïðåäåëÿåòñÿ d-ñõåìîé êâàäðàòîâ íåîäíîçíà÷íî.
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Ïîêàæåì, êàê ïîñòðîèòü îáðàòèìûé îïåðàòîð ïî çàäàííîé ñõåìå è êàêèå ñòðóêòóðû äëÿ
ýòîãî åùå íóæíî çàäàòü. Ïóñòü çàäàíà d-ñõåìà êâàäðàòîâ è äëÿ íåå ïîñòðîåíà ïîñëåäîâà-
òåëüíîñòü ÷èñåë ρk,p, óäîâëåòâîðÿþùèõ óñëîâèÿì (3){(5). Îáîçíà÷èì ÷åðåç Z ìíîæåñòâî
âåðõíèõ ïðàâûõ óãëîâ êâàäðàòîâ d-ñõåìû, à ÷åðåç B | ìíîæåñòâî íèæíèõ ëåâûõ óãëîâ
ýòèõ êâàäðàòîâ è òî÷åê ïëîñêîñòè (k, p), â êîòîðûõ ak,p 6= 0, ïðè÷åì òî÷êà (k, p) âêëþ÷à-
åòñÿ â B ak,p ðàç. Èç ðàâåíñòâ (3){(4) ñëåäóåò, ÷òî ñóììà ïîëîæèòåëüíûõ ÷èñåë ak,p ðàâíà
m. Ïîýòîìó ìíîæåñòâî B èìååò íà m ýëåìåíòîâ áîëüøå, ÷åì ìíîæåñòâî Z. Îáîçíà÷èì
÷åðåç Z0

k,p ïîäìíîæåñòâî ýëåìåíòîâ Z ñ êîîðäèíàòàìè (k, p), à ÷åðåç B0
k,p | àíàëîãè÷íîå

ïîäìíîæåñòâî â B.
Ïîñòðîèì òðè èíúåêòèâíûõ îòîáðàæåíèÿ ψ, ϕh, ϕv èç ìíîæåñòâà Z â ìíîæåñòâî B.

Îòîáðàæåíèå ψ ñòàâèò â ñîîòâåòñòâèå äàëüíåìó óãëó êâàäðàòà d-ñõåìû åãî áëèæíèé óãîë.
Îòîáðàæåíèå ϕh ýëåìåíòó z ∈ Z ñ êîîðäèíàòàìè (k, p) ñòàâèò â ñîîòâåòñòâèå íåêîòîðûé
ýëåìåíò èç B ñ êîîðäèíàòàìè (k − s, p), ãäå s > 0. Àíàëîãè÷íî îòîáðàæåíèå ϕv ýëåìåíòó
èç Z ñ êîîðäèíàòàìè (k, p) ñòàâèò â ñîîòâåòñòâèå ýëåìåíò èç B ñ êîîðäèíàòàìè (k, p− s),
s > 0. Ñóùåñòâîâàíèå òàêèõ îòîáðàæåíèé äîêàçàíî íèæå (ñì. ðàçä. 4).
Ïîñòàâèì â ñîîòâåòñòâèå êàæäîìó êâàäðàòó d-ñõåìû ñêàëÿðíûé äèôôåðåíöèàëüíûé îïå-

ðàòîð, ïîðÿäîê êîòîðîãî ðàâåí äëèíå ñòîðîíû êâàäðàòà. Ýòîò îïåðàòîð ìîæíî âûáðàòü
ïðîèçâîëüíî, íî åãî ïîðÿäîê îïðåäåëåí êâàäðàòîì îäíîçíà÷íî. Ìåæäó êâàäðàòàìè d-ñõåìû
è ýëåìåíòàìè ìíîæåñòâà Z èìååòñÿ âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå, òàê ÷òî êàæäûé
êâàäðàò ìîæíî ñ÷èòàòü ýëåìåíòîì ìíîæåñòâà Z. ×åðåç �z îáîçíà÷èì äèôôåðåíöèàëüíûé
îïåðàòîð, ñîîòâåòñòâóþùèé êâàäðàòó z ∈ Z.
Êàæäîìó ýëåìåíòó b ∈ B ïîñòàâèì â ñîîòâåòñòâèå äèôôåðåíöèàëüíûé îïåðàòîð ∇b, êî-

òîðûé ïîñòðîèì èíäóêòèâíî ïî âòîðîé êîîðäèíàòå p ýëåìåíòà b. Â ñëó÷àå p = 0 îïåðàòîð
∇b ïîñòðîèì ñëåäóþùèì îáðàçîì. Ìîäóëü G0 = Diff+0 (A,Q) èçîìîðôåí Q. Ïóñòü e1, . . . ,
em | êàêîé-ëèáî áàçèñ ìîäóëÿ Q (îí ñóùåñòâóåò, òàê êàê ïî óñëîâèþ Q = Am). Îáå êîîð-
äèíàòû ëþáîãî ýëåìåíòà èç Z ïîëîæèòåëüíû. Ïîýòîìó ÷èñëî ρk,0 ñîâïàäàåò ñ êîëè÷åñòâîì
ýëåìåíòîâ â ïîäìíîæåñòâå B0

k,0. Èç ïåðâîãî ðàâåíñòâà (4) ñëåäóåò, ÷òî ìíîæåñòâî B èìååò
m ýëåìåíòîâ ñ íóëåâîé âòîðîé êîîðäèíàòîé. Îáîçíà÷èì èõ ÷åðåç b1, . . . , bm. Àíàëîãè÷íî
äîêàçûâàåòñÿ, ÷òî ìíîæåñòâî B èìååò m ýëåìåíòîâ ñ íóëåâîé ïåðâîé êîîðäèíàòîé. Îáî-
çíà÷èì ýòè ýëåìåíòû ÷åðåç b11, . . . , b1m. Îòìåòèì, ÷òî ýëåìåíòû ìíîæåñòâà B0

0,0 îáîçíà÷åíû
äâóìÿ ðàçíûìè ñïîñîáàìè. Îäíàêî ýòî íå ÿâëÿåòñÿ ïðåïÿòñòâèåì äëÿ äàëüíåéøèõ ðàññóæäå-
íèé. Äëÿ êàæäîãî i = 1, . . . , m ýëåìåíòó bi ïîñòàâèì â ñîîòâåòñòâèå äèôôåðåíöèàëüíûé
îïåðàòîð ∇bi , êîòîðûé êàæäîìó a ∈ A ñòàâèò ñîîòâåòñòâèå aei.
Ðàññìîòðèì òåïåðü ýëåìåíò b ∈ B ñî âòîðîé êîîðäèíàòîé p > 0. Íèæå (ñì. ðàçä. 4) äîêà-

çàíî, ÷òî îïðåäåëåí ýëåìåíò ϕ−1
h (b) èçZ, à ýëåìåíòû (ψ◦ϕ−1

h )(b) è (ϕv ◦ϕ−1
h )(b) ïðèíàäëåæàò

B è èõ âòîðûå êîîðäèíàòû ìåíüøå p. Ïî ïðåäïîëîæåíèþ èíäóêöèè èì óæå ïîñòàâëåíû â
ñîîòâåòñòâèå äèôôåðåíöèàëüíûå îïåðàòîðû. Îïðåäåëèì îïåðàòîð ∇b ðàâåíñòâîì

∇b = ∇(ψ◦ϕ−1
h )(b) ◦�ϕ−1

h (b) −∇(ϕv◦ϕ−1
h )(b). (6)
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Òàêèì îáðàçîì, êàæäîìó ýëåìåíòó b ∈ B ïîñòàâëåí â ñîîòâåòñòâèå äèôôåðåíöèàëüíûé
îïåðàòîð ∇b: A→ Q.
Ïóñòü f1, . . . , fm | êàêîé-ëèáî áàçèñ ìîäóëÿ P . Çàäàííîé d-ñõåìå ñîîòâåòñòâóåò îáðà-

òèìûé ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ∆: P → Q, îïðåäåëåííûé ôîðìóëîé

∆(a1f1 + . . .+ amfm) = ∇b11
(a1) + . . .+∇b1m(am), a1, . . . , am ∈ A. (7)

4. Äîêàçàòåëüñòâî òåîðåìû 1

Ââåäåì àëãåáðàè÷åñêèå ñòðóêòóðû, íåîáõîäèìûå äëÿ îïèñàíèÿ ìîäóëåé Fk ∩ Gp. Ðàñ-
ñìîòðèì ôàêòîðìîäóëè Gi/Gi−1, i ≥ 0 (çäåñü G−1 = 0). Îáîçíà÷èì ÷åðåç [α]i ýëåìåíò
ôàêòîðìîäóëÿ Gi/Gi−1, ñîîòâåòñòâóþùèé äèôôåðåíöèàëüíîìó îïåðàòîðó α ∈ Gi. Ïóñòü
t | êîîðäèíàòà íà M â îêðåñòíîñòè ðàññìàòðèâàåìîé d-ðåãóëÿðíîé òî÷êè. Äëÿ îïåðàòîðà
α ∈ Gi îáîçíà÷èì ÷åðåç Dα êîìïîçèöèþ α ñ ïðîèçâîäíîé ïî t: Dα = α ◦ d

dt
. Òîãäà

Dα ∈ Gi+1 è äëÿ âñåõ i ≥ 0 îïðåäåëåíû îòîáðàæåíèÿ D: Gi → Gi+1. Ýòè îòîáðàæåíèÿ
èíäóöèðóþò îòîáðàæåíèÿ D: Gp/Gp−1 → Gp+1/Gp ñîãëàñíî ôîðìóëå

D[α]p =

[
α ◦ d

dt

]
p+1

, p ≥ 0. (8)

Ïîêàæåì, ÷òî îòîáðàæåíèÿ (8) ÿâëÿþòñÿ ãîìîìîðôèçìàìèìîäóëåé. Îïåðàòîð óìíîæåíèÿ
íà ôóíêöèþ a ∈ A áóäåì òàêæå îáîçíà÷àòü ÷åðåç a. Åñëè α ∈ Gp, òî [α]p+1 = 0. Ïîýòîìó äëÿ
ëþáîé ôóíêöèè a ∈ A ñïðàâåäëèâî ðàâåíñòâî

D(a+[α]p) = a+D[α]p,

ïîñêîëüêó

D(a+[α]p) = D[α ◦ a]p =

[
α ◦ a d

dt

]
p+1

=

[
α ◦ d

dt
◦ a− α ◦ da

dt

]
p+1

=

= a+

[
α ◦ d

dt

]
p+1

−
(
da

dt

)+

[α]p+1 = a+D[α]p.

Ãîìîðôèçì (8) äëÿ êàæäîãî p ≥ 0 ÿâëÿåòñÿ èçîìîðôèçìîì, òàê êàêôàêòîðìîäóëüGp/Gp−1

ñîñòîèò èç ýëåìåíòîâ âèäà
[
α ◦ dp

dtp

]
p

, α ∈ G0, à ãîìîìîðôèçì (8) îòîáðàæàåò òàêîé ýëåìåíò

â ýëåìåíò
[
α ◦ dp+1

dtp+1

]
p

ôàêòîðìîäóëÿ Gp+1/Gp. Òàêèì îáðàçîì, äëÿ ëþáîãî p ôàêòîðìîäóëü

Gp+1/Gp èçìîðôåí G0/G−1, à ñëåäîâàòåëüíî, Q.
Äëÿ îïèñàíèÿ ìîäóëåéFk∩Gp èñïîëüçóåì òåîðèþ öåïíûõ êîìïëåêñîâ è èõ ñïåêòðàëüíûõ

ïîñëåäîâàòåëüíîñòåé (ñì. [10, ãë. 4, §1 è ãë. 9, §1]). Ïðè ýòîì äëÿ óäîáñòâà âñå èñïîëüçóåìûå
ïîíÿòèÿ äàëåå ôîðìóëèðóþòñÿ, à íåîáõîäèìûå ôàêòû äîêàçûâàþòñÿ.
Èçîìîðôèçìû (8) îïðåäåëÿþò òî÷íûå êîìïëåêñû

0 −→ Gp

Gp−1

D−→ Gp+1

Gp

−→ 0, p ≥ 0. (9)
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Ïðåäïîëîæèì, ñóùåñòâóåò òàêîå íàòóðàëüíîå ÷èñëî L, ÷òî Gp ⊂ Fp+L äëÿ p ≥ 0. Ìîäóëè
Gp/Gp−1 èìåþò ôèëüòðàöèþ

Gp

Gp−1

⊃ Gp ∩ Fp+L−1 +Gp−1

Gp−1

⊃ . . . ⊃ Gp ∩ Fk +Gp−1

Gp−1

⊃ . . . ⊃ Gp ∩ F0 +Gp−1

Gp−1

.

Òàê êàê êîìïîçèöèÿ ñ ïðîèçâîäíîé ïî t îïåðàòîðà èç Fk ïðåñòàâëÿåò ñîáîé îïåðàòîð èç Fk+1,
òî èçîìîðôèçìû (8) ñîõðàíÿþò ïîñòðîåííûå ôèëüòðàöèè:

D:
Gp ∩ Fk +Gp−1

Gp−1

→ Gp+1 ∩ Fk+1 +Gp

Gp

, p ≥ 0. (10)

À ýòî çíà÷èò, ìû èìååì ôèëüòðàöèþ êîìïëåêñîâ (9) è èõ ñïåêòðàëüíûå ïîñëåäîâàòåëüíîñòè
(ñì. [10, ãë. 9, §1, òåîðåìà 2]). Ýëåìåíòû E0 ýòèõ ïîñëåäîâàòåëüíîñòåé ñîñòîÿò èç ìîäóëåé

E0
k,p =

Gp ∩ Fk +Gp−1

Gp ∩ Fk−1 +Gp−1

.

Òî÷íåå, êîìïëåêñó (9) ñ íîìåðîì p ñîîòâåòñòâóþò äâå ñòðîêè E0
k,p è E0

k+1,p, êîìïëåêñó (9)
ñ íîìåðîì p + 1 | äâå ñòðîêè, íî E0

k+1,p è E0
k+2,p è ò.ä. Ïðè ýòîì âòîðàÿ ñòðîêà ïðåäûäó-

ùåãî êîìïëåêñà ñîâïàäàåò ñ ïåðâîé ñòðîêîé ïîñëåäóþùåãî êîìïëåêñà, ïîýòîìó ýòè ñòðîêè
îáîçíà÷åíû îäèíàêîâî.
Îòìåòèì, ÷òî ìû èñïîëüçóåì îòëè÷íóþ îò îáû÷íîé íóìåðàöèþ ýëåìåíòîâ E0, ïîòîìó

÷òî äëÿ äàëüíåéøèõ ðàññóæäåíèé óäîáíî èìåòü íóìåðàöèþ, ñèììåòðè÷íóþ îòíîñèòåëüíî
p, k. Äëÿ äîêàçàòåëüñòâà ñèììåòðè÷íîñòè E0

k,p èñïîëüçóåì ñëåäóþùèé èçâåñòíûé ôàêò.
Òåîðåìà 2 (Íåòåð îá èçîìîðôèçìå [10, Ââåäåíèå, §4]). Ïóñòü X è Y | íåêîòîðûå

ïîäìîäóëè A-ìîäóëÿ Z, è ïóñòü X + Y | ïîäìîäóëü, ïîðîæäåííûé ìíîæåñòâîì X ∪ Y .
Òîãäà âëîæåíèå X ⊂ X + Y ïåðåâîäèò X ∩ Y â Y è èíäóöèðóåò èçîìîðôèçì A-ìîäóëåé

X

X ∩ Y
è X + Y

Y
.

Îáîçíà÷èì X = Gp ∩ Fk è Y = Gp ∩ Fk−1 +Gp−1. Òàê êàê Fk−1 ⊂ Fk, òî

X + Y = Gp ∩ Fk +Gp−1, X ∩ Y = Gp ∩ Fk−1 +Gp−1 ∩ Fk.

Ïðèìåíÿÿ òåîðåìó Íåòåð, ïîëó÷àåì ñèììåòðè÷íóþ îòíîñèòåëüíî èíäåêñîâ k è p ôîðìóëó

E0
k,p =

Gp ∩ Fk
Gp ∩ Fk−1 +Gp−1 ∩ Fk

, k, p ≥ 0. (11)

Èñïîëüçóÿ èçâåñòíûå ôàêòû î ðàçìåðíîñòÿõ ïðîñòðàíñòâ (ìîäóëåé), ïîëó÷àåì

dimE0
k,p = dim(Gp ∩ Fk)− dim(Gp ∩ Fk−1 +Gp−1 ∩ Fk) =

= dk,p − dim(Gp ∩ Fk−1)− dim(Gp−1 ∩ Fk) + dim(Gp ∩ Fk−1 ∩Gp−1 ∩ Fk) =

= dk,p − dk−1,p − dk,p−1 + dk−1,p−1 = κk,p. (12)

Îòìåòèì, ÷òî äî ñèõ ïîð ìû íèêàê íå èñïîëüçîâàëè îáðàòèìîñòü îïåðàòîðà ∆. Ïðåäïî-
ëîæèì òåïåðü, ÷òî ∆ | îáðàòèìûé îïåðàòîð è ∆−1: Q → P | îáðàòíûé ê íåìó îïåðàòîð
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íåêîòîðîãî ïîðÿäêà L. Òîãäà Gp ⊂ Fp+L äëÿ p ≥ 0, òàê êàê åñëè α ∈ Gp, òî α = ∆ ◦ β, ãäå
β = ∆−1 ◦α ∈ Diff+p+L(A,P ). Òàêèì îáðàçîì, ïðèìåíèìû ðàññóæäåíèÿ, ïðèâåäåííûå âûøå.
Áîëåå òîãî, îïåðàòîð ∆ ìîæíî çàìåíèòü îïåðàòîðîì ∆−1 è ïîâòîðèòü ýòè ðàññóæäåíèÿ.
Ïîñêîëüêó ìîäóëü Diff+k (A,P ) èçîìîðôåí ìîäóëþ Fk, à ìîäóëü

∆−1 ◦ Diff+p (A,Q) =
{
∆−1 ◦ β: β ∈ Diff+p (A,Q)

}
|

ìîäóëþ Gp, ïîëó÷èì òå æå ýëåìåíòû E0
k,p òîëüêî ñ çàìåíîé p íà k è k íà p.

Ñîãëàñíî îáùåé òåîðèè [10, ãë. 9, §1], îïðåäåëåíû êîìïëåêñû

0 −→ E0
k,p

d0−→ E0
k+1,p+1 −→ 0, k, p ≥ 0, (13)

êîòîðûå ïðåäñòàâëÿþò ñîáîéôàêòîðèçàöèþ êîìïëåêñîâ (9). À èìåííî, åñëè ýëåìåíò ξ ∈ E0
k,p

ñîîòâåòñòâóåò îïåðàòîðó α ∈ Gp ∩ Fk â ïðåäñòàâëåíèè (11), òî d0(ξ) åñòü ýëåìåíò, ñîîòâåò-
ñòâóþùèé îïåðàòîðó Dα ∈ Gp+1 ∩ Fk+1. Çàìåòèì, ÷òî çàìåíà ∆ íà ∆−1 ïðèâîäèò ê òåì æå
êîìïëåêñàì (13).
Äîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü ρk,p, âû÷èñëåííàÿ äëÿ îáðàòèìîãî îïåðàòîðà ∆ ïî

ôîðìóëàì (2), óäîâëåòâîðÿåò ðàâåíñòâàì (3), (4). Ïðè k > p + L èìååì Gp ⊂ Fp+L ⊂ Fk−1,
ïîýòîìó Gp ∩ Fk−1 = Gp. Èç ôîðìóë (11) ïîëó÷àåì E0

k,p = 0 ïðè k > p + L. Çàìåíèâ ∆ íà
∆−1, ïîëó÷èì E0

k,p = 0 ïðè p > k + l. Ó÷èòûâàÿ (12) è (2), çàêëþ÷àåì, ÷òî

ρk,p = 0, (14)

åñëè k > p+ L èëè p > k + l.
Êðîìå òîãî, ïðè p ≥ 0 èìååì

p+L∑
k=0

dimE0
k,p =

p+L∑
k=0

(
dim(Gp ∩ Fk +Gp−1)− dim(Gp ∩ Fk−1 +Gp−1)

)
=

= dim(Gp ∩ Fp+L +Gp−1)− dim(Gp ∩ F−1 +Gp−1) =

= dimGp − dimGp−1 = dim(Gp/Gp−1) = m,

òàê êàê ìîäóëü Gp/Gp−1 èçìîðôåí Q, à dimQ = m. Îòñþäà ñ ó÷åòîì (12) çàêëþ÷àåì, ÷òî

p+L∑
k=0

κk,p = m.

Êîìáèíèðóÿ ýòî ðàâåíñòâî ñ (2) è (14), íàõîäèì

∞∑
k=0

ρk,p =

{
0, p > 0;

m, p = 0.
(15)

Òàêèì îáðàçîì, äîêàçàíû ïåðâûå ðàâåíñòâà â (3) è (4). Âòîðûå ðàâåíñòâà äîêàçûâàþòñÿ
àíàëîãè÷íî çàìåíîé ∆ íà ∆−1.

http://technomag.bmstu.ru/doc/718107.html 115

http://technomag.bmstu.ru/doc/718107.html


Íåðàâåíñòâà (5) äîêàæåì ïîñëå òîãî, êàê îïðåäåëèì d-ñõåìó êâàäðàòîâ äëÿ îáðàòèìîãî
îïåðàòîðà ∆. Ñåé÷àñ äîêàæåì íåðàâåíñòâà

k∑
j=0

ρj,p ≥ 0,

p∑
j=0

ρk,j ≥ 0, k, p ≥ 0. (16)

Ãîìîìîðôèçì (10) åñòü îãðàíè÷åíèå èçîìîðôèçìà (8) íà ïîäìîäóëü, à çíà÷èò, åñòü ìîíîìîð-
ôèçì. Îáîçíà÷èì

Gk,p =
Gp ∩ Fk +Gp−1

Gp−1

.

Òàê êàê (10) | ìîíîìîðôèçì, òî

dimGk,p ≤ dimGk+1,p+1. (17)

Ñ äðóãîé ñòîðîíû, Gk−1,p åñòü ïîäìîäóëü ìîäóëÿ Gk,p, à ôàêòîðìîäóëü Gk,p/Gk−1,p ïî îïðå-
äåëåíèþ ñîâïàäàåò ñ E0

k,p. Ïîýòîìó èç ôîðìóëû (12) ñëåäóåò ðàâåíñòâî

dimGk,p − dimGk−1,p = dimE0
k,p = κk,p.

Òàê êàê F−1 = 0, òî E0
0,p = G0,p. Èç ïîëó÷åííûõ ðàâåíñòâ ñëåäóåò ñîîòíîøåíèå

dimGs,p = dimG0,p +
s∑

k=1

(dimGk,p − dimGk−1,p) =
s∑

k=0

κk,p. (18)

Îáúåäèíÿÿ ýòî ðàâåíñòâî ñ (2) è (17), ïîëó÷àåì

s∑
k=0

ρk,p =
s∑

k=0

κk,p −
s∑

k=0

κk−1,p−1 = dimGs,p − dimGs−1,p−1 ≥ 0.

Èòàê, äîêàçàíî ïåðâîå ðàâåíñòâî (16). Âòîðîå ðàâåíñòâî äîêàçûâàåòñÿ àíàëîãè÷íî.
Äîêàæåì, ÷òî ρk,p = 0 âíå ïðÿìîóãîëüíèêà 0 ≤ k ≤ L, 0 ≤ p ≤ l. Ïóñòü ρk,p 6= 0

äëÿ íåêîòîðîãî p > l. Âûáåðåì ìèíèìàëüíîå k0, òàêîå, ÷òî ρk0,p0 6= 0 ïðè p0 > l. Òîãäà
k0∑
k=0

ρk,p0 = ρk0,p0 è èç ïåðâîãî íåðàâåíñòâà â (16) ïîëó÷àåì ρk0,p0 > 0. Èç ñîîòíîøåíèé (14)

ñëåäóåò, ÷òî k0 ≥ p0 − l > 0. Ïîýòîìó (ñì. (3))

∞∑
p=0

ρk0,p = 0. (19)

Ñ äðóãîé ñòîðîíû, èç (16) ñëåäóåò, ÷òî
p0−1∑
p=0

ρk0,p ≥ 0. Çíà÷èò,
p0∑
p=0

ρk0,p ≥ ρk0,p0 > 0. Ó÷è-

òûâàÿ (19), ïîëó÷àåì
∞∑

p=p0+1

ρk0,p < 0. Òàêèì îáðàçîì, ñóùåñòâóåò òàêîå íàòóðàëüíîå p1, ÷òî

p1 > p0 è ρk0,p1 < 0. Åùå ðàç èñïîëüçóÿ (16), ïîëó÷àåì
k0∑
k=0

ρk,p1 ≥ 0, à çíà÷èò,
k0−1∑
k=0

ρk,p1 > 0.

Ñëåäîâàòåëüíî, ñóùåñòâóþò òàêèå k < k0 è p1 > p0 > l, ÷òî ρk,p1 6= 0. Ýòî ïðîòèâîðå÷èò

http://technomag.bmstu.ru/doc/718107.html 116

http://technomag.bmstu.ru/doc/718107.html


ìèíèìàëüíîñòè k0. Ïîýòîìó ρk,p = 0 äëÿ âñåõ p > l. Äëÿ k > L ýòî ðàâåíñòâî äîêàçûâàåòñÿ
àíàëîãè÷íî.
Ïîñòðîèì d-ñõåìó êâàäðàòîâ äëÿ îáðàòèìîãî îïåðàòîðà ∆. Ìîäóëè ãîìîëîãèé êîìïëåê-

ñîâ (13) ñ ôèêñèðîâàííûì p è âñåìè k ≥ 0 â ñîâîêóïíîñòè ñîñòàâëÿþò ÷ëåí E1 [10, ãë. 9,
§1] êîìïëåêñà (9). Îäíàêî â îòëè÷èè îò E0 ýëåìåíòû E1, ñîîòâåòñòâóþùèå êîìïëåêñàì
âèäà (9) ñ ðàçíûìè íîìåðàìè p, íå ñîâïàäàþò. Ìîäóëü ãîìîëîãèé êîìïëåêñà (13) â ÷ëåíå
E0
k,p îáîçíà÷èì ÷åðåç Zk,p, à â ÷ëåíå E0

k+1,p+1 | ÷åðåç Bk+1,p+1, ò.å.

Zk,p = ker d0, Bk+1,p+1 = coim d0 =
E0
k+1,p+1

d0(E0
k,p)

. (20)

Èç ñðàâíåíèÿ ðàçìåðíîñòåé îáðàçà è ïðîîáðàçà ãîìîìîðôèçìà (13) ñëåäóåò, ÷òî

dimE0
k,p − dim ker d0 = dimE0

k+1,p+1 − dim coim d0.

Ó÷èòûâàÿ (12) è (20), ïîëó÷àåì ðàâåíñòâî κk,p−dimZk,p = κk+1,p+1−dimBk+1,p+1, à çíà÷èò,

ρk,p = dimBk,p − dimZk−1,p−1. (21)

Â ôîðìóëå (21) ðàçìåðíîñòè ìîäóëåé Bk,p è Zk−1,p−1 ïîíèìàþòñÿ êàê öåëî÷èñëåííûå
ôóíêöèè òî÷êè t ∈ M . Ïî îïðåäåëåíèþ â íåêîòîðîé îêðåñòíîñòè U d-ðåãóëÿðíîé òî÷êè
t0 ∈ M ëåâàÿ ÷àñòü ðàâåíñòâà (21) ïîñòîÿííà, òàê êàê âûðàæàåòñÿ ÷åðåç ïîñòîÿííûå ôóíê-
öèè (ñì. (2)). Ôèêñèðóåì k ≤ L è p ≤ l, äëÿ êîòîðûõ dimZk,p 6= 0 âU . ×èñëî s = min

t∈U
dimZk,p

îïðåäåëåíî, òàê êàê ôóíêöèÿ dimZk,p ìîæåò ïðèíèìàòü òîëüêî êîíå÷íîå êîëè÷åñòâî çíà÷å-
íèé. Ïóñòü dimZk,p = s â òî÷êå t1 ∈ U . Òîãäà îáðàç ëèíåéíîãî îòîáðàæåíèÿ (13) â òî÷êå t1
èìååò ðàçìåðíîñòü j = κk,p − s. Ïîýòîìó ñóùåñòâóþò j ñå÷åíèé èç E0

k,p, êîòîðûå ëèíåéíî
íåçàâèñèìû â òî÷êå t1. Â âèäó íåïðåðûâíîñòè ýòèõ ñå÷åíèé îíè ëèíåéíî íåçàâèñèìû è â
ëþáîé òî÷êå íåêîòîðîé îêðåñòíîñòè U1 òî÷êè t1, à çíà÷èò, dimZk,p ≤ κk,p − j = s â U1. Òàê
êàê s åñòü ìèíèìàëüíîå çíà÷åíèå dimZk,p â U1, òî dimZk,p = s, à çíà÷èò, ìîäóëü Zk,p èìååò
ïîñòîÿííóþ ðàçìåðíîñòü â U1.
Òî÷êà t1 òàêæå ÿâëÿåòñÿ d-ðåãóëÿðíîé òî÷êîé, òàê êàê ëåæèò â U . Çàìåíèâ t0 è U íà t1

è U1, ïîâòîðèì íàøè ðàññóæäåíèÿ äëÿ äðóãèõ k ≤ L è p ≤ l. Òàê êàê òàêèõ ÷èñåë k è p
êîíå÷íîå ÷èñëî, â ðåçóëüòàòå â îêðåñòíîñòè ïðîèçâîëüíîé d-ðåãóëÿðíîé òî÷êè t0 ∈ M ìû
íàéäåì òî÷êó t∗ è åå îêðåñòíîñòü U∗, â êîòîðîé dimZk,p áóäåò ïîñòîÿííî äëÿ âñåõ k ≤ L

è p ≤ l. Èç ôîðìóëû (21) ñëåäóåò, ÷òî â ýòîé îêðåñòíîñòè ðàçìåðíîñòè ñîîòâåòñòâóþùèõ
ìîäóëåé Bk,p òîæå ïîñòîÿííû. Äàëåå áóäåì ðàññìàòðèâàòü d-ðåãóëÿðíóþ òî÷êó t∗ ∈ M è
äîêàæåì ïåðâîå óòâåðæäåíèå òåîðåìû â îêðåñòíîñòè U∗ ýòîé òî÷êè. Òàê êàê ÷èñëà (2) íå
çàâèñÿò îò âûáîðà òî÷êè èçU , àU∗ ⊂ U , òî èç ïåðâîãî óòâåðæäåíèÿ òåîðåìû äëÿU∗ âûòåêàåò,
÷òî ýòî óòâåðæäåíèå âåðíî äëÿ âñåé îêðåñòíîñòè U .
Ôîðìóëà (21) îáúÿñíÿåò êàê ñòðîèòü èñêîìóþ d-ñõåìó êâàäðàòîâ: êàæäûé áàçèñíûé

ýëåìåíò ìîäóëÿ Zk,p ïðè 0 ≤ k ≤ L, 0 ≤ p ≤ l îïðåäåëÿåò êâàäðàò ñ âåðõíèì ïðàâûì óãëîì
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â òî÷êå (k + 1, p+ 1). Áîëåå òî÷íî, áóäåì ðàññìàòðèâàòü äèàãîíàëè âèäà

. . . , E0
k−s,p−s, . . . , E0

k−1,p−1, E0
k,p,

ãäå Zk,p 6= 0, 0 ≤ k ≤ L, 0 ≤ p ≤ l, è ñîîòâåòñòâóþùèå ãîìîìîðôèçìû âèäà (13). Ïóñòü
E0
k−s,p−s | ïåðâûé íåíóëåâîé ýëåìåíò íà ýòîé äèàãîíàëè. Ðàññìîòðèì öåïî÷êó ãîìîìîð-
ôèçìîâ

0
d0−→ E0

k−s,p−s
d0−→ . . .

d0−→ E0
k−1,p−1

d0−→ E0
k,p. (22)

Òàê êàê E0
k−s−1,p−s−1 = 0 ïî âûáîðó s, òî E0

k−s,p−s = Bk−s,p−s. Ðàññìîòðèì êîìïîçèöèè
dj0: E

0
k−j,p−j → E0

k,p ãîìîìîðôèçìîâ (22), j = 1, . . . , s, è èõ îáðàçû â Zk,p:

Zk,p ⊃ Zk,p ∩ d0(E
0
k−1,p−1) ⊃ Zk,p ∩ d2

0(E
0
k−2,p−2) . . . ⊃ Zk,p ∩ ds0(E0

k−s,p−s). (23)

Âûáåðåì êàêîé-ëèáî áàçèñ ìîäóëÿ Zk,p ∩ ds0(E
0
k−s,p−s) èç öåïî÷êè (23), äîïîëíèì åãî äî

áàçèñà ìîäóëÿ Zk,p ∩ ds−1
0 (E0

k−s+1,p−s+1) è òàê äî áàçèñà ìîäóëÿ Zk,p. Êàæäûé áàçèñíûé
ýëåìåíò ξ èç Zk,p ∩ di0(E0

k−i,p−i) åñòü îáðàç di0(η), ãäå η ∈ E0
k−i,p−i. Ïî ïîñòðîåíèþ ξ 6∈ Zk,p ∩

∩ di+1
0 (E0

k−i−1,p−i−1), ïîýòîìó η 6∈ d0(E
0
k−i−1,p−i−1), à çíà÷èò, η îïðåäåëÿåò íåêîòîðûé íåíó-

ëåâîé ýëåìåíò Bk−i,p−i. Áàçèñíîìó ýëåìåíòó ξ ïîñòàâèì â ñîîòâåòñòâèå êâàäðàò, ïðîòèâî-
ïîëîæíûå óãëû êîòîðîãî (k − i, p − i) è (k + 1, p + 1). Ðàññìîòðåâ âñå áàçèñíûå ýëåìåíòû
ìîäóëåé Zk,p ïðè 0 ≤ k ≤ L, 0 ≤ p ≤ l, ïîëó÷èì íàáîð êâàäðàòîâ. Ýòîò íàáîð êîíå÷åí,
òàê êàê è êîëè÷åñòâî ðàññìàòðèâàåìûõ çíà÷åíèé k, p, è ðàçìåðíîñòè dimZk,p êîíå÷íû. Â
ìîäóëåBk,p êàæäîìó êâàäðàòó ñ íèæíèì ëåâûì óãëîì â òî÷êå (k, p) ñîîòâåòñòâóåò íåíóëåâîé
ýëåìåíò η. Ïî ïîñòðîåíèþ íàáîð òàêèõ ýëåìåíòîâ (ñîîòâåòñòâóþùèõ ðàçíûì êâàäðàòàì) ëè-
íåéíî íåçàâèñèì. Ïîýòîìó dimBk,p íå ìåíüøå, ÷åì êîëè÷åñòâî êâàäðàòîâ ñ íèæíèì ëåâûì
óãëîì â òî÷êå (k, p). Ðàçíèöà ìåæäó dimBk,p è êîëè÷åñòâîì óêàçàííûõ êâàäðàòîâ åñòü òî
íàòóðàëüíîå ÷èñëî ak,p, êîòîðîå äîáàâëÿåòñÿ ïðè ïîñòðîåíèèm-òàáëèöû d-ñõåìû êâàäðàòîâ.
Äîêàæåì ïåðâîå íåðàâåíñòâî (5). Ïóñòü k ≥ 0, p ≥ 0, s = dimZk,p, à H | ïîäìîäóëü

ìîäóëÿ Gk,p, ñîñòîÿùèé èç òàêèõ ýëåìåíòîâ α, ÷òî Dα ∈ Gk,p+1. Îãðàíè÷åíèå ìîíîìîð-
ôèçìà (10) íàH åñòü ìîíîìîðôèçì èçH âGk,p+1, à çíà÷èò, dimGk,p+1 ≥ dimH . Êðîìå òîãî,
H ⊃ Gk−1,p è Zk,p = H/Gk−1,p, òàê êàê Zk,p|ÿäðî ãîìîìîðôèçìà (13), àE0

k,p = Gk,p/Gk−1,p,
E0
k+1,p+1 = Gk+1,p+1/Gk,p+1. Èñïîëüçóÿ (2) è (18), ïîëó÷àåì

k∑
j=0

ρj,p+1 =
k∑
j=0

κj,p+1 −
k∑
j=0

κj−1,p = dimGk,p+1 − dimGk−1,p ≥ dimH − dimGk−1,p = s.

Òàê êàê ïî ïîñòðîåíèþ d-ñõåìû êâàäðàòîâ s åñòü êîëè÷åñòâî êâàäðàòîâ ñ âåðõíèì ïðàâûì
óãëîì â òî÷êå (k + 1, p + 1), òî äîêàçàíî ïåðâîå íåðàâåíñòâî (5). Âòîðîå íåðàâåíñòâî
äîêàçûâàåòñÿ àíàëîãè÷íî.
Òàêèì îáðàçîì, ñ îäíîé ñòîðîíû, íàáîð (21) åñòü íàáîð ÷èñåë (2) îïåðàòîðà∆, à ñ äðóãîé

ñòîðîíû, îí ñîâïàäàåò ñ m-òàáëèöåé ïîñòðîåííîé d-ñõåìû êâàäðàòîâ (ñîîòíîøåíèÿ (3){(4)
äëÿ íåå ìû äîêàçàëè ðàíåå). Ïåðâîå óòâåðæäåíèå òåîðåìû 1 äîêàçàíî.
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Ïåðåéäåì ê äîêàçàòåëüñòâó âòîðîãî óòâåðæäåíèÿ òåîðåìû. Ïóñòü çàäàíà d-ñõåìà êâàäðà-
òîâ, äëÿ êîòîðîé ïîñòðîåíàm-òàáëèöà ÷èñåë ρk,p, k, p ≥ 0, óäîâëåòâîðÿþùàÿ óñëîâèÿì (3){
(5). Îáîçíà÷èì ÷åðåç zk,p è bk,p êîëè÷åñòâî ýëåìåíòîâ â Z0

k,p è B0
k,p ñîîòâåòñòâåííî. Èç

îïðåäåëåíèÿm-òàáëèöû d-ñõåìû êâàäðàòîâ ñëåäóåò, ÷òî

ρk,p = bk,p − zk,p. (24)

Îáîçíà÷èì ÷åðåç L | ìàêñèìàëüíîå çíà÷åíèå ïåðâîé êîîðäèíàòû ýëåìåíòîâ Z è B, à
÷åðåç l | ìàêñèìàëüíîå çíà÷åíèå âòîðîé êîîðäèíàòû ýòèõ ýëåìåíòîâ. Èç ôîðìóëû (24)
ñëåäóåò, ÷òî ρk,p = 0 âíå ïðÿìîóãîëüíèêà 0 ≤ k ≤ L, 0 ≤ p ≤ l.
Äîêàæåì ñóùåñòâîâàíèå îòîáðàæåíèÿ ϕh. Ïóñòü p > 0 è Z0

k,p 6= ∅ äëÿ íåêîòîðîãî k > 0.
Âûáåðåì ìèíèìàëüíîå k, òàêîå, ÷òî Z0

k,p 6= ∅. Èç ôîðìóëû (24) ñëåäóåò, ÷òî ρj,p = bj,p ïðè

j < k, à çíà÷èò,
k−1∑
j=0

ρj,p| êîëè÷åñòâî ýëåìåíòîâ â ìíîæåñòâå B̃ = B0
0,p ∪B0

1,p ∪ . . . ∪B0
k−1,p.

Ïîýòîìó èç ïåðâîãî íåðàâåíñòâà (5) ïîëó÷àåì, ÷òî â ìíîæåñòâå B̃ áîëüøå, ÷åì zk,p ýëåìåíòîâ.
Ïóñòüϕh îòîáðàæàåò ýëåìåíòûZ0

k,p â êàêèå-òî (ëþáûå, íî ðàçëè÷íûå) s ýëåìåíòîâ ìíîæåñòâà
B̃. Ðàññìîòðèì ìíîæåñòâî Z0

k+1,p. Ñóììà
k∑
j=0

ρj,p =
k∑
j=0

bj,p − zk,p

ðàâíà êîëè÷åñòâó ýëåìåíòîâ ìíîæåñòâà B̃ ∪ B0
k,p, êîòîðûå íå ëåæàò â îáðàçå ϕh(Z0

k,p). Èç
ïåðâîãî íåðàâåíñòâà (5) ñëåäóåò, ÷òî òàêèõ ýëåìåíòîâ áîëüøå, ÷åì ýëåìåíòîâ â Z0

k+1,p.
Àíàëîãè÷íî ïðåäûäóùåìó îïðåäåëèì èíúåêòèâíîå îòîáðàæåíèå ϕh èç Z0

k+1,p â ìíîæåñòâî

(B̃ ∪B0
k,p) \ ϕh(Z0

k,p). Óâåëè÷èâàÿ äàëåå k, ïîëó÷èì èíúåêòèâíîå îòîáðàæåíèå ϕh èç
L⋃
k=1

Z0
k,p

â
L⋃
k=0

B0
k,p. Äàëåå, èç ïåðâîãî ðàâåíñòâà (3) è ôîðìóëû (24) ñëåäóåò, ÷òî â óêàçàííûõ ìíî-

æåñòâàõ îäèíàêîâîå êîëè÷åñòâî ýëåìåíòîâ, à çíà÷èò, èíúåêöèÿ ϕh åñòü áèåêöèÿ. Ïåðåáèðàÿ
p = 1, . . . , l, ïîëó÷àåì îïðåäåëåíèå ϕh, ïðè÷åì ϕh âçàèìíî îäíîçíà÷íî îòîáðàæàåò ýëå-
ìåíòû Z íà ýëåìåíòû B ñ íåíóëåâîé âòîðîé êîîðäèíàòîé.
Àíàëîãè÷íî îïðåäåëÿåòñÿ âçàèìíî îäíîçíà÷íîå îòîáðàæåíèå ϕv èç Z â ïîäìíîæåñòâî

ýëåìåíòîâ B ñ íåíóëåâîé ïåðâîé êîîðäèíàòîé, ïðè÷åì ϕv íå ìåíÿåò ïåðâóþ êîîðäèíàòó è
óìåíüøàåò âòîðóþ.
Ïîêàæåì, ÷òî èíäóêòèâíîå îïðåäåëåíèå îïåðàòîðîâ∇b (ñì. ðàçä. 3) êîððåêòíî. Çàìåòèì,

÷òî ïðè p > 0 è b ∈ B0
k,p îïðåäåëåí ýëåìåíò ϕ

−1
h (b) èç Z, òàê êàê ϕh áèåêòèâíî îòîáðàæàåò

Z íà ýëåìåíòû B ñ íåíóëåâîé âòîðîé êîîðäèíàòîé. Îòîáðàæåíèÿ ψ è ϕv óìåíüøàþò âòîðóþ
êîîðäèíàòó. Ïîýòîìó âòîðûå êîîðäèíàòû ýëåìåíòîâ (ψ ◦ϕ−1

h )(b) è (ϕv ◦ϕ−1
h )(b) èçB ìåíüøå

p, à çíà÷èò, ïðèìåíèìî ïðåäïîëîæåíèå èíäóêöèè è ôîðìóëà (6), êîòîðàÿ îïðåäåëÿåò ∇b.
Èñïîëüçóÿ èíäóêöèþ ïî p, ïîêàæåì, ÷òî ïðè b ∈ B0

k,p ïîðÿäîê îïåðàòîðà∇b ðàâåí p. Äëÿ
p = 0 ýòî äîêàçàíî ïðè îïðåäåëåíèè ∇b. Åñëè p > 0 è s| äëèíà ñòîðîíû êâàäðàòà, ñîîò-
âåòñòâóþùåãî ýëåìåíòó ϕ−1

h (b) ∈ Z, òî ñêàëÿðíûé îïåðàòîð �ϕ−1
h (b) ïî îïðåäåëåíèþ èìååò

ïîðÿäîê s, à âòîðàÿ êîîðäèíàòà ýëåìåíòà (ψ ◦ ϕ−1
h )(b) åñòü p− s. Ïîýòîìó ïåðâîå ñëàãàåìîå
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ïðàâîé ÷àñòè ôîðìóëû (6) èìååò ïîðÿäîê p, ïîñêîëüêó ïðè êîìïîçèöèè ñêàëÿðíîãî îïåðàòîðà
ñ ìàòðè÷íûì îïåðàòîðîì ïîðÿäêè îïåðàòîðîâ ñêëàäûâàþòñÿ. Ïîðÿäîê âòîðîãî ñëàãàåìîãî
ïðàâîé ÷àñòè ôîðìóëû (6) ìåíüøå p, òàê êàê âòîðàÿ êîîðäèíàòà ýëåìåíòà (ϕv ◦ ϕ−1

h )(b)

ìåíüøå p. Ñëåäîâàòåëüíî, ïîðÿäîê îïåðàòîðà (6) ðàâåí p, ò.å. ∇b ∈ Gp \Gp−1.
Äîêàæåì îáðàòèìîñòü îïåðàòîðà ∆, îïðåäåëåííîãî ôîðìóëîé (7). Îáðàòíûé îïåðàòîð

∆−1 ñòðîèòñÿ àíàëîãè÷íî ïîñòðîåíèþ ∆ ñ çàìåíîé Q íà P , P íà Q, ϕh íà ϕv, ϕv íà ϕh è
ñ èñïîëüçîâàíèåì âûáðàííûõ áàçèñîâ: e1, . . . , em â ìîäóëå Q è f1, . . . , fm â ìîäóëå P . À
èìåííî, êàæäîìó ýëåìåíòó b ∈ B ïîñòàâèì â ñîîòâåòñòâèå äèôôåðåíöèàëüíûé îïåðàòîð ∇̃b

èç A â P . Ïðè ýòîì èñïîëüçóåì èíäóêöèþ ïî k (ïåðâàÿ êîîðäèíàòà ýëåìåíòà b). Äëÿ k = 0

ýëåìåíòó b1i , i = 1, . . . , m, ñîîòâåòñòâóåò îïåðàòîð ∇̃b1i
, îòîáðàæàþùèé a â afi. Äëÿ k > 0

âåðíà ôîðìóëà
∇̃b = ∇̃(ψ◦ϕ−1

v )(b) ◦�ϕ−1
v (b) − ∇̃(ϕh◦ϕ−1

v )(b). (25)

Îïåðàòîð ∆−1 îïðåäåëÿåòñÿ ôîðìóëîé

∆−1(a1e1 + . . .+ amem) = ∇̃b1(a1) + . . .+ ∇̃bm(am), a1, . . . , am ∈ A. (26)

Ïîêàæåì, ÷òî îïåðàòîðû∆ è∆−1 âçàèìíî îáðàòíûå. Äëÿ ýòîãî äîêàæåì ñíà÷àëàôîðìóëó
ñâÿçè äâóõ òèïîâ ïîñòðîåííûõ îïåðàòîðîâ:

∇b = ∆ ◦ ∇̃b, b ∈ B. (27)

Èñïîëüçóåìèíäóêöèþïîïåðâîé êîîðäèíàòå k ýëåìåíòà b. Èç îïðåäåëåíèÿ ∇̃b1i
èôîðìóëû (7)

èìååì
(∆ ◦ ∇̃b1i

)(a) = ∆(afi) = ∇b1i
(a), a ∈ A, i = 1, . . . , m.

Òàêèì îáðàçîì, äîêàçàíà ôîðìóëà (27) äëÿ k = 0. Â ñëó÷àå k > 0 èç ôîðìóëû (25) ñëåäóåò,
÷òî

∆ ◦ ∇̃b = ∆ ◦ ∇̃(ψ◦ϕ−1
v )(b) ◦�ϕ−1

v (b) −∆ ◦ ∇̃(ϕh◦ϕ−1
v )(b).

Ïåðâàÿ êîîðäèíàòà ýëåìåíòîâ (ψ ◦ ϕ−1
v )(b) è (ϕh ◦ ϕ−1

v )(b) ìåíüøå k. Ïî ïðåäïîëîæåíèþ
èíäóêöèè ôîðìóëà (27) äëÿ ýòèõ ýëåìåíòîâ ñïðàâåäëèâà. Ñëåäîâàòåëüíî,

∆ ◦ ∇̃b = ∇(ψ◦ϕ−1
v )(b) ◦�ϕ−1

v (b) −∇(ϕh◦ϕ−1
v )(b).

Îáîçíà÷èì b̃ = (ϕh ◦ ϕ−1
v )(b). Òîãäà ϕ−1

h (b̃) = ϕ−1
v (b) è (ψ ◦ ϕ−1

h )(b̃) = (ψ ◦ ϕ−1
v )(b), à çíà÷èò,

èñïîëüçóÿ (6) äëÿ ýëåìåíòà b̃, ïîëó÷àåì

∆ ◦ ∇̃b = ∇(ψ◦ϕ−1
h )(b̃) ◦�ϕ−1

h (b̃) −∇b̃ = ∇ϕv◦ϕ−1
h (b̃) = ∇b.

Ôîðìóëà (27) äîêàçàíà. Êîìáèíèðóÿ åå ñ îïðåäåëåíèåì ∆−1 (ñì. (26)) è îïðåäåëåíèåì
îïåðàòîðîâ ∇b1 , . . . , ∇bm , ïîëó÷àåì

(∆ ◦∆−1)(a1e1 + . . .+ amem) = (∆ ◦ ∇̃b1)(a1) + . . .+ (∆ ◦ ∇̃bm)(am) =

= ∇b1(a1) + . . .+∇bm(am) = a1e1 + . . .+ amem.
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Òàêèì îáðàçîì, êîìïîçèöèÿ ∆ ◦∆−1 åñòü òîæäåñòâåííûé îïåðàòîð. Òîæäåñòâåííîñòü êîì-
ïîçèöèè ∆−1 ◦∆ äîêàçûâàåòñÿ àíàëîãè÷íî.
Äîêàæåì, ÷òî íàáîð ÷èñåë (2) îïåðàòîðà ∆ åñòüm-òàáëèöà çàäàííîé d-ñõåìû êâàäðàòîâ.

Äîêàçàòåëüñòâî îñíîâàíî íà ïîñëåäîâàòåëüíîì ïîñòðîåíèè áàçèñîâ ìîäóëåé Gp/Gp−1, Gk,p,
E0
k,p, Bk,p, Zk,p, k, p ≥ 0, à çàòåì ñðàâíåíèè ôîðìóëû (21) äëÿ ÷èñåë ρk,p îïåðàòîðà ∆ ñ ôîð-
ìóëîé (24) äëÿm-òàáëèöû çàäàííîé d-ñõåìû êâàäðàòîâ. Îòìåòèì ñíà÷àëà, ÷òî åñëè (k, p)|
êîîðäèíàòû ýëåìåíòà b ∈ B, òî ïî ïîñòðîåíèþ ∇b ∈ Diff+p (A,Q) = Gp, à ∇̃b ∈ Diff+k (A,P ).
Èñïîëüçóÿ ðàâåíñòâî (27), ïîëó÷àåì ∇b ∈ Fk ∩Gp, à çíà÷èò, [∇b]p ∈ Gk,p.
Èñïîëüçóÿ èíäóêöèþ ïî p, äîêàæåì, ÷òî áàçèñîì Gp/Gp−1 ïðè p ≥ 0 ÿâëÿåòñÿ íàáîð

òàêèõ ýëåìåíòîâ

Dp−pi [∇bpi
]pi
, bpi ∈ B0

ki,pi
, pi ≤ p, i = 1, . . . , m, (28)

÷òî äëÿ ëþáîãî i = 1, . . . , m íå ñóùåñòâóåò ýëåìåíòà z èç Z0
k0,p0

, äëÿ êîòîðîãî ψ(z) = bpi
è p0 ≤ p. Îòìåòèì, ÷òî åñëè ýëåìåíò èç B0

ki,pi
ïîïàäàåò â íàáîðû (28) äëÿ íåñêîëüêèõ p,

òî îí èìååò íåñêîëüêî îáîçíà÷åíèé. Âåðõíèé èíäåêñ â îáîçíà÷åíèè bpi óêàçûâàåò íà íîìåð
ôàêòîðìîäóëÿ.
Ïðè p = 0 èìååì G0/G−1 ' G0, òàê êàê G−1 = 0. Êðîìå òîãî, èç îïðåäåëåíèÿ G0 =

= Diff+0 (A,Q) ñëåäóåò, ÷òî δa(α) = 0 äëÿ ëþáûõ α ∈ G0 è a ∈ A, à çíà÷èò,

δa(α)(1) = (a+α)(1)− (aα)(1) = α(a)− aα(1) = 0.

Èç ðàâåíñòâà α(a) = aα(1) ñëåäóåò, ÷òî ýëåìåíò α îäíîçíà÷íî îïðåäåëÿåòñÿ çíà÷åíèåì
α(1) ∈ Q. Ðàñêëàäûâàÿ ýëåìåíò α(1) ïî âûáðàííîìó áàçèñó e1, . . . , em ìîäóëÿ Q, ïîëó÷àåì:

α(a) = aα(1) = a(a1e1 + . . .+ amem) = (a+
1 ∇b1 + . . .+ a+

m∇bm)(a),

ãäå b1, . . . , bm | ýëåìåíòû B ñ íóëåâîé âòîðîé êîîðäèíàòîé; ∇b1 , . . . , ∇bm | îïåðàòîðû èç
G0, îïðåäåëåííûå âûøå. Òàêèì îáðàçîì, α = a+

1 ∇b1 + . . . + a+
m∇bm , à çíà÷èò, [∇b1 ]0, . . . ,

[∇bm ]0 | áàçèñ ìîäóëÿ G0/G−1.
Ïóñòü (28) | áàçèñ ðàññìàòðèâàåìîãî òèïà ìîäóëÿ Gp/Gp−1. Òàê êàê îòîáðàæåíèå (8)

ÿâëÿåòñÿ èçîìîðôèçìîì ìîäóëåé, òî íàáîð ýëåìåíòîâ

Dp−p1+1[∇bp1
]p1 , . . . , Dp−pm+1[∇bpm ]pm (29)

åñòü áàçèñ ìîäóëÿGp+1/Gp. Ïðåäïîëîæèì, ñóùåñòâóåò òàêîé ýëåìåíò z èç Z0
k0,p0

, p0 ≤ p+1,
÷òî ψ(z) = bpi0 äëÿ íåêîòîðîãî i0 îò 1 äî m. Òîãäà ïî ïðåäïîëîæåíèþ èíäóêöèè p0 > p, ò.å.
p0 = p+ 1. Ðàññìîòðèì êâàäðàò d-ñõåìû, ñîîòâåòñòâóþùèé ýëåìåíòó z. Âòîðàÿ êîîðäèíàòà
âåðõíåãî ïðàâîãî óãëà åñòü âòîðàÿ êîîðäèíàòà z, ò.å. p+ 1, à âòîðàÿ êîîðäèíàòà åãî íèæíåãî
ëåâîãî óãëà åñòü âòîðàÿ êîîðäèíàòà bpi0 , ò.å. pi0 . Ïîýòîìó ñòîðîíà êâàäðàòà ðàâíà p+1− pi0 , à
çíà÷èò, ïîðÿäîê îïåðàòîðà�z åñòü p+1−pi0 . Ôîðìóëó (6) äëÿ ýëåìåíòà b = ϕh(z) ïåðåïèøåì
â âèäå

∇ϕh(z) = ∇bpi0
◦�z −∇ϕv(z). (30)
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Ïî îïðåäåëåíèþ ϕh ýëåìåíò b = ϕh(z) èìååò òó æå âòîðóþ êîîðäèíàòó, ÷òî è z, ò.å. p + 1.
Ïîýòîìó∇ϕh(z) ∈ Gp+1. Ïî îïðåäåëåíèþϕv âòîðàÿ êîîðäèíàòà ýëåìåíòàϕv(z) ìåíüøå p+1,
à çíà÷èò,∇ϕv(z) ∈ Gp è [∇ϕv(z)]p+1 = 0. Ïóñòü a0 | êîýôôèöèåíò ïðè ñòàðøåé ïðîèçâîäíîé
îïåðàòîðà �z. Òîãäà a0 6= 0 è èç (30) ñëåäóåò, ÷òî

[∇ϕh(z)]p+1 = [∇bpi0
◦�z]p+1 − [∇ϕv(z)]p+1 = a0D

p+1−pi0 [∇bpi0
]pi0

. (31)

Â íàáîðå (29) çàìåíèì ýëåìåíò Dp−pi0
+1[∇bpi0

]pi0
íà ýëåìåíò [∇ϕh(z)]p+1, ò.å. ïîëîæèì bp+1

i0
=

= ϕh(z).
Åñëè ñóùåñòâóåò åùå òàêîé íîìåð i1, ÷òî bpi1 = ψ(z) äëÿ íåêîòîðîãî z èç Z0

k0,p0
, p0 ≤ p+1,

òî ñ ýëåìåíòîì íàáîðà (29) ñ íîìåðîì i1 ïîñòóïèì àíàëîãè÷íî. Äëÿ îñòàëüíûõ íîìåðîâ
i = 1, . . . , m ïîëîæèì bp+1

i = bpi . Ïîëó÷èì áàçèñ ìîäóëÿ Gp+1/Gp âèäà (28).
Äîêàæåì, ÷òî ïðè k ≥ 0, p ≥ 0 ìîäóëü Gk,p èìååò áàçèñ

Dp−p∗ [∇b]p∗ , b ∈ B0
k∗,p∗ , p∗ ≤ p, k∗ ≤ k − p+ p∗, (32)

ãäå ðàññìàòðèâàþòñÿ ëèøü òå b, äëÿ êîòîðûõ íå ñóùåñòâóåò òàêîãî ýëåìåíòà z èç Z0
k0,p0

, ÷òî
ψ(z) = b è p0 ≤ p. Èç îïðåäåëåíèÿ Gk,p è òåîðåìû Íåòåð äëÿ X = Gp ∩ Fk è Y = Gp−1

ñëåäóåò, ÷òî

Gk,p =
Gp ∩ Fk +Gp−1

Gp−1

=
Gp ∩ Fk
Gp−1 ∩ Fk

.

Òàê êàê Fk ⊂ Gk+l, òî Gk+l ∩ Fk = Fk. Èñïîëüçóÿ ýòè ôàêòû è ðàâåíñòâî G−1 = 0, ïîëó÷àåì

k+l∑
p=0

dimGk,p =
k+l∑
p=0

(
dim(Gp ∩ Fk)− dim(Gp−1 ∩ Fk)

)
=

= dim(Gk+l ∩ Fk)− dim(G−1 ∩ Fk) = dimFk = dimDiff+k (A,P ) = m(k + 1).

Îáîçíà÷èì ÷åðåç gk,p êîëè÷åñòâî ýëåìåíòîâ â íàáîðå (32). Ýòîò íàáîð åñòü ÷àñòü íà-
áîðà (28), à ñëåäîâàòåëüíî, îí ëèíåéíî íåçàâèñèì â êàæäîé òî÷êå t ∈M . Ñ äðóãîé ñòîðîíû,
ýëåìåíòû (32) ëåæàò â Gk,p. Ïîýòîìó gk,p ≤ dimGk,p è

k+l∑
p=0

gk,p ≤
k+l∑
p=0

dimGk,p = m(k + 1). (33)

Ïîêàæåì, ÷òî ïåðâàÿ ñóììà â ñîîòíîøåíèè (33) òàêæå ðàâíàm(k+1). Äëÿ ýòîãî çàìåòèì,
÷òî íàáîðû (32) äëÿ ðàçíûõ píå ïåðåñåêàþòñÿ, à óêàçàííàÿ ñóììà ðàâíà êîëè÷åñòâó ýëåìåíòîâ
â íàáîðàõ (32) äëÿ p = 0, 1, . . . , k + l. Ðàññìîòðèì ýëåìåíòû

Ds[∇b]p∗ , b ∈ B0
k∗,p∗ , k∗ ≤ k, s = 0, 1, . . . , k − k∗, p = 0, 1, . . . , k + l. (34)

Ýëåìåíò Ds[∇b]p∗ íå âõîäèò â íàáîð (32), òîëüêî åñëè ñóùåñòâóåò ýëåìåíò z èç Z0
k0,p0

, äëÿ
êîòîðîãî ψ(z) = b è p0 ≤ p = p∗ + s. Èç ðàâåíñòâà ψ(z) = b è îïðåäåëåíèÿ ψ ñëåäóåò,
÷òî p∗ − k∗ = p0 − k0, è ïîýòîìó s ≥ k0 − k∗. Êðîìå òîãî, èç íåðàâåíñòâà s ≤ k − k∗
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ïîëó÷àåì óñëîâèå k0 = p0 − p∗ + k∗ ≤ s + k∗ ≤ k. Òàêèì îáðàçîì, êàæäîìó ýëåìåíòó
z ∈ Z0

k0,p0
, k0 ≤ k, p0 ≤ p, ñîîòâåòñòâóþò k − k0 + 1 ýëåìåíòîâ íàáîðà (34), êîòîðûå ïðè

s = k0 − k∗, k0 − k∗ + 1, . . . , k − k∗ íå âõîäÿò â íàáîðû (32). Âñåãî êîëè÷åñòâî ýëåìåíòîâ â
íàáîðàõ (34) ïðè p ≥ 0 ðàâíî

k+l∑
p∗=0

k∑
k∗=0

(k − k∗ + 1)bk∗,p∗ ,

êîëè÷åñòâî ýëåìåíòîâ â (34), êîòîðûå íå âõîäÿò â íàáîðû (32), ðàâíî

k+l∑
p0=0

k∑
k0=0

(k − k0 + 1)zk0,p0 .

Ó÷èòûâàÿ ýòî è ìåíÿÿ âî âòîðîé ñóììå èíäåêñû k0, p0 íà k∗, p∗, ïîëó÷àåì

k+l∑
p=0

gk,p =
k+l∑
p∗=0

k∑
k∗=0

(k − k∗ + 1)bk∗,p∗ −
k+l∑
p∗=0

k∑
k∗=0

(k − k∗ + 1)zk∗,p∗ =

=
k+l∑
p∗=0

k∑
k∗=0

(k − k∗ + 1)(bk∗,p∗ − zk∗,p∗).

Èñïîëüçóÿ ôîðìóëó (24) äëÿ ýëåìåíòîâ m-òàáëèöû çàäàííîé d-ñõåìû êâàäðàòîâ, à òàêæå
ðàâåíñòâà (3){(4), ïîëó÷àåì

k+l∑
p=0

gk,p =
k+l∑
p∗=0

k∑
k∗=0

(k − k∗ + 1)ρk∗,p∗ =
k∑

k∗=0

(k − k∗ + 1)
k+l∑
p∗=0

ρk∗,p∗ = m(k + 1).

Ñëåäîâàòåëüíî, ñîîòíîøåíèå (33) âîçìîæíî òîëüêî â ñëó÷àå ðàâåíñòâà. Ïîýòîìó äëÿ âñåõ
k ≥ 0, p ≥ 0, èìååì gk,p = dimGk,p, à çíà÷èò, ìîäóëü Gk,p èìååò áàçèñ (32).
Ñðàâíèâàÿ áàçèñ (32) ìîäóëÿ Gk,p è àíàëîãè÷íûé áàçèñ ìîäóëÿ Gk−1,p, ïîëó÷àåì, ÷òî

ýëåìåíòû íàáîðà (32), äëÿ êîòîðûõ k∗ ≤ k − 1 − p + p∗, îáðàçóþò áàçèñ åãî ïîäìî-
äóëÿ Gk−1,p ⊂ Gk,p. Îñòàëüíûå ýëåìåíòû â (32) îïðåäåëÿþò áàçèñ ôàêòîðìîäóëÿ E0

k,p =

= Gk,p/Gk−1,p, ò.å. áàçèñ ìîäóëÿ E0
k,p îïðåäåëÿþò ýëåìåíòû

Dp−p∗ [∇b]p∗ , b ∈ B0
k∗,p∗ , p∗ ≤ p, k∗ = k − p+ p∗, (35)

ãäå äëÿ êàæäîãî b íå ñóùåñòâóåò ýëåìåíòà z èç Z0
k0,p0

, äëÿ êîòîðîãî ψ(z) = b è p0 ≤ p.
Áàçèñíûé ýëåìåíò ìîäóëÿ E0

k,p, ñîîòâåòñòâóþùèé ýëåìåíòó Dp−p∗ [∇b]p∗ , ëåæèò â îáðàçå
ãîìîìîðôèçìà d0, åñëè p > p∗, è îïðåäåëÿåò ýëåìåíò Bk,p, åñëè p = p∗. Èç îïðåäåëåíèÿ
îòîáðàæåíèÿ ψ ñëåäóåò, ÷òî åñëè b ∈ B0

k,p, z ∈ Z0
k0,p0

è ψ(z) = b, òî p0 > p. Ïîýòîìó äëÿ
ëþáîãî ýëåìåíòà b ∈ B0

k,p íå ñóùåñòâóåò òàêîãî ýëåìåíòà z èç Z0
k0,p0

, ÷òî ψ(z) = b è p0 ≤ p.
Òàêèì îáðàçîì, äëÿ âñåõ k ≥ 0, p ≥ 0 íàáîð ýëåìåíòîâ [∇b]p, b ∈ B0

k,p, îïðåäåëÿåò áàçèñ
ìîäóëÿ Bk,p, à çíà÷èò, dimBk,p = bk,p.
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Íàêîíåö, ãîìîìîðôèçì (13) îòîáðàæàåò áàçèñíûé ýëåìåíò ìîäóëÿ E0
k,p, ñîîòâåòñòâóþ-

ùèé ýëåìåíòóDp−p∗ [∇b]p∗ , â áàçèñíûé ýëåìåíò ìîäóëÿE0
k+1,p+1, ñîîòâåòñòâóþùèé ýëåìåíòó

Dp−p∗+1[∇b]p∗ , åñëè íå ñóùåñòâóåò ýëåìåíòà z ∈ Z0
k+1,p+1, äëÿ êîòîðîãî ψ(z) = b. Åñëè

òàêîé ýëåìåíò z ñóùåñòâóåò, òî Dp+1−p∗ [∇b]p∗ = 1
a0

[∇ϕh(z)]p+1 (ñì. (31)). Èç îïðåäåëåíèÿ ϕh
ñëåäóåò, ÷òî ïåðâàÿ êîîðäèíàòà ϕh(z) ∈ B ìåíüøå k + 1, à çíà÷èò, ýëåìåíò [∇ϕh(z)]p+1 ñîîò-
âåòñòâóåò íóëåâîìó ýëåìåíòó âE0

k+1,p+1. Òàêèì îáðàçîì, ãîìîìîðôèçì (13) îòîáðàæàåò ÷àñòü
áàçèñà (35) ìîäóëÿE0

k,p â ÷àñòü áàçèñà ìîäóëÿE0
k+1,p+1, à îñòàâøóþñÿ ÷àñòü áàçèñà (35) â íóëü.

Ñëåäîâàòåëüíî, ðàçìåðíîñòü ÿäðà ýòîãî ãîìîìîðôèçìà ðàâíà êîëè÷åñòâó ýëåìåíòîâ âî âòî-
ðîé ÷àñòè ýòîãî áàçèñà. Ìåæäó ýëåìåíòàìè ýòîé ÷àñòè áàçèñà (35) è ýëåìåíòàìè ìíîæåñòâà
Z0
k+1,p+1 óñòàíîâëåíî âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå. Ïîýòîìó dimZk,p = zk+1,p+1.
Èç äîêàçàííûõ ðàâåíñòâ ñëåäóåò, ÷òî ïðàâûå ÷àñòè ôîðìóë (21) è (24) ñîâïàäàþò, à

çíà÷èò, íàáîð ÷èñåë (2) îïåðàòîðà ∆ åñòü m-òàáëèöà äàííîé d-ñõåìû êâàäðàòîâ. Òåîðåìà 1
ïîëíîñòüþ äîêàçàíà.

Çàêëþ÷åíèå

Êàê ñëåäóåò èç äîêàçàííîé òåîðåìû, êàæäûé îáðàòèìûé ëèíåéíûé äèôôåðåíöèàëüíûé
îïåðàòîð îäíîçíà÷íî îïðåäåëÿåò d-ñõåìó êâàäðàòîâ. Èç äîêàçàòåëüñòâà ýòîé æå òåîðåìû
âûòåêàåò, ÷òî òàêîé îïåðàòîð îäíîçíà÷íî îïðåäåëÿåòñÿ d-ñõåìîé êâàäðàòîâ, âûáîðîì áàçèñîâ
ìîäóëåé Q è P , âûáîðîì ñêàëÿðíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ �z, z ∈ Z, è âûáîðîì
îòîáðàæåíèé ϕh, ϕv èç Z â B, ïðè÷åì ϕh íå ìåíÿåò âòîðóþ êîîðäèíàòó ýëåìåíòà z ∈ Z

è óìåíüøàåò ïåðâóþ, à ϕv, íàîáîðîò, íå ìåíÿåò ïåðâóþ êîîðäèíàòó è óìåíüøàåò âòîðóþ
(ïðîöåäóðà êîíñòðóèðîâàíèÿ îáðàòèìîãî îïåðàòîðà ïðèâåäåíà â ðàçä. 3).
Îòîáðàæåíèÿ ϕh è ϕv èìåþò ïðîñòóþ èíòåðïðåòàöèþ íà ÿçûêå ñïåêòðàëüíûõ ïîñëåäîâà-

òåëüíîñòåé (ñì. [10, ãë. 9, §1]). Íàïðèìåð, åñëè ϕh(z) = b, ψ(z) = b0, (k, p)| êîîðäèíàòû z,
(k−s, p)|êîîðäèíàòû b, à (k−l, p−l)|êîîðäèíàòû b0, òî îïåðàòîð∇b îïðåäåëÿåò ýëåìåíò
Es
k−s,p, îïåðàòîð Dl−1∇b0 | ýëåìåíò Es

k−1,p−1, à îïåðàòîð ds: Es
k−1,p−1 → Es

k−s,p îòîáðàæàåò
âòîðîé èç óêàçàííûõ ýëåìåíòîâ â ïåðâûé.
Ìîäóëü âñåõ ëèíåéíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ èç A â Q èìååò ñèñòåìó âëîæåí-

íûõ ïîäìîäóëåé

. . . ⊂ Gp = Diff+p (A,Q) ⊂ Gp+1 = Diff+p+1(A,Q) ⊂ . . . (36)

Òàêîé ìîäóëü íàçûâàþò ôèëüòðîâàííûì, à ñåìåéñòâî åãî ïîäìîäóëåé (36) | ôèëüòðàöèåé.
Îïðåäåëÿþùèì ñâîéñòâîì ôèëüòðàöèè (36) ÿâëÿåòñÿ òî÷íîñòü ïîñëåäîâàòåëüíîñòåé (9). Òå-
îðåìà 1 è åå äîêàçàòåëüñòâî îñíîâàíû íà èññëåäîâàíèè, êàê ïðåîáðàçóþòñÿ ôèëüòðàöèè (36)
ïîä äåéñòâèåì îáðàòèìîãî îïåðàòîðà. Ïðè ýòîì ñâîéñòâî òî÷íîñòè ïîñëåäîâàòåëüíîñòåé (9)
èãðàåò êëþ÷åâóþ ðîëü. Ìîäóëè ëèíåéíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ â ÷àñòíûõ ïðîèç-
âîäíûõ òàêæå ÿâëÿþòñÿ ôèëüòðîâàííûìè, à èõ ôèëüòðàöèè îïðåäåëÿþòñÿ ñâîéñòâîì òî÷íî-
ñòè ïîñëåäîâàòåëüíîñòåé, êîòîðûå íàçûâàþòñÿ â [2, ï. 1.2.16] ïîñëåäîâàòåëüíîñòÿìè Ñïåí-
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ñåðà äëÿ ñèìâîëîâ. Íî â îòëè÷èå îò ïîñëåäîâàòåëüíîñòåé (9) îíè èìåþò áîëüøå äâóõ íåíó-
ëåâûõ ÷ëåíîâ, è ïîýòîìó ìîäóëè E0

k,p äëÿ íèõ íåëüçÿ ðàñïîëîæèòü íà ïëîñêîñòè, à ñëåäóåò
ðàññìàòðèâàòü áîëåå ñëîæíóþ òðåõìåðíóþ êîíñòðóêöèþ. Òåì íå ìåíåå, åñëè óäàñòñÿ íàéòè
àíàëîã d-ñõåìû êâàäðàòîâ äëÿ ýòîé òðåõìåðíîé êîíñòðóêöèè, ìîæíî îæèäàòü îáîáùåíèÿ
òåîðåìû 1 íà ñëó÷àé îïåðàòîðîâ â ÷àñòíûõ ïðîèçâîäíûõ.
Ïî-âèäèìîìó, äèôôåðåíöèàëüíûå îïåðàòîðû ñ çàïàçäûâàíèåì è ðàçíîñòíûå îïåðàòîðû

òàêæå äîïóñêàþò àíàëîãè÷íûå êîíñòðóêöèè, è ðåçóëüòàòû ýòîé ðàáîòûìîãóò áûòü îáîáùåíû
è íà òàêèå îáðàòèìûå îïåðàòîðû.

Ðàáîòà âûïîëíåíà ïðèôèíàíñîâîéïîääåðæêå ãðàíòàÏðåçèäåíòà ÐÔïîääåðæêè âåäóùèõ
íàó÷íûõ øêîë ÍØ-53.2014.1 è ãðàíòîâ ÐÔÔÈ 13-07-00736 è 14-01-00424.
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Invertible linear differential operators with one independent variable are investigated. The
problem of description of such operators is important, because it is connected with transformations
and the classification of control systems, in particular, with the flatness problem.
Each invertible linear differential operator represents a square matrix of scalar differential

operators. Its product with an operator-column is an operator-column whose order does not exceed
the sum of orders of initial operators. The operators-columns, the product with which leads to
order fall, i.e. the order of the product is less than sum of orders of factors, are interesting for the
description of invertible operators. In this paper the classification of invertible operators is based
on dimensions dk,p of intersections of modules Gp and Fk for various k and p, where Gp is the
module of all operators-columns of order not above p, and Fk is the module of compositions of the
invertible operator with all operators-columns of order not above k. The invertible operators that
have identical sets of numbers dk,p form one class.
In the paper the general properties of tables of numbers dk,p for invertible operators are in-

vestigated. A correspondence between invertible operators and elementary-geometrical models
which in the paper are named by d-schemes of squares is constructed. The invertible operator is
ambiguously defined by its d-scheme of squares. The mathematical structure that must be set for
its unique definition and an algorithm for the construction of the invertible operator are offered.
In the proof of the main result, methods of the theory of chain complexes and their spectral

sequences are used. In the paper all necessary concepts of this theory are formulated and the
corresponding facts are proved.
Results of the paper can be used for solving problems in which invertible linear differential

operators are arisen. Namely, it is necessary to formulate the conditions on the invertible operator
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which follow from the problem statement, in language of d-schemes of squares. Further the
d-scheme, satisfying to these conditions, is searched and the required operator is restored on this
scheme.
A discussion of possible generalizations of offered methods on the cases of partial-differential

operators, delay-differential operators and difference operators concludes the paper.
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