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Gas dynamic

1
u+uu,+-P, = 0
P
pe+(pu)x = 0
ss+us, = 0

where u => veliocity p => density,

s =>entropy , P(p,s) => pressure.

Examples

1.) Polytropic gas

P =y, v#0,1
2.) Chaplygin gas
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3.) Invisible Nondissipative Dark Matter of Universe
Gurevich - Zybin (1988)

1
P = —5(8_1V)2
u = —uuy+0 v
ve = —(uv)y
When v = w, then
ug = —uu,+w
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Riemann Equation

Us = —uUly
0 0
D = o o =
cu ((9t + uax)u 0
Generalized Riemann Equation
DN =0, N=1,23,...

For N = 2 we have Gurevich - Zybin equation because

D?’u = D(v=Du)=0
v=Du= u =v— uuy
Dv=0= v, = —uvy

while for N = 4
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For N = 4 we have

ug = VvV — Uy

Vi = W — UVy
Wy = Zy — UWy
Zy = —Uuzy

2 = w=0,z=0
3 = z=0

What we can say on the integrability of these models?

N
N

The Hamiltonian structure for N = 2 have been investigated by A.
Das, J. Brunelli (2004) and M. Pavlov (2004)
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Hamiltonian structure, zero-curvature condition for N = 2

< . ) — Py6H; = Py0H, = P3dH,
t

where  oH = (8, 2Hyt

0 -9 o1 — Uy
Pl_(—a 0 > P2_< Uy —8v—v8>
P; = P,P Py = RP,

Hi = [ dxv, H, = [ dxuv, Hz = %fdx[uzv—i—(@_lv)z]
from which follows
6H3 = P Py6Hy = RT6H, = (RT)?6Hy
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Recursion operator
(SH,H_]_ :(RT)n(SH]_ n = 1,2,...

For example
Hy = [dx[3uPv —uv(07tv) — 3u(871)%]

For n < 1 we obtain the so called inverse hierarchy

( 5) — P,6H, = Py6Hy = 0
t

Ho =2 [ dx(v — %uf)%
is the Casimir function for P, and H; is the Casimir for P;
§Hy = Py 'Pi6H, = R16H,
OH_, = R™"dH,, n=0,1,2,...
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H o = — [ dxuu(v — 3u?)?

It is not the end of story because .
H = f dX[UxxVxx — UxxxVx]6

G = [ Tux(uscv — uyevy) + va]%

are conserved quantities which are not connected with the
recursion operator.

Theorem

If h: = ku,h + uh,
where k is an arbitray number then

H= [dx h

is a conserved quantity
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Theorem: If
hj,t — )‘(Uhj)m vj
where X is an arbitray constant then

Hij = s, [ deh? b2

is a conserved quantity.

Method: Dimensional analysis and Computer Algebra
[u] =2,[v] =5,[0«] = 1,[0:] =3, [ux] =3,...

Anstatz:

hn = Polynomial(u, v, uy, vy, ..)
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Zero - Curvature Condition
\Ul o —>\UX —Vx \Ul
\U2 N o 2)\2 )\LIX \U2
v, [ —u0dy 0 v,
\Uz " N - —U@X WQ

V=W, => Us = V — Uy Ve = —UVy

P = (A + 22N (02 —v))®
1
¢, = —(ut—)0 ®
¢ (u+ 2A) x + Uy
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It very well known spectral problem

q)XX = ()‘2772 + >\uxx)¢
1
o, = a(n,u,\)d,— za,d

2
Two-component Harry-Dym equation (Fordy, Antonowicz)
2\
a=—, 5= Uy
Ui
s 3,1
ne = Ox(—), st = 0°(—
‘ (772) : (n)
Two - component Hunter - Saxton equation
5 1
=——u
2\ ’

77t+a><(77”) =0

1 2
Uyt + Ulyy + EUX =

n Nonpolynomial...

N =



For N = 3 new problems

Up =V — Uly, Vi =2Z— UVy, Zy= —UZy
Conserved quantities (polynomial , nonpolynomial)

2
Hn:/dxz”(vux—vx—n+
n+1

z), G= /dx (Z2uy —2zvv)

1

H = /dx (—2Usox Ux Zx + Unxx vf + 6u)2<XZX —

2
6Uxx UxZyx — 3uXX Vix Vx + 2uXZXXX — UxVxxx Vx +

2 1
3ux Vix + 3Vxxxzx - 3VXZXXX)5
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Zero - curvature condition

v, AUy,  —Vy Zy v,
v, = 3N —2Xu,e Avy v,
l|J3 X 6)\2I’ —3A )\LIX l|J3
\Ul —U@X 0 0 \Ul
WQ = A —u@x 0 \Uz
W3 0 1 —U@X \U3

re+ (uv), = 1,

rot+ (un)x =

r=n-+n

1
r = (§V2 — uz)y

fo = Z\V — 2ZVy, Iy = 222y,
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The method of solution
1.) Eliminate 1

0  Vpx

=1+.. =0,1,2,...
at(an) + Y n Y )

2.) Dimensional analysis

[LI] =2, [V] =5, [Z] =8, [ax] =1, [al’] =3

_[13] B [13] _
[]_[ ~ 6] = 1= 119 ™ 161

then our equation reduces to 11 722 nonlinear algebriac
equations only and it is impossible to use the CA and
Groebner basis to solve it.

The simpler ansatz where [16] is without derivatives give us

—uu+3v —2uv? + 2veuv — zu?

3z 622

n =
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The next ansatz r = % where [[12]] denotes that only first

derivatives can occurs produce

C 2ve—u? 202 — 6uevy + 9z,
n = ’ n =
22,

2uyz, — v2

Hamiltonian structure

u 01 U, 01 0
v = 0tu, vOot+0t 07'z, | 5H
v 0 2,071 0

t

where H = [ dx (ucv — 2)
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Ug = V — Uly, Vi = W — UV

Wy = Z— UW,, Zy = —Uzy

We have a lot of conserved quantities

H = /dx (vwy — uzy), H:/dx (w? — 2vz)

H = /dx (w2 —2v,z,)

N[

W=

H = /dX (uXXZX — UxZyx + VWi — VXXWX)

We have only zero - curvature condition
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v, “Nu, Nve =y Zy v,

v, B —4\* 3\, —2X\%v, Awy v,
W3 o —10)\5I’1 6)\4 —3>\3UX )\2VX wg
W4 X —20)\6I’2 10)\5f1 —4>\4 >\3UX lU4
\Ul —u@x 0 0 0 \Ul
v, | [ A —w 0 0 v,
v, | T o A —ud, 0 v,
W4 : 0 0 A —u@x lIJ4
where

rne=—(nu)x+1, rt=—(nu)x+n
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n

r

Solutions r,

1
——(—4uyv + veu + 10w) +

10z

1022 (—3uw? + 3v,vw — wyeuw — wy v 4 Zeuv)
z

1 1

5(2v — uyu) + 20—2(6vxuv — 12u,vw +

6v v — 8w, uv + bz 4 6w?)

1 1
— 5_ZX(5WX — U vy) + E(VEWX — Uy Wy)
= i(9v —5u%) + ! (v —6w?)
5z, % X 15z~ x
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