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The General Problem. The Korteweg de Vries equation

@ The Korteweg de Vries equation is associated with the linear
Schrédinger equation

The function ¥(x, t, A) satisfies the pair of linear equations in partial
derivatives

1
l/Jxx = UIIJ' ¢t = al)bx - §3X¢.

Then the compatibility condition (¢, )¢ = (1,)xx Yields the
relationship

1
U = (—2a§ +2ud, + ux) a

between functions u(x, t,A) and a(x, t,A).
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The General Problem. The Korteweg de Vries equation

@ The Korteweg de Vries equation is associated with the linear
Schrédinger equation
The function ¥(x, t, A) satisfies the pair of linear equations in partial
derivatives

1
l/Jxx = UIIJ' ¢t = al)bx - §3X¢.

Then the compatibility condition (¢, )¢ = (1,)xx Yields the
relationship

1
U = (—2a§ +2ud, + ux) a

between functions u(x, t,A) and a(x, t,A).

o If we choose the linear dependences u(x, t,A) = A + u!(x, t) and
a(x,t,A) = A+ ai(x, t), we obtain nothing but the famous Korteweg
de Vries equation
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The General Problem. The Kaup—Boussinesq system

@ Again we consider the relationship
up = (—83 + 2ud, + ux>

between functions u(x, t,A) and a(x, t,A).
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The General Problem. The Kaup—Boussinesq system

@ Again we consider the relationship
up = <—a3 + 2ud, + ux>

between functions u(x, t,A) and a(x, t,A).

@ If we choose the quadratic dependence
u(x,t,A) = A2 + Aul(x, t) + u?(x, t) and again the linear
dependence a(x, t,A) = A + ai(x, t), we obtain nothing but the
well-known Kaup—Boussinesq system
1_ 2 311 o 1, 21119

Up = Uy = SUU, Up = Jlge — Ul — DU U
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The General Problem. The Antonowicz—Fordy

Construction

@ Again we consider the relationship
1
ug = (—28)3< + 2uax + UX) a

between functions u(x, t,A) and a(x, t,A).
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The General Problem. The Antonowicz—Fordy

Construction

@ Again we consider the relationship
1
ug = <—2ai + 2uax + UX> a

between functions u(x, t,A) and a(x, t,A).
@ Multi-component rational (with respect to the spectral parameter A)
generalization (€, are arbitrary parameters)

AMuO(x, ) + AM7 ul (x, t) 4+ .. 4+ uM(x, t)
€MAM + €M71AM71 + ...+ ¢€o

The authors considered two main subclasses selected by the

conditions: €y = 0 and u® = 1 (the so called “Generalized KdV type
systems”); €y = 0 but u! = 1 (the so called “Generalized Harry Dym
type systems” ). In another paper written together with M. Marvan we
found a third narrow subclass determined by a sole restriction u" = 0.

u(x, t,A) =
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Integrable Dispersive Chains

@ Now we consider (M =1,2,...)

1 2 3
M ut(x,t)  uvi(x,t)  u(xt)
u(x,t,A) = A <1+ Aot T )
where u¥ are infinitely many unknown functions.
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Integrable Dispersive Chains

@ Now we consider (M =1,2,...)

u(x,t,A) =AM <1 + U1(/)\(' t + u2(Ax2,t) + U3§\X3' t + ) :

k

where u* are infinitely many unknown functions.

@ The substitution and the linear dependence a(!) = A + a;(x, t) into
1
U = (—28)3( +2ud, + ux> a
yields Mth integrable dispersive chain

1
uk =kt — 5 utuf — ukul + (5MuXXX,

k=12, ..,

where 8%, is the Kronecker delta and
1

day = ——=u
2
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Higher Commuting Flows

@ Higher commuting flows of the Korteweg de Vries hierarchy are
determined by the linear spectral system

1
Yoo = At u ), o =y, — 240y,
where

k
alk) = Ak 4 Z amAkT™,
m=1

and functions a,, and u® depend on the “space” variable x and
infinitely many extra “time” variables t* (obviously, t = t1).
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Higher Commuting Flows

@ Higher commuting flows of the Korteweg de Vries hierarchy are
determined by the linear spectral system

Yoo = ), P =0y, — 2oy,

where
— )\k Z am)Lk m

and functions a,, and u® depend on the “space” variable x and
infinitely many extra “time” variables t* (obviously, t = t1).
@ Substitution

u(x,t,A) = AM <1 + 4

2(x, t 3(x,t
wixt) ooty Y,
A A A
into )

ug = (—285’( +2uax + UX) a
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Higher Commuting Flows

leads to higher commuting flows (here we define ag = 1)

s 1
uffs = Z (u“’"ax + o, uftm — 2(5’,§A+m8)3<> as—m, s=1,2,...,
m=0
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Higher Commuting Flows

leads to higher commuting flows (here we define ag = 1)

S

1
= Z <uk+’"ax + o, uftm — 2(5’,§A+m8)3<> as—m, s=12 ..,

where all coefficients a,, can be found iteratively from the linear system
(here we define u® =1 and ™ =0forall m=1,2,...)

S

1
2 <umkax + axumik o 25;\77/1_1(8)3() ds—m = Ov k = 01 11 ST L

m=0
For instance,

1 1 3 1 1 3
alz—iul, a2:—§u2+8( )2—§5/1\/1 ul,, a3:—§u3+1u1u2

——(ul) —1—3—251 (10u1u1 +5(u ) —u}(XXX—4 2 )—§(5M oxr

Pavlov (FIAN & MSU) Integrable Dispersive Chains 13.02.2014 7/19



Higher Commuting Flows

Thus all higher commuting flows are written also in an evolution form. For
instance, the first commuting flow to

= U U — 1y 5,\/, Uyy, k=1,2

is (here we identify y = t?)

1 1 3 1
uy = w2 — Sutu 4 (—2u2 + 5 ()2 = Gohu ix) uk — uk
k 2 3 1 k+1 1
+u —Uuy + 5“ - 75Muxxx + 5 Usxx

1 3
+15IR4 (u)%xx - Z[( 1) ]XXX + §Muxxxxx> .
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Local Hamiltonian Structures

@ A hierarchy of integrable dispersive chains

1
ub =k — 2tk — ukul (5M Ugor k=1,2,..,

2
possesses infinitely many local Hamlltoman structures:
s+1 1 SH
k = k+m—1 k+m—1 k+m—123 41,
Ups = Z (U +m ax +axu +m — EfsM m ax) 5usm :
m=1
oH
1 _ s+2
uts — _2ax 5u1 ,
s+2 1 SH
ufs = Z (uk+mzax +8Xuk+m’2 B 25/I§4+m_2ai> 5 51:2;
m=2 u
oH +3 JH +3 1 oH +3
ui‘s = _zaxﬁ' Ugs = _2aX 5;1 - Ulax+a u1—§(5M8§< (5;2
s+3 1 SH
U{fs = Z (uk+m3ax + axuk+mf3 _ 2(Sll§/l+m3a?<> ﬁ
m=3
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Conservation Laws

@ All higher local conservation laws can be found from the observation

5Hm+s
am = Sus

In such a case all Hamiltonians can be found from above variation
derivatives, for instance

Hy — /uldx, Hy — / <u2 . i(u1)2> d,

1 1 1
H; = / <u3 — it 4 () + 5}\/,(u)l()2> dx,

=01.,;s=12 ..

2 8 16

1 1 3 5
H, — /<u4 _ §u1u3 _ Z(uz)z I g(u1)2u2 _ a(ul)4

1
1 e, N2 T, N2 1,2 2 1\2
+ 325M ( Su (ux) 2(uxx) +4uxux> 165M(ux) >dX""
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Elementary Reductions

Obviously for any natural number N > M the reduction u"V*1 = 0 of Mth
dispersive chain

1
uf:uffrl S ut k—ukul—l— (5MuXXX, k=1,2,

leads to NV component integrable dlsperswe systems:
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Elementary Reductions

Obviously for any natural number N > M the reduction u"V*1 = 0 of Mth
dispersive chain

1
uk = gkt — S vtk — ukul 4 (5MuXXX, k=12,
leads to NV component integrable dlsperswe systems:

1. N = M =1, the Korteweg de Vries equation;
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Elementary Reductions

Obviously for any natural number N > M the reduction u"V*1 = 0 of Mth
dispersive chain

1
uf = uf“ — Euluf
leads to N component integrable dispersive systems:
1. N = M =1, the Korteweg de Vries equation;

2. N=2,M =1, the lto system

1
—ukul + Z(Sﬁ/,uixx, k=1,2, .

12 311,14 o 145 2,1,
Uy = uy, — -u ux—i—ZuXXX, Uy = ——u uy — uu,

2

2
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Elementary Reductions

Obviously for any natural number N > M the reduction u"V*1 = 0 of Mth
dispersive chain
1 1
uf =k - Euluf —ukul + Z(Sﬁ/,uixx, k=1,2, .
leads to N component integrable dispersive systems:
1. N = M =1, the Korteweg de Vries equation;
2. N=2,M =1, the lto system

3 1 1
u} :ui—iulu}(—i—zuixx, uf:—iului—fu}(;
3.N>2,M=1, )
2 1,1 1
u; :ux_Eu uX+ZuXXX’
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Elementary Reductions

4. N=M>1, (if N=M =2, this is the Kaup—Boussinesq equation)

1
uff —u)’fH—Eulu)’f—u u)1<, k=12.,N-1,
1 1
u,{v = —EuluN uNu1 —l—Zu)l(XX,
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Elementary Reductions

4. N=M>1, (if N=M =2, this is the Kaup—Boussinesq equation)

X 5 X X1
ISR S VAC I N—11+11
uy = Uy §u Uy u us ZUXXX'
v laon N
u, = utu uu.
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Elementary Reductions

6. N>M+1,M>1,

uy 5 X X1
M __ M+1_1 1M M 1_{_} 1
u - "X 2” ux u ux 4uxxx'
k k+1 1 1 k k 1
u; = uy > c—uu, k=M+1 ., N-1,
N__} 1. N__ N 1
ug = u-u, u-u,

13.02.2014 13/
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Rational Constraints with Movable Singularities

@ Now we consider more complicated N component reductions
M=12..,, K=01,..)

AMFK + )LMJrKilV/\/H_K_l(X, t) + ...+ /\Vl(X, t) + Vo(X, t)
AL AT e 1 (x,t) + o Awa (x, t) 4 wo(x, t)

u(x,t,A) =

Pavlov (FIAN & MSU) Integrable Dispersive Chains 13.02.2014 14 /19



Rational Constraints with Movable Singularities

@ Now we consider more complicated N component reductions
M=12..,, K=01,..)

AMFK + )LMJrKilV/\/H_K_l(X, t) + ...+ /\Vl(X, t) + Vo(X, t)
AL AT e 1 (x,t) + o Awa (x, t) 4 wo(x, t)

u(x,t,A) =

@ Suppose for simplicity that all roots of these two polynomials are
pairwise distinct. Then the substitution al) = A 4 a;(x, t) and

M+K

(A —s(x0)

u(x,t,A) = m;1
IT(A—=rk(x,t))
k=1

into )
ug = <—2ai + 2uax + UX> a

yields new multi-component integrable dispersive systems!
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Rational Constraints with Movable Singularities

@ These new multi-component integrable dispersive systems are

K
N (ERD
rtk = (rk + a1)r)/f, s = (s'"+a1)s, + 5 kl—z[l(si — m)allxxx,
m#i
where
1 M+K K .
m

a =3 mgls — kX::lr
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Rational Constraints with Movable Singularities

@ These new multi-component integrable dispersive systems are

K
I1(s'—r)

1=

Emal,xxx.
m#i

M+K K
PIE Z
@ For instance, the Kaup—Boussinesq system becomes

(sT + 5?)

=+ a)rd, si=(s'+a)s +

where

(st 5%

1
1_ 1
s; = 5(35 +52)sl 4 NEEE s? = —(S +35%)s2 e
the Ito system takes the form

1 st(st+s?) 1 s2(st+s?)
1_ 1,21 ox 2 L1 a0y 000
st =55+t ra gy % = S ) -y
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Three Dimensional Linearly Degenerate Quasilinear

Equations

@ The three dimensional quasilinear system
al: = ax, A1 xta1y = aadix+ a:,
is determined by the compatibility conditions

pe = [(A+a)plx, py = [(A2 + a1A + a2)plx,
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Three Dimensional Linearly Degenerate Quasilinear

Equations

@ The three dimensional quasilinear system
al: = ax, A1 xta1y = aadix+ a:,
is determined by the compatibility conditions
pe = [(A+a1)plx, py = [(A* + a1A + a2)pl,

where p = 1/¢. Here ¢ = ™, where 1 and ¢ are two linearly
independent solutions of

lPXX - ullJ’

P, = (A+a)yp, — %al,xllﬂy ¥, = (A+ar+a)y, — %(Aal,xﬂz,x)lﬁ-
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Dispersive Reductions

o Statement: Three dimensional quasilinear system
i = ax, adiaxtaiy = aaix+axt

possesses infinitely many finite component differential constraints
a1(u, uy, ...), a2(u, uy, ...), where field variables u* are solutions of
dispersive integrable systems determined by linear spectral problem

Pux = Uy,

b= (), — a1 9, = (Ptadta)y, — s (Aactany.

where

(A—=s"(x t.y))

T~ ()
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Dispersive Reductions

Differential constraints
M+K K 1M+K 1 K 1 1

Z sT= Y k) =2 Y (™)=Y (r)P S al oS an
= 4 4= 2 4

and integrable commuting flows

K
S g( ")
rf = (rk +a1)rf(‘, Sy = (s’ +al) 5 IfI ( )al X
m#i

ryk = (ay 4+ arr* + (r))rk,

5;2(82—{—315[—{—( 5+,
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Differential Constraints. The Korteweg de Vries equation

Differential constraints are

1
— §U)]£X.

Substitution into the three dimensional quasilinear system
als = dx, aldxtaiy = aaix+ax:

leads to an identity, if u'(x, t,y) is an arbitrary solution of the Korteweg

de Vries equation
1 L1 3,1
uy = Zuxx - Z(u ) .

and into its first commuting flow
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