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The DKP

The Dispersionless limit of the Kadomtsev—Petviashvili equation

tyy = (U — utix)x
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The DKP

The Dispersionless limit of the Kadomtsev—Petviashvili equation
uy, = (U — uuy)x
can be written as a quasilinear system of first order

Uy = Vx, Uz = UlUx +Vy,
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The DKP

The Dispersionless limit of the Kadomtsev—Petviashvili equation
uy, = (U — uuy)x
can be written as a quasilinear system of first order
Uy = Vx, Uz = UlUx +Vy,
determined by the Lax pair written in the vector field form
Ay = pAe — Aptx, A= (PP + u)Ax — Ap(pux + vx).

Here A(x, t, y, p), while the functions u(x, t,y) and v(x,t,y).
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The Manakov=Santini Particular Solution

The DKP equation

uy, = (U — uuy)x

has a particular solution

y2
X =z +2tu = F(tl/zu),

where F(W) is an arbitrary function.
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The Manakov=Santini Particular Solution

The DKP equation
tyy = (Ue — Utx)x
has a particular solution

y2
X =z +2tu = F(tl/zu),

where F(W) is an arbitrary function.
The Problem:

How to select this particular solution?
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The Manakov=Santini Particular Solution

The DKP equation
tyy = (Ue — Utx)x
has a particular solution

y2
X =z +2tu = F(tl/zu),

where F(W) is an arbitrary function.
The Problem:

How to select this particular solution?
How to generalise this particular solution?
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The Standard Approach

The Method of Hydrodynamic reductions means that we are looking for
pairs of commuting flows (/N is an arbitrary natural number)

rh=n'(0)r, r=p(r, i=12..N,
which have the pair of common conservation laws (the DKP equation)

Uy = Vx, Ut = Uly + Vy.

This means that u(x, t,y) — u(r) and A(x, t,y,p) — A(p,r).
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The Standard Approach

The Method of Hydrodynamic reductions means that we are looking for
pairs of commuting flows (/N is an arbitrary natural number)

rh=n'(0)r, r=p(r, i=12..N,
which have the pair of common conservation laws (the DKP equation)

Uy = Vx, Ut = Uly + Vy.

This means that u(x, t,y) — u(r) and A(x, t,y,p) — A(p,r).
Then 7'(r) = (u'(r))? + u(r), where the functions u/(r) and u(r) can be
found from the Gibbons—Tsarev system

oju o;ju-oxu .
8,- k— g ! , a,' u:2'.7, I k.
: e LA
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The Standard Approach

The Gibbons—Tsarev system

k a,-u . a,-u-aku

a,']/l = —, a,-ku—27. , i#k
o= pk (W' —p*)?
is determined by the Léwner system
aA =Y A
p—u
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The Standard Approach

The Gibbons—Tsarev system

diu o;u-dgu .
ol =—"— 9pu=2——"F" i # k
: pi— pk ) (1 —pk)?

is determined by the Léwner system

L
p—u

.

Its simplest solutions are polynomial:

pN+1
A= NT1 +upV vV 2 g pV R aysp + ana,

where the functions ax(x, t, y) are ax(r) in this approach.
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Applications

Corresponding equation of the Riemann surface A(p;r) plays an important
role in:

hydrodynamics (the Dirichlet problem for Laplace's equation),

plasma physics (the distribution function in the Vlasov kinetic equation
associated with the Benney system),

nonlinear optics (dispersionless limit of the Kadomtsev—Petviashvili
equation),

nonlinear acoustic (Khokhlov—Zabolotzkaya equation),

aerodynamics (Lin—Reissner—Tsien equation),

the theory of Laplacian Growth (the Hele-Shaw equations),

the Topological Field Theory (the so called superpotential in WDVV
associativity equations, Frobenius manifolds),

Classical Mechanics (the first integral for Hamiltonian systems with
one-and-a-half degree of freedom).
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V.M. Teshukov

The Vlasov (collisionless) kinetic equation associated with the Benney
system was investigated by V.M. Teshukov

Uy
Ay = pAx— Aphy, h= //\dp,

where horisontal velocities v, satisfy the two auxiliary equations
us + uuy + hy = 0.

Special solutions selected by polynomials of second and third order
(N=1,2)

N+1
pN+

T N+1
were considered by V.M. Teshukov and A.A. Chesnokov.

A

+upN Tt vpN T A pN Tt ay sptan s
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The DKP equation
uy, = (U — uuy)x

is determined by the Lax pair

Ay = pAc — Aptx, Ar = (PP + )Ax — Ap(pux + vx).
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The DKP equation
uy, = (U — uuy)x

is determined by the Lax pair
Ay = pAc — Aptx, Ar = (PP + )Ax — Ap(pux + vx).

The Manakov—Santini particular solution (here F(W) is an arbitrary

function)

)2
X — 4—t+2tu = F(t'%u)
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The DKP equation
uy, = (U — uuy)x
is determined by the Lax pair
Ay = pAx — Apuy, Ay = (p2 + u)A — Ap(pux + vy).
The Manakov—Santini particular solution (here F(W) is an arbitrary

function)

)2
X — 4—t+2tu = F(t'%u)

is selected by the substitution
A= kp>+ Ip+m,

where k(x, t,y),l(x,t,y), m(x, t,y) are some functions.

Pavlov (FIAN) 13.03.2019 8 /22



Theorem: The DKP equation

uy, = (U — uuy)x

has a particular solution

Q'(¢) k’(t)> K1) 5 L(1)

1
sty =rmam V- ( Q0 T2k(e) ) T ak(n)” k(e TP

where k(t), L(t), C(t), M(t), F(W) are arbitrary functions;
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Theorem: The DKP equation

uy, = (U — uuy)x

has a particular solution

1 Q'(¢) k’(t)> K'(t) 5 L'(1)
ulx, t,y)= W- + z- - +D(t)-
ety )= mem ( Qo) T2k ) Fak)” k(e TP
where k(t), L(t), C(t), M(t), F(W) are arbitrary functions;
Here the unknown function W is a solution of the algebraic equation

z w
QO Q(t) F(W)+ N(t),
while y )
2bety) =x= 4/<((?)y2 - gk((tt))y +C(1).
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Three functions D(t), Q(t) and N(t) are determined by
Q' (1) = (k(1))7>"2,

) M) 1
() = (C O =2 T2k D“)) QO KD
L2 (K (k)
PO =gy (2k<t> LIy ) c®

1 M(t) 3L2(t)
Jr2/<(t)Q(t) / ((k(t))3/2 B 4(k(t))5/2> dt,

while the functions | and m are determined by

I=K(t)y+ L(t),

m = K (t)x + %k”(t)yz + U (t)y + M(t) + 2k(£)u.

13.03.2019



The Simple Particular Case

If k(t) = yP, L(t) =0, C(t) =0, M(t) =0, then (B is an arbitrary
constant)

1) — —3B/2 _ 2 i3pn
Q(t)=t . Q(t) 72_3/31‘ :

Thus, the DKP equation

uy, = (U — uuy)x
has a particular solution

2=3B yubl2- Ly (B 1):_,3(/;—21))/2,

where F(W) is an arbitrary function, and the unknown function W is a
solution of the algebraic equation

(x—'By>t 2wy =
4y

u(x, t,y) =

F1-3p/2
53t PFW),
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The Simple Particular Case

This solution of the DKP equation
uy, = (U — uuy)x

also can be re-written in the equivalent form

u(x, ty) = —Ur P — £X+ MyZ

8t?

where U(x, t, y) is a solution of the algebraic equation (here U = F(W)
and W = G(U))
2 1382 (. B 2\ s
72_3131“ U+G(U)=(x 4yy tPe
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The Exceptional Case

If B =2/3, then the corresponding particular solution becomes (here

Q(t) =Int)

t2/3 1 1)\ x 1 2\ y2
t,y)= W—-|—+4+=)- —+ - | =
uix.t.y) Int (Int+3)t+<lnt+3) 612’
where the unknown function W is a solution of the algebraic equation

y2
<x— > t 3 = F(W)Int+ W.

6t
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The Exceptional Case

If B =2/3, then the corresponding particular solution becomes (here

Q(t) =Int)

t2/3 1 1)\ x 1 2\ y2
ty) = W—(—+2)2+(—+2)%
uix.t.y) Int (Int+3) t+<|nt+3> 612’

where the unknown function W is a solution of the algebraic equation

6t

This solution also can be re-written in the equivalent form
2

X

L

3t 9t

where U(x, t,y) is a solution of the algebraic equation (here U = F(W)
and W = G(U))

y2
<x— > t 3 = F(W)Int+ W.

u(x, t,y) = —Ut™2/3 -

2
Unt+G(U) = (x— ét> t~1/3
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The Manakov=Santini Particular Solution

If B =1, then k(t) =t, and

Q(t)=1t%2 Q(t)=—2t712

Thus, the DKP equation

uyy = (U — uuy)x

has a particular solution (here again L(t) =0, C(t) =0, M(t) =0)

2

+ ZF(£%) 102G (pyy XY
U= == —— 4 — u — u= u+ - — .
8t2 2t '

2 8t
Here F(W) = U and G(U) = W are arbitrary functions.
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The Manakov=Santini Particular Solution

If B =1, then k(t) =t, and
Q(t) =132 Q(t) = —2t71/2.
Thus, the DKP equation

uyy = (U — uuy)x

has a particular solution (here again L(t) =0, C(t) =0, M(t) =0)

u= §/1-22_2Xt+115F(t1/2u)' o u=t12G <tu—|—)2<— gi) .
Here F(W) = U and G(U) = W are arbitrary functions.
In this particular case the reduction is
A =p?t+py +x+2tu.
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The Non-lsospectral DKP equation

The non-isospectral DKP equation

2
it = YUl + yu2 + 2u, + yuy,, + 3

Xy

is determined by the Lax pair
Ay = pAx — Apuy,

2
A — (p y+3pX+yU)A +<3P +pyux+u+yuy+3xux>)xp=0-

Here A(x, t, y, p), while the functions u(x, t,y).
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The Non-lsospectral DKP equation

The non-isospectral DKP equation

xt = YUlxx + yU>2< + 2uy + yuyy + S Xxuyy

3
is determined by the Lax pair

Ay = PAx — Aply,

Ay — (py+3px+yu))\ +<3

Here A(x, t, y, p), while the functions u(x, t,y).
We again select a new solution determined by the substitution

2
1% +pyux+u+yuy+ 3XUX> )\p =0.

A=kp?>+Ip+m,

where k(x, t,y),I(x,t,y), m(x, t,y) are some functions.
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The Non-lsospectral DKP equation

Theorem: The non-isospectral DKP possesses the particular solution

oy RECIRN-AON 9g”(t) 9g"(t)
YT e W 9y? 2y g(t)” ' 8g2(t)  4g(t)

where W is a solution of the algebraic equation

W/ et ] (2[gk<(t§§3/2‘8[?é§]3/2>

— xy 13 (g(t)) 12 _% g'(t) 53 3 h(t) 43

()2’ " 2(g(1))3?”

+ C(y. t),

and
_(3g'(H)h(t) 3H(t)\ _; Rt k()
1) = ( ag2(t) 2g(t)>y o <8g2(t) - 2g(t)>y "

This particular solution depends on four arbitrary functions of a single
variable: g(t), h(t), k(t) and F(W).

Pavlov (FIAN) DKP

13.03.2019 16 / 22



The Manakov=Santini Particular Solution

In this particular case the reduction is
A= kp> + Ip+m,

where

2x -
k=g(t)y?3 1=3g"(t)y*?+ S8ty Y3 4 h(t)y'/3,

B 1 B 1 B
m = 2xg'(t)y /3 — 58ty A 3xh(t)y 2/3

F2g(0)yPut 3 (D)3 + g (1) + k(r).
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The Non-Hydrodynamic Chains

Instead of the expansion
0 Al A2
A=p+—+—>5+35+..
p P> p
one can substitute the extended expansion
a a a
A=aptar+2+5+32 4+
p P p
into the Lax pair for the DKP equation
At = pAy — /\pux.

Ay = (p? 4+ u)Ax — Ap(puy + ).
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The Non-Hydrodynamic chain

Then we obtain

sty = aksant] Sy 1,d40)  bky) sy la
oy TR O)T Taily) 2 aa(y)  aaly) ai(y)
1 aLl(Y)
Tl S T )
1 bl(}/) 3/—1(}’) .
+(k —1)ax_1] O a_olm —ta_l(y)], k=12,
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The Non-Hydrodynamic Reductions

Under the substitution

»\r—‘

M M
Z m)k, Z €m :O,
m=1 m=1

one can obtain non-hydrodynamic type system (k =1,2,..., N)

(G T St
Cf‘( R 0 DR >>X'
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A new class of exact solutions selected by the substitution
A=kp>+Ip+m

is presented.
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