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Outline

The presymplectic operator

∆ =Dx (1)

of the potential mKdV (with t, x)

ut = 4u3x + uxxx (2)

doesn't originate from its cosymmetries. (Proof by in�nite descent).

The one-component conservation law

u4xdt ∧ dx (3)

of the overdetermined system (with t, x , y)

ut − 4u3x − uxxx = 0 , uy = 0 (4)

is non-trivial. One of its characteristics is (uxy , 0). This conservation

law is an element of ker d0,n−1
1 = E

0,n−1
2 , n = 3.
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The conservation of zero, speculations

A variational interpretation of E 0,n−1
2 : the homotopy formula.

Informally,

the space of boundary conditions is degenerate. Obstacles to compactly

supported perturbations?

The presymplectic structures Dx of the equations

ut = αuα−1x + uxxx , α 6= 4 (5)

do originate from their cosymmetries. The variational interpretation

doesn't clarify the triviality of the respective conservation laws for

ut = αuα−1x + uxxx , uy = 0 . (6)

Loosely speaking, if E 0,n−1
2 6= 0, then

the space of boundary conditions is degenerate in a special way.
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The potential mKdV

Let us denote by E the equation

ut = 4u3x + uxxx (7)

with all its di�erential consequences and adopt the following notation

u0 = u , u1 = ux , u2 = uxx , . . . (8)

Then the variables t, x , u0, u1, u2, . . . can be taken as intrinsic coordinates

on the system

E : ut = 4u31 + u3, Dx(ut − 4u31 − u3) = 0, Dt(ut − 4u31 − u3) = 0, . . .

The Cartan distribution of E is spanned by the restrictions of Dx and Dt

Dx = ∂x + ui+1∂ui
, Dt = ∂t +D

i

x(4u31 + u3)∂ui
. (9)
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Functions on E

Elements of the algebra

F(E) (10)

are smooth functions of a �nite number of the variables t, x , u0, u1, u2, . . .

For f ∈ F(E), denote by ord f the highest order of the derivatives ui
among its arguments. For g = g(t, x), we put ordg = −∞.

The total derivative Dx increases the order of any function by 1. Then

Dx(f ) = 0 ⇔ f = f (t) . (11)
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The presymplectic operator

The potential mKdV equation

ut = 4u3x + uxxx (12)

admits the Lagrangian

L = λ dt ∧ dx , λ =
utux

2
− u4x +

u2xx
2
, (13)

which gives rise to the presymplectic operator:

δλ

δu
= −Dx(ut − 4u3x − uxxx) ⇒ ∆ = (−Dx)∗|E =Dx . (14)

The relation with the mKdV:

vt = 12v2vx + vxxx , v = ux . (15)

For the mKdV: ∆ determines a non-local presymplectic operator ⇒ a local

Hamiltonian operator.
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The linearization operator reads

lE = Dt − 12u21 Dx − D
3
x . (16)

Its adjoint operator has the form

l ∗E = −Dt + 12u21Dx + 12Dx(u21) + D
3
x . (17)

It cannot increase the order of a function by 3 or more.

A function ψ ∈ F(E) is a cosymmetry of E if

l ∗E (ψ) = 0 . (18)

Cosymmetries of E describe all its conservation laws and some of its

presymplectic operators (= admissible variational principles),

ψ 7→ lψ − l ∗ψ , lψ =
∑
i

∂ui
ψD

i

x (19)

Is ∆ =Dx produced by a cosymmetry?
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Cartan (contact) 1-forms of the potential mKdV:

CΛ1(E) 3 ωiθi , θi = dui − ui+1dx −D
i

x(4u31 + u3)dt . (20)

The ideal of Cartan forms:

CΛ∗(E) = CΛ1(E) ∧ Λ∗(E) , dCΛ∗(E) ⊂ CΛ∗(E) (21)

Its powers CpΛ∗(E), p = 1, 2, . . . give rise to the �ltration

Λ•(E) ⊃ CΛ•(E) ⊃ C2Λ•(E) ⊃ C3Λ•(E) ⊃ . . . (22)

The corresponding spectral sequence is the Vinogradov C-spectral sequence

(E p,q
r (E), d p,q

r ) (23)
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Cosymmetries of the potential mKdV are in one-to-one

correspondence with its variational 1-forms E 1,1
1 (E)

ψ 7→ lψ − l ∗ψ ⇔ ωψ 7→ d1ωψ (24)

Presymplectic operators of the potential mKdV that don't involve Dt

are in one-to-one correspondence with its presymplectic structures

ker d 2,1
1 ⊂ E

2,1
1 (E) (25)

The presymplectic structure Ω corresponding to ∆ is not produced by

a cosymmetry i� it represents a non-trivial element of

E
2,1
2 (E) (26)
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The Lagrangian

L = λ dt ∧ dx , λ =
utux

2
− u4x +

u2xx
2
, (27)

of the potential mKdV is scale-invariant,

(t, x , u, . . .) 7→ (e3εt, eεx , u, . . .) (28)

Then the equation E possesses the scaling symmetry

X = 3t∂t + x∂x −
+∞∑
j = 0

juj∂uj
. (29)

Note that X cannot increase the order of a function. Its characteristic ϕ is

ϕ = −3t(4u31 + u3)− xu1 . (30)

The presymplectic structure Ω given by ∆ =Dx is X -invariant,

l∆(ϕ) − l ∗∆(ϕ) = 0 . (31)
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Useful formulas

It is convenient to use the commutator

[∂uj
,Dt ] = ∂uj

(
D

i

x(4u31) + ui+3

)
∂ui

(32)

and the simple combinatorial observation.

Proposition 1.

For any integers i > 1, j > 0,

∂uj
D

i

x =

min{i , j}∑
r = 0

(
i

r

)
D

i−r
x ∂uj−r

. (33)

Another helpful fact is given by the following

Proposition 2.

If ψ ∈ F(E) and s > 1 is an integer such that ordψ 6 s, then

∂us+2 l
∗
E (ψ) = 3Dx(∂usψ) . (34)
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Theorem 1.

The operator ∆ =Dx is not produced by a cosymmetry.

In order to prove this result by contradiction, we now assume that the

presymplectic operator ∆ = Dx is produced by a cosymmetry.

Let ψ0 denote a cosymmetry such that lψ0 − l ∗ψ0 = ∆, and let k

denote its order, ordψ0 = k .

Direct computations of cosymmetries of orders 6 6 show that

k > 7 . (35)

Lemma 1.

There exist functions a = a(t) and ψ2 ∈ F(E) such that ψ0 = auk + ψ2,

ordψ2 6 k − 2. Besides, k is even.

Proof. Proposition 2 + the condition lψ0 − l ∗ψ0 = ∆

∂uk+2
l ∗E (ψ0) = 3Dx(∂uk

ψ0) . (36)

In order to prove Theorem 1, we need to show that ȧ = 0, i.e., that a ∈ R.
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Lemma 2.

There exist functions b = b(t) and ψ3 ∈ F(E) such that

ψ0 = auk + Buk−2 + ψ3 , (37)

where ordψ3 6 k − 3 and

B =
ȧ

3
x + 4(k − 1)au21 + b . (38)

Lemma 3.

There exists a function ψ4 ∈ F(E) such that

ψ0 = auk + Buk−2 + Cuk−3 + ψ4 , (39)

where ordψ4 6 k − 4 and

C =
k − 2

2
Dx(B) . (40)
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Lemma 4.

There exists a function f ∈ F(E) such that

−∂uk−2 l
∗
E (Buk−2) = 4ȧu21 + Dx(f ) . (41)

Finally, we obtain

Lemma 5.

There exist ψ1 ∈ F(E) and a0 ∈ R such that

ψ0 = a0uk + ψ1 , (42)

a0 6= 0, and ordψ1 6 k − 1.

Note that the scaling symmetry

X = 3t∂t + x∂x − u1∂u1 − 2u2∂u2 − . . . (43)

acts on cosymmetries:

ωψ 7→ LXωψ ⇔ ψ 7→ (X + 1)ψ . ord(X + 1)ψ 6 ordψ . (44)
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Proof by in�nite descent

ψ0 = a0uk + ψ1 , (X + k)(a0uk) = 0 (45)

if ψ0 produces ∆, then the cosymmetry

(X + k)ψ0

k − 1
⇔

LXωψ0
k − 1

+ ωψ0 (46)

having ord < k also produces ∆.

There must be a lowest order cosymmetry that produces ∆. This result

contradicts to the computational observation

k > 7 . (47)

The main result for the potential mKdV ut = 4u3x + uxxx

The presymplectic operator ∆ =Dx is not produced by a cosymmetry.
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The Lagrangian

L = λ dt ∧ dx , λ =
utux

2
− u4x +

u2xx
2

(48)

gives rise to a di�erential 2-form

` ∈ Λ2(E) (49)

such that `− L|E ∈ CΛ2(E) and the coset

d`+ C3Λ3(E) ∈ E
2,1
0 (E) (50)

represents the presymplectic structure Ω. Due to

d
0,2
2 : E 0,2

2 (E)→ E
2,1
2 (E) , (51)

the element of E 0,2
2 (E) determined by ` is non-trivial. It coincides with the

element of E 0,2
2 (E) determined by L|E .
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The trick

For the system E ′∂y
ut = 4u3x + uxxx , uy = 0 , (52)

the 2-form L|E ′∂y

L = λ dt ∧ dx , λ =
utux

2
− u4x +

u2xx
2

(53)

determines the conservation law

L|E ′∂y
+ d0

(uxuxx
2

dt
)

= u4xdt ∧ dx (54)

According to the decomposition

Dy (λ) = uxy (ut − 4u3x − uxxx) + 0 ·uy + Dt

(ux
2
uy

)
+ Dx

(
uxxuxy −

ut

2
uy

)
,

the conservation law is associated, for example, with the characteristic Q

Q1 = uxy , Q2 = 0 .

The cosymmetry Q|E ′∂y
is zero.
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The systems E and E ′∂y are related,

E ′∂y = E × R∂y . (55)

The homotopy equivalence:

prE : E × R∂y → E , E → E ′∂y , ρ 7→ (ρ, 0) (56)

Then

E
0,2
2 (E) = E

0,2
2 (E ′∂y ) (57)

The conservation law

u4xdt ∧ dx (58)

of the system

ut = 4u3x + uxxx , uy = 0 (59)

is non-trivial.
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Variational interpretation

Let N be a compact, oriented smooth manifold, dimN = (n − 1).

An embedding σ : N → S is an almost boundary condition if it de�nes an

integral manifold of the Cartan distribution C.

Example

For the heat equation

ut = uxx (60)

with intrinsic coordinates t, x , u, ux , uxx , . . ., one can take

N : t ∈ [0; 1], x = 0 , σ : u = c1(t) , ux = c2(t) , uxx = ċ1 , . . . (61)

or

N : t = 0, x ∈ [0; 1] , σ : u = h(x) , ux = h′ , uxx = h′′ , . . . (62)

or some condition on N : t2 + x2 = 1.
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Variational interpretation

Let γ : N × [0; 1]→ S be a path in almost boundary conditions, i.e., each

γτ : N → S , p 7→ γ(p, τ) (63)

is an almost boundary condition. Here γ ◦ sτ = γτ for the section

sτ : N → N × [0; 1] , p 7→ (p, τ) . (64)

The homotopy formula for ω ∈ Λn−1(S) reads

γ∗1(ω)− γ∗0(ω) = dK (ω) + K (dω) , K (ω) =

∫ 1

0

s∗τ (∂τy γ
∗(ω))dτ (65)

If ω determines a conservation law ξ ∈ E
0,n−1
1 (S), and ∂N is �xed, then∫

N

γ∗1(ω)−
∫
N

γ∗0(ω) =

∫
N

K (dω) , (66)

and the perturbation is determined by d1ξ, i.e., by a cosymmetry of ξ.
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If the cosymmetry of ξ is trivial,

the integral functional

σ 7→
∫
N

σ∗(ω) (67)

is indi�erent to perturbations of an almost boundary condition σ : N → S.

For the system

ut = 4u3x + uxxx , uy = 0 , (68)

we can take as N ⊂ R3 the disc

N : t2 + x2 6 1 , y = 0 (69)

Then σ is a solution to the potential mKdV ⇒ problems with perturbations

of σ such that ∂N is �xed.

If N is given by t = 0, x2 + y2 6 1, then ∂N is �xed i� N is �xed (due to

the condition uy = 0).
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The Lagrangian

L̃ = λ̃ dt ∧ dx , λ̃ =
utux

2
− uαx +

u2xx
2
, 2 6= α 6= 4 (70)

leads to the presymplectic operator Dx of the equation

ut = αuα−1x + uxxx . (71)

The transformation

g ε : (t, x , u, . . .) 7→ (e3εt, eεx , eβεu, . . .) , β =
α− 4

α− 2
(72)

scales L̃:

(g ε)∗(L̃) = exp(2βε) L̃ . (73)

Then the corresponding presymplectic structure Ω̃ is produced by a

variational 1-form,

Ω̃ = d1
X̃y Ω̃

2β
, X̃ = 3t∂t + x∂x + βu∂u + . . . (74)
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Possible Noether's theorem violation

The Noether correspondence for Lagrangian systems:

XyΩ = d1ξ (75)
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Thank you!
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