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Lie pseudo-groups

A pseudo-group G on a manifold M is a set of local
di�eomorphisms �: U! Û, �: x 7! x̂ such that

1) if � 2 G, 	 2 G, and their composition 	 � � is de�ned, then
	 � � 2 G;

2) � 2 G) ��1 2 G;
3) idM 2 G.

A pseudo-group G is called a Lie pseudo-group, if

4) the functions x̂ = �(x) are local analytic solutions of a system
of PDEs (Lie equations of the pseudo-group G)

R

�
x;�(x);

@�(x)

@x
; :::;

@#I�(x)

@xI

�
= 0:
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Lie pseudo-groups

EXAMPLE: Lie groups = �nite Lie pseudo-groups

EXAMPLE: conformal transformations in R2:

�: (x; y) 7! (x̂; ŷ),

(dx̂)2 + (dŷ)2 = �(x; y) ((dx)2 + (dy)2), �(x; y) 6= 0

Lie equations = Cauchy � Riemann equations

@x̂

@x
=
@ŷ

@y
;

@x̂

@y
= �

@ŷ

@x
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Lie's in�nitesimal method

In�nitesiaml generators of the Lie pseudo-group G:

x̂ = �(x) = x+ "'(x) + :::

In�nitesimal de�ning system (linearized Lie equations):

� 2 G() L

�
x; '(x);

@'(x)

@x
; :::;

@#I'(x)

@xI

�
= 0

Integration
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Cartan's method

Maurer�Cartan forms of the Lie pseudo-group G: a collection of
1-forms

!i 2 
1(M �N �H); i 2 f1; :::;dimM + dimNg;

where N is a manifold, H is a �nite Lie group.

A local di�eomorphism � on M , �: U! Û belongs to G whenever
there exists a �bre-preserving di�eomorphism 	 on M �N �H,
	: W! Ŵ such that

� is the projection of 	 w.r.t. M �N �H !M ;

	�
�
!ij

Ŵ

�
= !ijW.
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Cartan's method

EXAMPLE: �nite-dimensional Lie group G,

V1, ..., Vn � an invariant base of TG,

!1, ..., !n � the dual base, !i(Vj) = �ij ;

then !i 2 
1(G) are invariant forms on G
= Maurer�Cartan forms of G.

A local di�eomorphism � on G preserves !i i� �(h) = g � h
for some g 2 G.
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Cartan's method

EXAMPLE: Maurer�Cartan forms of the pseudo-groups of
conformal transformations

!1; !2 2 
1(R2 �H); M = R2,

H =

��
a b
�b a

�
j a2 + b2 6= 0

�
;

!1 = a dx+ b dy; !2 = �b dx+ a dy
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Cartan's method

Structure equations of a Lie pseudo-group G:

d!i = Ai
�j(U

�)�� ^ !j +Bi
jk(U

�)!j ^ !k, Bi
jk = �Bi

kj ,

dU� = C�
j (U

�)!j ;

U� : M ! R, � 2 f1; :::; sg, s < dimM , � invariants of the
pseudo-group G,

��
�
U�j

eU

�
= U�jU,

�� � depend on di�erentials of coordinates on H;
involutivity conditions are satis�ed,
compatibility conditions are satis�ed.

Maurer�Cartan forms and structure equations of a Lie
pseudo-group can be found from its Lie equations algorithmically.
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Cartan's method

Involutivity conditions:

r(1) = n dim H �
n�1X
k=1

(n� k)�k;

where n = dimM + dimN , r(1) is the dimension of the linear
space of coe�cients z�j such that the replacement

�� 7! �� + z�j !
j preserves the structure equations;

�k = max
u1;:::;uk

rank Ak(u1; :::; uk)�
k�1P
j=1

�j ;

A1(u1) =
�
Ai
�j u

j
1

�
;

Aq(u1; :::; uq) =

�
Aq�1(u1; :::; uq�1)

Ai
�j u

j
q

�
; q 2 f2; :::; n� 1g:

O.I. Morozov Lie Pseudo-Groups and ZCRs of DEs



Cartan's method

Compatibility conditions:

d(d!i) = 0 = d
�
Ai
�j �

� ^ !j +Bi
jk !

j ^ !k
�

d(dU�) = 0 = d(C�
j !

j)

=)

over-determined system for the coe�cients Ai
�j , B

i
jk, C

�
j ;

d�� =W�
�j �

�^!j+X�
�
 �

� ^�
+Y �
�j �

� ^!j+Z�
jk !

j ^!k.
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Cartan's method

THEOREM (Third fundamental Lie's theorem in Cartan's form): For a
Lie pseudo-group there exists a collection of Maurer�Cartan forms with
involutive and compatible structure equations.

THEOREM (Third inverse fundamental Lie's theorem in Cartan's form):
For a given involutive and compatible system of structure equations there
exists a collection of 1-forms !1, ..., !n and functions U1, ...., Us

satisfying this system. The forms !1, ..., !m are Maurer�Cartan forms of
a Lie pseudo-group, and the functions U1, ...., Us are invariants of this
pseudo-group.

Cartan �E. �uvres Compl�etes. Paris: Gauthier - Villars, 1953

Vasil'eva M.V. Structure of In�nite Lie Groups of Transformations.
Moscow: MSPI, 1972 (in Russian)

Stormark O. Lie's Structural Approach to PDE Systems. Cambridge:
CUP, 2000
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Cartan's method

EXAMPLE: G � a �nite Lie group

Vi � an invariant base in TG

[Vi; Vj ] = ckij Vk, ckij � structure constants of G,

skew- symmetry: ckij = �ckji,

Jacobi's identity: cqmk c
k
ij + cqjk c

k
mi + cqik c

k
jm = 0,

structure equations:

d!i = �1
2 c

i
jk !

j ^ !k,

compatibility = Jacobi's identity
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Cartan's method

EXAMPLE: conformal transformations on R2:

!1 = a dx+ b dy; !2 = �b dx+ a dy =)�
!1
!2

�
=

�
a b
�b a

� �
dx
dy

�
=)�

d!1
d!2

�
=

�
da db
�db da

�
^

�
dx
dy

�

=

�
da db
�db da

� �
a b
�b a

��1
^

�
!1
!2

�
=

�
�1 �2

��2 �1

�
^

�
!1
!2

�
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Contact transformations

Trivial bundle: � : Rn � R! Rn, � : (xi; u) 7! (xi)
the second order jets: J2(�), (xi; u; ui; uij), uij = uji
contact forms : #0 = du� uj dx

j , #i = dui � uij dx
j .

The pseudo-group of contact transformations Cont(J2(�)):
	: J2(�)! J2(�), 	: (xi; u; ui; uij) 7! (x̂i; û; ûi; ûij)

such that

	�(dû� ûj dx̂
j) = a (du� uj dx

j),

	�(dûi� ûij dx̂
j) = P j

i (duj�ujk dx
k)+Qi (du�uj dx

j),

	�dx̂i = bij dx
j +Ri (du� uj dx

j) + Sij (duj � ujk dx
k),

a 6= 0, det (bij) 6= 0, det (P j
i ) 6= 0
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Contact transformations

Maurer�Cartan forms of the pseudo-group Cont(J2(�)):

�0 = a (du� ui dx
i),

�i = aBj
i (duj � ujk dx

k) + gi�0,
�ij = aBk

i B
l
j (dukl � uklm dxm) + sij �0 + wk

ij �k,

�i = bij dx
j + ci�0 + f ij �j ,

where bik B
k
j = �ij , f ik = fki, sij = sji, wk

ij = wk
ji,

uklm = ulkm = ukml.

Structure equations

d�0 = �0
0 ^�0 + �i ^�i,

d�i = �0
i ^�0 +�k

i ^�k + �k ^�ik,
d�ij = �k

i ^�kj � �0
0 ^�ij +�0

ij ^�0 +�k
ij ^�k + �k ^�ijk,

d�i = �0
0 ^ �i � �i

k ^ �k +	i0 ^�0 +	ik ^�k
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Symmetry pseudo-groups of di�erential equations

A PDE of the second order: � : E! J2(�)
Contact symmtries of E � contact transformations that map
E into itself: Cont(E) � Cont(J2(�)),
Maurer-Cartan forms of the pseudo-group Cont(E) can
be found from the restrictions �0 = ���0, �i = ���i,
�ij = ���ij , �

i = �� �i of Maurer-Cartan forms of the

pseudo-group Cont(J2(�)) on E algorithmically by means

of Cartan's method of equivalence
Details:

M. Fels, P.J. Olver. Moving coframes I. A practical algorithm.
// Acta Appl. Math., 1998, Vol. 51, pp. 161�213
O.I. Morozov. Moving coframes and symmetries of di�erential
equations. // J. Phys. A: Math. Gen., 2002, Vol. 35, pp. 2965
� 2977

O.I. Morozov Lie Pseudo-Groups and ZCRs of DEs



Symmetry pseudo-groups of di�erential equations

EXAMPLE: Liouville's equation uxy = eu

Maurer�Cartan forms of the symmetry pseudo-group:

�0 = du� uxdx� uydy,
�1 = q�1 (dux � uxxdx� eudy),
�2 = q e�u (duy � eudx� uyydy),
�11 = q�2

�
duxx � uxdux + (uxuxx + q3r1) dx

�
,

�22 = q2 e�2u
�
duyy � uyduy + (uyuyy + e3uq�3r2)dy

�
,

�1 = q dx,
�2 = q�1eudy,
�1 = q�1 (dq � ux �

1),
�2 = dr1 � 3 r1 �1 + q�2(uxx + u2x) (�1 + �2) + 3 q�1ux �11 + r3 �

1,

�3 = dr2+3r2(�1+ �0)+
q2

e2u
(uyy+u2y)(�2+ �1)+ 3q

euuy�22+ r4 �
2:
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Applications

equivalence problems for DEs;
symmetry analysis of classes of DEs;
di�erential invariants, automorphic systems of DEs, Vessiot
group splittings of DEs;
Darboux integrability;
coverings of DEs.
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Coverings of di�erential equations

Coverings (Lax pairs, B�acklund transformations, prolongation
structures, zero - curvature representations, integrable extensions,
...):

Lax P.D. // Comm. Pure Appl. Math., 1969, 21, 467 � 490
M.J. Ablowitz, D.J. Kaup, A.C. Newell, H. Segur. // Stud.
Appl. Math., 1974, 53, 249 � 315
V.E. Zakharov, A.B. Shabat. // Funct. Analysis Appl. 1974, 6,
No 6, 43 � 54
H.D. Wahlquist, F.B. Estabrook, 1975, // J. Math. Phys.,
1975, 16, 1 � 7
...
I.S. Krasil'shchik, A.M. Vinogradov, // Acta Appl. Math.,
1984, 2, 79�86
I.S. Krasil'shchik, A.M. Vinogradov // Acta Appl. Math.,
1989, 15, 161�209
...
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Coverings of di�erential equations

Trivial bundle
� : Rn � R! Rn, � : (xi; u) 7! (xi), i 2 f1; :::; ng
The bundle of in�nite jets of sections of �: J1(�),
coordinates (xi; u; ui; uij ; :::; uI ; :::), I = (i1; i2; :::; im)
Total derivatives

Dk =
@

@xk
+
X
#I�0

uIk
@

@uI
; [Di; Dj ] = 0

Contact 1-forms

#I = duI �uIj dx
j ; d#I = dxj ^#Ij

Di�erential equation E: F (xi; u; uI) = 0
In�nitely prolonged di�erential equation E1 � J1(�):
Dk1 �Dk2 � � � � �Dkm(F ) = 0
Restricted total derivatives

�Dk = DkjE1 ; [ �Di; �Dj ] = 0
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Coverings of di�erential equations

Covering over E1:

� : eE1 = E1 � V! E
1; V = f(v�) j 0 � � � 1g

Extended total derivativeseDi = �Di +
X
�

P �
i (x

j ; uI ; v
�)

@

@v�
;

[ eDi; eDj ] = 0 () (xi; uI) 2 E
1

Extended contact forms (Wahlquist-Estabrook forms)

e#�0 = dv� � P �
i (x

j ; uI ; v
�) dxi;

e#�I = eDI(e#�0);
de#�I � 0 mod e#�K ; #K ; de#�I 6� 0 mod e#�K
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Coverings of di�erential equations

Example: Liouville's equation

uxy = eu

Covering: the �bre coordinate v, extended total derivatives:eDx = �Dx + (ux + ev) @
@v ,

eDy = �Dy �
1
2 e

u�v @
@v

B�acklund transformation:�
vx = ux + ev;
vy = �1

2 e
u�v

Excluding u: Clairin's equation

vxy + ev vy = 0.

Wahlquist�Estabrook form:e# = dv � (ux + ev) dx+ 1
2 e

u�v dy
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Coverings of di�erential equations

The problem of recognizing whether a given di�erential equation
has a covering is of great importance. Di�erent techniques were
proposed to solve it.
n = 2.

H.D. Wahlquist, F.B. Estabrook, 1975
R. Dodd, A. Fordy, 1983
C. Hoenselaers, 1986
S.Yu. Sakovich, 1995
M. Marvan, 1997
S. Igonin, 2006
...

Of the special interest are equations with coverings that have a
nonremovable (spectral) parameter.
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Coverings of di�erential equations

The problem is much more di�cult in the case of n > 2:

G.M. Kuz'mina, 1967
H.C. Morris, 1976
V.E. Zakharov, 1982
G.S. Tondo, 1985
M. Marvan, 1992
B.K. Harrison, 2002
...
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Coverings of di�erential equations

G.M. Kuz'mina. On a possibility to reduce a system of two partial
differential equations of the �rst order to a single equation of the
second order. // Proc. Moscow State Pedagogical Institute, 1967,
Vol. 271, 67�76 (in Russian)

uyy = utx + uuxx + u2x (dispersionless KP)

Covering�
vt = (v2 � u) vx � uy � v ux;
vy = v vx � ux

Excluding u: de�ne w such that wx = v and wy =
1
2 v

2 � u, then

wyy = wtx +
�
1
2 w

2
x � wy

�
wxx (modi�ed dKP)

The central idea: to apply Cartan's structure theory of Lie
pseudo-groups
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Coverings of di�erential equations

Liouville equation uxy = eu,

the emphasized Maurer-Cartan forms:

�1 =
dq

q
� ux dx; �1 = q dx; �2 =

eu

q
dy;

denote q = ev, take the linear combination:e# = �1 � �1 +
1

2
�2 = dv � (ux + ev) dx+

1

2
eu�v dy

This is the Wahlquist�Estabrook form of the

aforementioned covering
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Coverings of di�erential equations

EXAMPLE: Pleba�nski's second heavenly equation

uxz = uty + uxx uyy � u2xy

Covering: J.F. Pleba�nski, 1975�
qt = (uxy � �) qx � uxx qy;
qz = uyy qx � (uxy + �) qy

Maurer�Cartan forms of the symmetry pseudo-group

�1 = b11 dt+ b14 dz,
�2 = v�1 (b11 dx+ b14 dy � (b11 (w � 1)uxy + b14 uxx + b41 v) dt

�(b14 (w + 1)uxy � b11 uyy + b44 v) dz),
�3 = v�1 (b41 dx+ b44 dy + (b11 v � b41 (w � 1)uxy � b44 uxx) dt

+(b14 v � b44 (w + 1)uxy + b41 uyy) dz),
�4 = b41 dt+ b44 dz;
�1 = (b44 db11 � b41 db14) (b11b44 � b14b41)

�1 + r1 �
1 + r2 �

4;
�4 = (b11 db44 � b14 db41) (b11b44 � b14b41)

�1 � r1 �
1 � r2 �

4;
�5 = �3 v�1 dv + �1 + �4;
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Coverings of di�erential equations

Substituting for

v = q, b11 = qx, b14 = qy, w = �u�1xy

into the linear combination

1
3 (�1 + �4 � �5)� �2 � �4;

yields the Wahlquist�Estabrook form of the coveringe#0 = q�1 (dq � ((uxy � �) qx � uxx qy) dt� qx dx� qy dy
�(uyy qx � (uxy + �) qy) dz)
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Contact integrable extensions of symmetry pseudo-groups

Bryant R.L., Gri�ths P.A. Characteristic Cohomology of
Di�erential Systems (II): Conservation Laws for a Class of Parabolic
Equations // Duke Math. J., 78, 531�676 (1995):

n = 2, �nite-dimensional coverings
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Contact integrable extensions of symmetry pseudo-groups

De�nition 1. Let

d!i = Ai
�j(U

�)��^!j+Bi
jk(U

�)!j^!k; (1)

dU� = C�
j (U

�)!j (2)

be structure equations of a Lie pseudo-group G. Then the system

d� q = Dq
�r(U

�; V �) ��^� r+Eq
rs(U

�; V �) � r^� s+F q
r�(U

�; V �) � r^��

+Gq
rj(U

�; V �) � r^!j+Hq
�j(U

�; V �)��^!j+Iqjk(U
�; V �)!j^!k; (3)

dV � = J �
j (U

�; V �)!j+K�
q(U

�; V �) � q; (4)

with unknown 1-forms � q, q 2 f1; :::; Qg, ��, � 2 f1; :::; Rg, and
unknown functions V �, � 2 f1; :::; Sg, Q;R; S 2 N, is called an
integrable extension of system (1), (2), if equations (1) � (4) are
simultaneously compatible and involutive.
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Contact integrable extensions of symmetry pseudo-groups

Suppose system (3), (4) is an integrable extension of system (1),
(2). Then, in accordance with the third inverse fundamental
theorem of Lie, system (1)�(4) de�nes a Lie pseudo-group H.

De�nition 2. The integrable extension (3), (4) is called trivial , if
there exists a change of variables on the manifold of action of the
pseudo-group H such that in the new variables equations (3), (4)
do not contain the forms !j , �� , and the coe�cients of (3), (4) do
not depend on U q. Otherwise, the integrable extension is called
non-trivial .

Let ��K , �
j be Maurer�Cartan forms of the pseudo-group Cont(E)

of symmetries for a PDE E such that ��K are contact forms (their
restrictions on each solution of the equation E are equal to 0), and
�j are horizontal forms (�1 ^ ::: ^ �n 6= 0 on each solution).
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Contact integrable extensions of symmetry pseudo-groups

De�nition 3. Nontrivial integrable extension of the structure
equations of the pseudo-group Cont(E)

d!q = �q
r^!

r+�j^
q
j (5)

is called contact integrable extension when


q
j � 0 (mod ��K ; !

q
j ) for a set of additional forms !q

j ;

q
j 6� 0 (mod !q

j )
coe�cients of expansions of 
q

j w.r.t. f�
�
I ; !

r
i g and �q

r w.r.t.

f��I ; �
j ; !r; !r

i g depend on the invariants of Cont(E) and,
maybe, on a set of additional functions W �, � 2 f1; : : : ;�g,
� > 1. In the latter case case there exist functions P I�

� , Q�
q ,

Rj�
q , S�

j such that

dW � = P I�
� ��I +Q

�
q !

q+Rj�
q !q

j+S
�
j �

j :

These equations satisfy the compatibility conditions.
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r-dDym equation

r-dispersionless (2+1)-dimensional Dym equation
(M. B laszak, 2002):

uty = ux uxy + �uy uxx; � 6= 0

special cases:

� = 1: dispersionless Novikov-Veselov equation
B.G. Konopelchenko, A. Moro, 2004
� = 1

2 :
E.V. Ferapontov, K.R. Khusnutdinova, S.P. Tsarev, 2004
� = 2:
E.V. Ferapontov, A. Moro, V.V. Sokolov, 2007
� 6= �2:
M.V. Pavlov, 2006
� = �1:
V.Yu. Ovsienko, 2008, Hamiltonian system on an extension of
the Virasoro group
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r-dDym equation

Structure equations for the symmetry pseudo-group

d�0 = �1^�0+�1^�1+�2^�2+�3^�3;

d�1 = 2 �1^�1�
�
�22 +

1
2 U (2�� 1)��1 �3

�
^�0�(2 �23 � (U + 2) �3

+1
2 (3U � 2) �2 � 2V �3

�
^�1+�1^�11+�2^�12+�3^�22;

d�2 = �1^�2+�2^�0�
�
�23 �

1
2 (U + 2) �3 + �1 � �2 � V �3

�
^�2

+�1^�12+�2^�22+�3^�23;

d�3 = �1^(�
�1 �2+�22)+�2^

�
�23 �

1
2 (U + 2) �3

�
+�3^�33;

d�1 = �1^
�
�1 + (U + 2) �3 � 2 �23 �

1
2 (3U � 4) �2 + 2V �3

�
;

d�2 = ��1 �1^
�
1
2 U �0 � �2 + � �2 � �3

�
+�2^

�
1
2 (U + 2) �3 � �23 + V �3

�
;

d�3 =
�
�1 + �3 +

1
2 (U + 2) �2

�
^�3;

: : :
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r-dDym equation

Invariants and their di�erentials:

U =
uy uxxy
u2xy

; V =
uy uxxx
u4xy

(uxy uyy�uy uxyy);

dU = 2 �2�
1
2 �

�1 U V �0+
1
2 U (U+2) �3�(U+2) �1

�1
2 �

�1 U (�U�2�+2) �2+U V �3�U �23;

dV = �6�V �1+
1
2 V (U�2) �3+�

�1 (2�V�2U+1) �1

�1
2 V (U+4) �2+

1
2 (U+2) �33:
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r-dDym equation

Contact integrable extensions of the structure equations for the
symmetry pseudo-groups of r-dDym equation of the simpliest form

d!0 =
3P

j=1

�
3P

k=0

Fjk �k +Gj !1

�
^ �j+ 

3P
i=0

Ai �i +
3P

i;j=1
Bij �ij +

7P
s=1

Cs �s +
3P

j=1
Dj �

j + E !1

!
^ !0

Type 1: the coe�cients depend on U , V ;

Type 2: the coe�cients depend also on one additional
invariant W ,

dW =
3P

i=0
Hi �i+

3P
i;j=1

Iij �ij+
7P

s=1
Js �s+

3P
j=1

Kj �
j+

1P
q=0

Lq !q:
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r-dDym equation

There are no CIEs of the �rst type. Every CIE of the second type is
contact-equivalent to the following:

d!0 =
�
�23 �

1
2 (U + 2) �3 � ��1W�1(� (U + V W � 1)� 1) �3 + !1

+ (1�W (U � 1)) �1
�
^!0+

1
2 �

�1 (U�0�2 �2+2�W !1)^�
1

+!1^�
2+W�1 (!1+�

�1 �3)^�
3;

dW = �(�+1)W !1+
�
�W (1� U)� 1

2 U W + Z
�
!0+W (�1��23)

+1
2 W (U+2) �3+Z �2+

�
V W + 1

2 U +W�1 Z � 2)� ��1
�
�3

+W
�
Z �W � 1 + 1

2 U W
�
�1:

REMARK: � = �1, Z = �1
2 W (U � 2) =) nonremovable

parameter
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r-dDym equation

Third inverse fundamental theorem =)

� 62 f�2;�1; 0g:

!0 =
uxy
uy vx

�
dv �

�
ux vx +

�

�+ 2
v�+2x

�
dt� vx dx+

1

�
uy v

��
x dy

�
;

W = u2xy u
�2
y u�1xxx v

�+1
x :

� = �2:

!0 =
uxy
uy vx

�
dv � (ux vx � 2 ln j vx j) dt� vx dx�

1
2 uy v

2
x dy

�
;

W = u2xy u
�2
y u�1xxx v

�1
x :
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r-dDym equation

� = �1, Z 6= �1
2 W (U � 2):

!0 =
uxy
uy vx

�
dv � (ux � v) vx dt� vx dx� uy v

�1 vx dy
�
;

W = u2xy u
�2
y u�1xxx v:

� = �1, Z = �1
2 W (U � 2):

!0 =
uxy
uy vx

�
dv � (ux � �) vx dt� vx dx� ��1 uy vx dy

�
;

W = �u2xy u
�2
y u�1xxx:

O.I. Morozov Lie Pseudo-Groups and ZCRs of DEs



r-dDym equation

� 62 f�2;�1; 0g:�
vt = ux vx +

1
�+2 v

�+2
x ;

vy = �uy v
��
x :

M.V. Pavlov, 2006

vty =
1

�+2 ((�+ 1) vt � v�+2x ) v�1x vxy � � vy v
�
x vxx

� = �2:�
vt = ux vx + ln jvxj;
vy = �uyv

2
x:

vty = (vt � ln jvxj) v
�1
x vxy + 2 vy v

�2
x vxx

O.I. Morozov Lie Pseudo-Groups and ZCRs of DEs



r-dDym equation

� = �1:�
vt = (ux � v) vx;
vy = uy v

�1 vx:

vty = (vt v
�1
x + v) vxy � v vy v

�1
x vxx

� = �1:�
vt = (ux + �) vx;
vy = ���1 uyvx;

vty = (vt v
�1
x � �) vxy + � vy v

�1
x vxx

� 6= 0 � nonremovable parameter
unliftable symmetry of the r-dDym equation with � = �1:
x @

@x + 2u @
@u .
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r-dDym equation

� 62 f�1; 0g:

E2

E1

?

6

� = �1:

E2 E3

E1

-�

@
@R
I �

�	
�
�
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r-mdKP equation

rth modi�ed dispersionless KP equation (M. B laszak, 2002):

uyy = utx +
�
1
2 (�+ 1)u2x + uy

�
uxx + �ux uxy

Special cases:

� = 0: mdKP,
G.M. Kuz'mina, 1967; I.M. Krichever, 1988;
B.À. Kupershmidt, 1990.
� = 1: dBKP,
N. Dasgupta, R. Chowdhury, 1992; K. Takasaki, 1993;
B.G. Konopelchenko, L. Martinez Alonso, 2003.
� = �1:
M.V. Pavlov, 2003; M. Dunajski, 2004; E.V. Ferapontov, K.R.
Khusnutdinova, 2004; V.Yu. Ovsienko, C. Roger, 2006
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r-mdKP equation

Contact integrable extensions:
� 62 f�3;�1g:
First type:

d!0 =
�
!1 +

1

2
(�1 + �22) +

1

16
(8V + �2 + 13�+ 12) (�+ 1)�1 �3

+ 1

2
((�+ 1)2 U � V 2

� 2 (�2 + 3�+ 2)V ) (�+ 1)�2 �1
�
^!0

+
�
�3 � V (�+ 1)�1 �2 �

1

8
(�� 4) �0 + (�+ 1)�2 V 2 !1

�
^�1

+!1^�
2+(�2�V (�+1)�1 !1)^�

3:

Second type

d!0 =
�
!1 +

1

2
(�22 + �1 + (U �W 2 + 2 (W � V )) �1)� 1

16
(8W � �+ 12) �3

�
^!0

+
�
W 2 !1 +W �2 �

1

8
(�� 4) �0 + �3

�
^�1+!1^�

2+(W !1+�2)^�
3;

dW = 1

2
(2 (Z1+1)� � (W � 1)� V )!0� (V + (�+1)W )!1+ �2� �2

+ 1

2
W (�1��22)+

1

2
W (2W Z1�U+4V +W (W��)) �1+Z1 �

2

+ 1

16
(W (16Z1+8W�7��4)+16V ) �3:
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r-mdKP equation

� = �3: additional CIE

d!0 =
�
1

2
(�22 + �1) +

1

8
(4U � V (V + 8W � 11)) �1 + !1

�
1

16
(4V + 16W + 5) �3

�
^!0+

�
�3 �W �0 +

1

2
V �2 +

1

4
V 2 !1

�
^�1

+!1^�
2+

�
�2 +

1

2
V !1

�
^�3

dW =
�
Z + 3

2
W + 21

16

�
!0+

�
W + 7

8

�
(!1��22)+Z �2

�

�
U

�
W + 7

8

�
+ V

�
W 2

�
203

64

�
�

1

32
V 2 (8Z + 7)

�
�1

+ 1

64
(32V (Z +W )� 16W (4W + 3) + 7 (4V + 1)) �3:
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r-mdKP equation

� = �1: the only CIE of the second type

d!0 =
�
1

2
(�22 + �1 + (U �W 2 + 2W ) �1)� 1

16
(8W � 11) �3 + !1

�
^!0

+
�
�3 +

5

8
�0 +W �2 +W 2 !1

�
^ �1+!1^ �

2+(�2+W !1)^ �
3);

dW = 1

2
(2Z+W+1)!0��2�

1

2
W (�22+�1)+�2+

1

16
W (16Z+8W+3) �3

+Z �2 + 1

2
(W 2 (2Z + 1) +W (W 2

� U)) �1

REMARK: 2Z +W + 1 = 0 =) nonremovable parameter
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r-mdKP equation

� 62 f�2;�3
2 ;�1g:8<: vt =

�
1

2�+3 v
2 (�+1)
x � ux v

�+1
x +

�
1
2 (�+ 1)u2x � uy

��
vx;

vy =
�

1
�+2 v

�+1
x � ux

�
vx:

� = 0: J.-H. Chang, M.-H. Tu, 2000;
� = 1: B.G. Konopelchenko, L. Martinez Alonso, 2003.
M.V. Pavlov, 2006

vyy = vtx � � (vy v
�1
x + v�x) vxy

+((�+ 1) v2y v
�2
x � vt v

�1
x + � v�x vy +

(�+1)2

2�+3 v
2(�+1)
x ) vxx

� 2 R:�
vt =

�
1
2 (�+ 1)u2x � uy

�
vx;

vy = �ux vx:

vyy = vtx + ((�+ 1) v2y v
�2
x � vt v

�1
x ) vxx � � vy v

�1
x vxy;
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r-mdKP equation

� = �2:�
vt = �v�1x � ux �

�
1
2 u

2
x + uy

�
vx;

vy = ln jvxj � ux vx

vyy = vtx + 2 (ln jvxj+ vy) v
�1
x vxy

�(vtvx + ln jvxj (ln jvxj � 2 vy + 1) + v2y � vy + 1) v�2x vxx

� = �3
2 :�

vt = �
�
1
4 u

2
x + uy

�
vx � ux

p
jvxj+ ln jvxj;

vy = �ux vx + 2
p
jvxj

vyy = vtx +
3
2 (vy � 2 jvxj

1=2) v�1x vxy
+(vx (ln jvxj � vt �

1
2 v

2
y) + 3 vy jvxj

1=2 � 4) v�2x vxx

O.I. Morozov Lie Pseudo-Groups and ZCRs of DEs



r-mdKP equation

� = �3:�
vt = �u� (u2x + uy) vx;
vy = �vx ux � x

u = (vy + vx vtx + 3 (vy + x) vxy + x� vx vyy)v
�1
xx � vt

�2 (vy + x)2 v�1x
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r-mdKP equation

� = �1:�
vt = �

�
uy � �ux � �2

�
vx;

vy = �(ux � �) vx;

� 2 R � nonremovable parameter
M. Dunajski, 2004

vyy = vtx � (vt + � vy) v
�1
x vxx + (vy + � vx) v

�1
x vxy

� = �1:�
vt = �

�
uy � v ux � v2

�
vx;

vy = �(ux � v) vx;

vyy = vtx � (vt + v vy) v
�1
x vxx + (vy + v vx) v

�1
x vxy
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r-mdKP equation

� = 0:

E2 E3

E1

E0

-�

@
@
@R

I �
�
�	

�

?

� 62 f�3; 0g :

E2 E3

E1

-�

@
@R
I �

�	
�

� = �3: E2 E3

E1 E4

-�
Q
QQs
k �

��+
3

�
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r-mdKP equation

? ?

? E2 E3 ?

E1

p

p

p

p

p

p

p?

p

p

p

p

p

p

p?
p p p p p p p- -�

@
@
@R

I �
�
�	

�

ppppppp�

E1: uyy = utx +
�
1
2 (�+ 1)u2x + uy

�
uxx + �ux uxy

E2: wyy = wtx+((�+1)w2
y w

�2
x �wtw

�1
x )wxx��wy w

�1
x wxy;

E3: vyy = vtx � � (vy v
�1
x + v�x) vxy

+((�+1) v2y v
�2
x �vt v

�1
x +� v�x vy+

(�+1)2

2�+3 v
2(�+1)
x ) vxx

O.I. Morozov Lie Pseudo-Groups and ZCRs of DEs



r-mdKP equation

E3: double-modi�ed dKP equation, M.V. Pavlov, 2006, 2010
� 62 f�2;�3=2;�1g

uyy = utx��

�
uy
ux

+ u�x

�
uxy

+

 
(�+ 1)

u2y
u2x
�

ut
ux

+ �u�x uy +
(�+ 1)2

2�+ 3
u2(�+1)x

!
uxx

Three contact integrable extensions:

1) E2 ! E3
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r-mdKP equation

2)

vt =
(�+ 2)2

2�+ 3
v2�+3x �(�+2)

�
uy
ux

+ u�+1x

�
v�+2x

+

�
ut
ux

+ (�+ 2)u�xuy +
(�+ 1)(�+ 2)

2�+ 3
u2�+2x

�
vx

vy = �v�+2x +

�
uy
ux

+ u�+1x

�
vx

Exclude u =) the same equation for v.
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r-mdKP equation

3)

wt =

�
ut
ux
� (�+ 1)(�+ 2)u�x

�
uy �

u�+2x

2�+ 3

��
wx

wy =

�
uy
ux
� (�+ 1)u�+1x

�
wx

� 62 f�2;�3=2;�1; 0g:

Exclude u =) an equation of the third order for w

� = 0 =) E2 ! E3

Details: arXiv: 1010.1828
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r-mdKP equation

� = 0:

E2 E3 E3

E1

E0

-�

@
@
@@R

I �
�
��	

�

-�

?
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r-mdKP equation

� 62 f�3;�2;�3=2;�1; 0g:

E5

E2 E3 E3

E1

?
-�

@
@
@@R

I �
�
��	

�

-�
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r-mdKP equation

� = �3:

E5

E2 E3 E3

E1 E4

?
-�

@
@
@@R

I �
�
��	

�

-�

�
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