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Lie pseudo-groups

A pseudo-group & on a manifold M is a set of local
diffeomorphisms ®: U — U, ®: 2 — & such that
1) if ® € &, ¥ € &, and their composition ¥ o & is defined, then
Vod e &;
2) e = !ca;
3) idy € 8.
A pseudo-group & is called a Lie pseudo-group, if
4) the functions & = ®(x) are local analytic solutions of a system
of PDEs (Lie equations of the pseudo-group &)

x Ho(
R (x,q)(x), 8((};; ),..., 9 a;I)I( )> =0.
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Lie pseudo-groups

EXAMPLE: Lie groups = finite Lie pseudo-groups

EXAMPLE: conformal transformations in R2:
: (z,y) = (2,9),
(di)? + (d)* = Mz, y) ((dz)? + (dy)?),  Maz,y) #0

Lie equations = Cauchy — Riemann equations

98 9y 0z 9y

oz Oy’ dy  Ox
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Lie's infinitesimal method

o Infinitesiaml| generators of the Lie pseudo-group &:
T=®(x) =z +ep(x)+ ..
o Infinitesimal defining system (linearized Lie equations):

op(z)  0lp(z)\ 0
o 7 oxl ) T

PcS<—L (x,go(w),

@ Integration
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Cartan’'s method

Maurer—Cartan forms of the Lie pseudo-group &: a collection of
1-forms

w'e QY(M x N x H), i€{l,..,dimM +dim N},
where N is a manifold, H is a finite Lie group.

A local diffeomorphism ® on M, ®: U — U belongs to & whenever
there exists a fibre-preserving diffeomorphism ¥ on M x N x H,
U: W — W such that

o @ is the projection of ¥ w.rt. M x N x H — M,

o U* (w'ly,) = w'w.
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Cartan’'s method

EXAMPLE: finite-dimensional Lie group G,

e V1, ..., V,, — an invariant base of TG,
e w', ..., w" — the dual base, wZ(Vj) = 5;'.;

o then w' € QY(@G) are invariant forms on G
= Maurer—Cartan forms of G.

o A local diffeomorphism @ on G preserves w' iff ®(h) =g - h
for some g € G.
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Cartan’'s method

EXAMPLE: Maurer—Cartan forms of the pseudo-groups of
conformal transformations

Wi, OJQEQl(RQXH), M:RQ,

i-{(3 1) 1)

w1 = adz+ bdy, wo = —bdx +ady
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Cartan’'s method

Structure equations of a Lie pseudo-group &:

dw' = Agj(U”) %A w4 B;k(U”) wl A Wk, BY, = -Bj

J J

dU" = CHU7) w/,
U’ M —R,oe{l,..,s}, s <dimM, — invariants of the
pseudo-group &,

P* (Uﬁ‘ﬁ) — Uﬁ’u’

o m® — depend on differentials of coordinates on H;
@ involutivity conditions are satisfied,
@ compatibility conditions are satisfied.

Maurer—Cartan forms and structure equations of a Lie
pseudo-group can be found from its Lie equations algorithmically.
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Cartan’'s method

Involutivity conditions:

n—1
r) = dim H — Z(n — k) ok,
k=1

where n = dim M + dim N, r(1) is the dimension of the linear
space of coefficients 2§ such that the replacement
T = T+ z]a w’ preserves the structure equations;

k—1
o = max rank Ag(ui,...,ux) — Y, oy,
U yeeny Uk j=1
Ar(uy) = <Aiaj u{) )

Ag_1(U1, .y Ug—
Aq(ul,...,uq):( 1 I(Ai -ug a-1) ),qe{Z,...,n—l}.
aj
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Cartan’'s method

Compatibility conditions:
o d(dw')=0=4d (Aaj T Awl + B;-k wl A wk)
o d(dU*) =0=d(C¥ w?)
.
@ over-determined system for the coefficients Agj, B;k CF;

o dr® =W x*wl + X§ 78 Ar? + Vg P N + Z8 wI Ak
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Cartan’'s method

THEOREM ( Third fundamental Lie's theorem in Cartan's form): For a
Lie pseudo-group there exists a collection of Maurer—Cartan forms with
involutive and compatible structure equations.

THEOREM ( Third inverse fundamental Lie's theorem in Cartan's form):
For a given involutive and compatible system of structure equations there
exists a collection of 1-forms w!, ..., w” and functions U?!, ...., U®
satisfying this system. The forms w', ..., w™ are Maurer—Cartan forms of
a Lie pseudo-group, and the functions U, ..., U? are invariants of this
pseudo-group.

@ Cartan E. Euvres Completes. Paris: Gauthier - Villars, 1953

@ Vasil’eva M.V. Structure of Infinite Lie Groups of Transformations.
Moscow: MSPI, 1972 (in Russian)

@ Stormark O. Lie's Structural Approach to PDE Systems. Cambridge:
CUP, 2000
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Cartan’'s method

EXAMPLE: G - a finite Lie group

e V; — an invariant base in TG

o [V;,Vj]=ck Vi, cfj — structure constants of G,
@ skew- symmetry: cfj = —cg?i,

T - -
o Jacobi's identity: ¢! ¢ Z] + ! ik kel e im =0,
@ structure equations:

i _ LG Ak

dw® = —§cjkw3 A w”,

@ compatibility = Jacobi's identity
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Cartan’'s method

EXAMPLE: conformal transformations on R?:

w1 = adzr + bdy, wy = —bdx +ady —

g»(zs)(iz)

() =( % )~ (%)
(e (s ()
() ()
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Contact transformations

o Trivial bundle: 7: R” x R — R”, 7: (z%, u) — (%)

o the second order jets: J2(), (2%, u, us, uij), Uij = uj;

e contact forms : ¥y = du — u; dz?, 9; = du; — Ujj dzl .

@ The pseudo-group of contact transformations Cont(J2(7)):
U J2(m) = J2 (7)), Ui (3, u, w4, ui5) > (34, G4, G45)

such that

U*(di — 4 d37) = a (du — uj dz?),
y* (d’fl,z — ﬂij dij) = Pz] (de — Ujk d[L‘k) + QZ (du — Uy d([)j),
U*dit = b; dr? + R (du — u; dz?) + SU (duj — ujj, dz*),

a # 0, det (b) # 0, det (P/) #0

O.1. Morozov Lie Pseudo-Groups and ZCRs of DEs



Contact transformations

Maurer—Cartan forms of the pseudo-group Cont(.J?(r)):
O = a (du — u; dz*),
0; = a BJ (duj — ujkdac ) + gi O,
@ ] = aBk Bl (dukl — Uk, dz™) + 55 ©g + wfj O,
= bZ dz? +c O + £ 0,
Where bZ B;“ = (5;, fik = fki s = $jis wh = wk

ij jir
Ukim = Ulkm = Ukmi-

Structure equations

d@ozq)g/\@o—l-Ei/\@i,

dO; = ®Y A Oy + ©F A Of + X A Oy,

d@lj—@ /\@kJ—CI)O/\@”—G—T A O+ TE A O +EF A O,
= @) <I>Z/\:’“+\If’°/\® +\Iﬂ’f/\@k
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Symmetry pseudo-groups of differential equations

A PDE of the second order: ¢: & — J?(7)

Contact symmtries of & — contact transformations that map
€ into itself: Cont(&) C Cont(J%(7)),

e Maurer-Cartan forms of the pseudo-group Cont(&) can
be found from the restrictions 6y = 1* O, 6, = * ©,,

0;; = 1* ©;j, & = 1* Z' of Maurer-Cartan forms of the
pseudo-group Cont(J?(7)) on & algorithmically by means

of Cartan’s method of equivalence
Details:
o M. Fels, P.J. Olver. Moving coframes I. A practical algorithm.
// Acta Appl. Math., 1998, Vol. 51, pp. 161-213
e O.1. Morozov. Moving coframes and symmetries of differential
equations. // J. Phys. A: Math. Gen., 2002, Vol. 35, pp. 2965
- 2977
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Symmetry pseudo-groups of differential equations

EXAMPLE: Liouville’s equation ug, = e*
Maurer—Cartan forms of the symmetry pseudo-group:

o = du — uzdr — uydy,

0 = qil (dum — Ugpdr — e“dy),

0y = qge " (duy — e“dx — uyydy),

011 =q 2 (dum — ugduy + (Ugtipy + ¢3r1) dm),

O = ¢ e~ 2 (duyy — uyduy + (Uytyy + 63“q_3r2)dy),

¢h = qdz,

¢ =q letdy,

m=q " (dg—uz &),

ne =dry —3rim + CI*Q(Ux_x +u3) (01 + &%) +3q tug 011 + 3¢,
n3 = dry +3ra(n1 +6p) + gu(uyy +u2) (02 + &) + 2uyl + 14 £2.
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Applications

@ equivalence problems for DEs;

@ symmetry analysis of classes of DEs;

o differential invariants, automorphic systems of DEs, Vessiot
group splittings of DEs;

@ Darboux integrability;

@ coverings of DEs.
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Coverings of differential equations

Coverings (Lax pairs, Bicklund transformations, prolongation
structures, zero - curvature representations, integrable extensions,
e Lax P.D. // Comm. Pure Appl. Math., 1969, 21, 467 — 490
e M.J. Ablowitz, D.J. Kaup, A.C. Newell, H. Segur. // Stud.
Appl. Math., 1974, 53, 249 - 315
e V.E. Zakharov, A.B. Shabat. // Funct. Analysis Appl. 1974, 6,

No 6, 43 — 54

e H.D. Wahlquist, F.B. Estabrook, 1975, // J. Math. Phys.,
1975, 16,1 -7

° ...

e |.S. Krasil'shchik, A.M. Vinogradov, // Acta Appl. Math.,
1984, 2, 79-86

o |.S. Krasil'shchik, A.M. Vinogradov // Acta Appl. Math.,
1989, 15, 161-209
° ...
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Coverings of differential equations

@ Trivial bundle

TR xR =R, 7 (28,u) = (2%), i€{l,...,n}
@ The bundle of infinite jets of sections of m: J*(7),

coordinates (@, u, ti, Uijy ooy Uy o)y T = (61,52, evy i)
o Total derivatives

Dk:i—FZumi [D;, D] =0

8$k a’UJ[7 v
#1>0

o Contact 1-forms

ﬁ[ZdU[—Ude:L‘j, dﬁ[:daij/\ﬁ[j

o Differential equation & F (2%, u,us) =0

o Infinitely prolonged differential equation £ C J*°(r):
Dkl ODkQO"'Oka(F) =0

@ Restricted total derivatives

Dy = Dglew, [D;, Dj] =0
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Coverings of differential equations

o Covering over £%:

TIEX =X XV £, V={(®")]0<x < o0}
o Extended total derivatives

I o o

D; =D, —l—;sz (IL‘],U,[,UP) Jor

[ﬁi,ﬁj] =0 <= (,Z'i,uI) € E®
o Extended contact forms (Wahlquist-Estabrook forms)

153 = dov® — Pf(xj,u[,vp) dzt,
9 = Dr(d5).

dd5 =0 mod 95,9y, dd5 #0 mod 9
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Coverings of differential equations

Example: Liouville's equation
Ugy = ¥

o Covering: the fibre coordinate v, extended total derivatives:

Dy=Dy+(up+e) &, Dy=D,—Levv

o Backlund transformation:

{U:,;:um—l—e”,
—_ 1 u—v
vy =—5¢€

@ Excluding u: Clairin’s equation
Vgy + €% vy = 0.
o Wahlquist—Estabrook form:
9 = dv — (up + €*) dz + T Udy
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Coverings of differential equations

The problem of recognizing whether a given differential equation
has a covering is of great importance. Different techniques were
proposed to solve it.

n =2.

e H.D. Wahlquist, F.B. Estabrook, 1975
o R. Dodd, A. Fordy, 1983

o C. Hoenselaers, 1986

@ S.Yu. Sakovich, 1995

e M. Marvan, 1997

@ S. Igonin, 2006

Of the special interest are equations with coverings that have a
nonremovable (spectral) parameter.
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Coverings of differential equations

The problem is much more difficult in the case of n > 2:

o G.M. Kuz'mina, 1967
H.C. Morris, 1976
V.E. Zakharov, 1982
G.S. Tondo, 1985

M. Marvan, 1992
B.K. Harrison, 2002
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Coverings of differential equations

G.M. Kuz'mina. On a possibility to reduce a system of two partial
differential equations of the first order to a single equation of the
second order. // Proc. Moscow State Pedagogical Institute, 1967,
Vol. 271, 67-76 (in Russian)

Uyy = Uz + U Uy + u? (dispersionless KP)
Covering
v = (V2 — u) vy — Uy — v Uy,
{ Uy =V Uy — Up

Excluding u: define w such that w, = v and w, = %v2 — u, then

Wyy = Wiy + (% w2 — wy) wge  (modified dKP)

The central idea: to apply Cartan’s structure theory of Lie
pseudo-groups
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Coverings of differential equations

Liouville equation ug, = e*,

o the emphasized Maurer-Cartan forms:
dq e
nl_i_uwdl‘a glzqu7 52:7dy7
q q
@ denote ¢ = €?, take the linear combination:
1
J=m—¢& 4= §2 dv—(ux+e”)dx+§e“*”dy

o This is the WahIqmst—Estabrook form of the
aforementioned covering
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Coverings of differential equations

EXAMPLE: Plebafiski’s second heavenly equation
Ugy = Uty + Ugy Uyy — uiy
Covering: J.F. Plebafiski, 1975

{ qt = (umy - /\) qr — Uzx Gy,
Tz = Uyy o — (Uay + A) gy
Maurer—Cartan forms of the symmetry pseudo-group

fl = b11 dt + b14 dZ,

52 S (611 dr + bigady — (b11 (w — 1) Ugy + bi4 gy + b4y ’U) dt
—(bra (w + 1) ugy — b11 uyy + basv) dz),

53 S (b41 dx + by dy + (1)11 v — by (w — 1) Ugy — b4y um) dt
+(brav — baa (w+ 1) Ugy + b1 uyy) dz),

54 = by dt + byq dz,

m = (basdbi1 — ba1 dbra) (b11bas — biabar) L 411 &L + 1o &,

na = (b11 dbas — bra dba1) (b11bag — biabar) ™' —r1 & —ra &,

n5 = =30 Ldv+n1 + 1,
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Coverings of differential equations

Substituting for
v =g, bi1 = ¢z, bia = gy, w = Ay
into the linear combination
5 (m+ma—ns) — &2 =&,
yields the Wahlquist—Estabrook form of the covering

50 = qil (dq - ((U:ty - /\) qr — Uzy Qy) dt — q,dx — Qy dy
_(uyy qx — (umy + ) Qy) dz)
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Contact integrable extensions of symmetry pseudo-groups

Bryant R.L., Griffiths P.A. Characteristic Cohomology of
Differential Systems (I1): Conservation Laws for a Class of Parabolic
Equations // Duke Math. J., 78, 531-676 (1995):

n = 2, finite-dimensional coverings

O.1. Morozov Lie Pseudo-Groups and ZCRs of DEs



Contact integrable extensions of symmetry pseudo-groups

Definition 1. Let

dw' = AL;(U”) 7 Aw? + B} (U7) ! Aw”, (1)
dU* = CH(U”) o’ (2)
be structure equations of a Lie pseudo-group &. Then the system

dr9 = D8 (U, V)P AT+ EL (U, V) T A+ FL (U7, V) 77 ArP
+GL (U7, V) 7" A+ HE (U, V) 7 N + I8, (U7, V) I AP, (3)
dvVe = J5(U°, V)W +K (U7, V) 77, (4)

with unknown 1-forms 7%, ¢ € {1,...,Q}, n*, p € {1, ..., R}, and
unknown functions V¢, e € {1,...,5}, Q,R,S € N, is called an
integrable extension of system (1), (2), if equations (1) — (4) are
simultaneously compatible and involutive.
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Contact integrable extensions of symmetry pseudo-groups

Suppose system (3), (4) is an integrable extension of system (1),
(2). Then, in accordance with the third inverse fundamental
theorem of Lie, system (1)—(4) defines a Lie pseudo-group $).

Definition 2. The integrable extension (3), (4) is called trivial , if
there exists a change of variables on the manifold of action of the
pseudo-group $ such that in the new variables equations (3), (4)
do not contain the forms w’, 7#, and the coefficients of (3), (4) do
not depend on UY. Otherwise, the integrable extension is called
non-trivial .

Let 6%, & be Maurer—Cartan forms of the pseudo-group Cont (&)

of symmetries for a PDE € such that 6% are contact forms (their

restrictions on each solution of the equation € are equal to 0), and
&7 are horizontal forms (¢! A ... A €™ # 0 on each solution).

O.1. Morozov Lie Pseudo-Groups and ZCRs of DEs



Contact integrable extensions of symmetry pseudo-groups

Definition 3. Nontrivial integrable extension of the structure
equations of the pseudo-group Cont(€&)
dw? = H;{/\w’"+fj/\Qg (5)
is called contact integrable extension when
o Q7 =0 (mod 0%,w}) for a set of additional forms w;
o Q] #0 (mod w))
o coefficients of expansions of Qf w.r.t. {67, w} and IIf w.r.t.
{6, &7, w", W'} depend on the invariants of Cont(€) and,
maybe, on a set of additional functions W?, p € {1,... A},

A > 1. In the latter case case there exist functions P.7, .,

RIF, S such that
AW? = Pif 07 +Qf w'+R} wi+S07 ¢

These equations satisfy the compatibility conditions.
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r-dDym equation

r-dispersionless (2+1)-dimensional Dym equation
(M. Btaszak, 2002):

Uty = Ug Ugy + K Uy Uz, k#0

special cases:

@ k = 1: dispersionless Novikov-Veselov equation
B.G. Konopelchenko, A. Moro, 2004
o k=1
E.V. Ferapontov, K.R. Khusnutdinova, S.P. Tsarev, 2004
o K=2:
E.V. Ferapontov, A. Moro, V.V. Sokolov, 2007
o K# —2:
M.V. Pavlov, 2006
o k=-—1:
V.Yu. Ovsienko, 2008, Hamiltonian system on an extension of
the Virasoro group
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r-dDym equation

Structure equations for the symmetry pseudo-group

dBy = mAOy+E NG +HEaNOa+E3N03,

dfy = 2m A — (a2 + U (26 — 1) 71 &) AOp— (26093 — (U +2) 05
+3(BU —2)& =2V E) AL +E N0 +E Ao+ E3 A by,

dBy = mAGa+nanbo— (023 — 5 (U +2) 03 + & — & — V &) Ay
+E1AO19+E NO29+E3N\023,

df3 = &A1 0a+022)+EoA (023 — 5 (U +2) 03)+E3053,

dér = &AM+ (U +2)03 — 26005 — 5 (BU —4) & +2V &),

dés =k PEN(SU Oy — 02+ k& — &) +EA (S (U +2) 05 — O3 + V &)

dés = (1 + 05 + 5 (U +2) &) Aes,
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r-dDym equation

Invariants and their differentials:

Uy U Uy U
Uy Ugzy Uy Ugzx .
U= w2 V= ul (Usy Uyy—1y Ugyy),
Ty Ty

dU =2m—3 kP UV 0+3 U (U+2) 05— (U+2) &
—L T U (kU-25+42) &+U V €U a3,

dV =ne—V m+iV(U=2)03+x ' 26V -2U+1)&
—5 V (U+4) fo+5 (U42) b33.
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r-dDym equation

Contact integrable extensions of the structure equations for the
symmetry pseudo-groups of r-dDym equation of the simpliest form

3 3 .
dw0:Z<Zij9k+ijl>/\fj+
j = k=0

1=0 i,j=1 Jj=

(ZA 0; + Z BUGUJFZCsnerZD §J+Ew1) A wo

@ Type 1: the coefficients depend on U, V;

@ Type 2: the coefficients depend also on one additional

invariant W,
AW = ZH9+ z IUHZJ—I-Z ans+ZK €J+ZL wg-
i=0 ij=1 Jj=1
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r-dDym equation

There are no CIEs of the first type. Every CIE of the second type is
contact-equivalent to the following:

dwy = (023 — S(U+2) 05— "W (U +VW —=1) = 1) & +w;
+ (1 =W U -1) &) Awot+3 5 (UB—202+2 6 W wi)AE!
Fw AEHW L (w4571 03)AE3,
dW = —(k+ 1) Wwi+( W (1 = U) = SUW + Z) wo+W (n1—623)
AW (U+2)03+ZE+(VW + LU +W 1 Z-2)— k1) &
+W (Z-W -1+ sUW) €.

REMARK: k= —1, Z = —1 W (U — 2) => nonremovable
parameter
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r-dDym equation

Third inverse fundamental theorem =—
k¢ {-2,—1,0}:

Ugy K 2 1 —
=% | dy— dt — v, d dy |,
wo wy vy (v (umfuiE PR Uy ) Vg £E+ y)

.2 =2, -1 K+l
W =gy uy ™ upg vy

K= —2:
wO:ui(dv—(“xvm—an‘%D dt — vy du = juyv; dy),
Uy Vg

2 ,—2,-1 -1
W = gy uy™ Ugpe vy
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r-dDym equation

K=-1,Z#—-SW({U-2):

Ug -
wy = —2 (dv—(uz—v)vxdt—vmdfﬁ_uy” 1U$dy)7
Uy Vg
_ .2 -2, -1
W = uxy uy U V-

k=-1,Z=—FW({U-2):

Wy = Yzy (dU — ('U;x — )\) Vg dt — Uy dx — >\_1 Uy Vg dy) ?
Uy Vg
W= AuZ, u,? ug .
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r-dDym equation

o k¢ {—2—1,0}

— 1 K42
vt—ufcvm—l-mvm"' ;
Vy = —Uy U, "

e M.V. Pavlov, 2006

Uty = %4—2 (5 + 1) ve = 0 2) v vay — K0y VF Vag
o k= —2
Ut = Ug Vg + In "Ux‘a
vy = —uy2.
vty = (v = In fvg|) vy " vay + 20y v, % Vas
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r-dDym equation

o x=—1:

vy = (ug — v) Vg,
Vy = Uy v 1o,

_ -1 1
Uiy = (Vv V) Vgy — VY Uy Vg

o x=—1:

vy = (ug + A) vy,
vy = -2t Uy Vg,

_ -1 -1
Uty = (V07" — A) Ugy + AUy UL Vgp

A # 0 — nonremovable parameter
unliftable symmetry of the r-dDym equation with x = —1:
T 8% +2u %
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r-dDym equation

€2

5 ¢ {~1,05 }
&1

82<—>83

N

&1
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r-mdKP equation

rth modified dispersionless KP equation (M. Btaszak, 2002):
Uyy = Uty + (% (k+1)u + uy) Ugg + K Ug Ugy

Special cases:

o x = 0: mdKP,
G.M. Kuz'mina, 1967; |.M. Krichever, 1988;
B.A. Kupershmidt, 1990.

e k= 1: dBKP,
N. Dasgupta, R. Chowdhury, 1992; K. Takasaki, 1993;
B.G. Konopelchenko, L. Martinez Alonso, 2003.

e k=-—1:
M.V. Pavlov, 2003; M. Dunajski, 2004; E.V. Ferapontov, K.R.
Khusnutdinova, 2004; V.Yu. Ovsienko, C. Roger, 2006
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r-mdKP equation

Contact integrable extensions:

kg {-3,—1}:

First type:
dwo = (w1 + 2 (m1 +622) + = BV +x*+136+12) (k+ 1)1 &
+2((k+1)°U-V?=2(K*+36+2)V) (k+1)7>&") Awo
+(0; =V (k+1)7 60— 2 (k—4) 0 + (k+1) 7> VZwi )AL
FwIAE2+ (0 —V (k+1) "1 wp)AES.
Second type
dwo = (w1 + 2 Bz +m +(U—-W>+2(W -V)) ") — &£ 8W -k +12) &)
+ (W2wi + Wy — L (k—4)8g + 03) A +wr A+ (W wi+62)AEP,
2(Z1+1)—k(W-1)=-V)wy—(V+(k+1)W)ws +n2 — 6
LW (i —O02) + LW QW Zy —U+4V AW (W —k)) €1 4+ Z, €
L (W (16 Z1+8 W—TrK—4)+16 V) &°.

dW =

+
+
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x = —3: additional CIE

duo = (3 (022 +m) + L AU~V (V +8W —11)) € +w;
— AV +16W +5) ) Awo+ (03 — Wb + 3V b3 + L V2w ) A
FWIAE+ (02 + 3V wr)AE
AW = (Z+3W+3) wo+ (W + ) (w1—02)+2 €
—UW+LH+Vv (W>-228)-LV>8Z+7) ¢
+og B2V (Z4+W)—16W (AW +3) +7(4V +1)) €.
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t = —1: the only CIE of the second type

dwo = (3 (B +m + (U =W +2W) &) — & (8W = 11) € + wi) Awp
+ (034 200+ Wy + W2wi ) AE +wi AL+ (02 + W wi) AED),
AW = L2 Z+W+1) wo—b0a— L W (Baatm)+12+ 15 W (16 Z+8 W +3) €°

+ZE+LWQRZ+1)+W (W -U)) ¢

REMARK: 2 Z + W + 1 = 0 = nonremovable parameter
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o k¢ {-2, —%, -1}

2 (k+1
vy = (ﬁ%(“ ) —up vET 4+ (3 (k+ 1) ud — uy)> Vg,

vy = (%H vl ugc) Ug.

e k=0: J-H. Chang, M.-H. Tu, 2000;

o k = 1: B.G. Konopelchenko, L. Martinez Alonso, 2003.
e M.V. Pavlov, 2006

— ~1
Uyy = Vi = K (Uy Uy + UF) Vay
(k+1)%  2(k+1)

+((/~c+1)v§v;2—vtv;1+/€v’£vy+ 9y Uz ) Vg
e Kk cR:
vy = (5 (5 + 1) u2 — uy) vy,
Vy = —Ug Uy

Uyy = Vg + (K + 1)1}21);2 — 07 Y) gy — Koy v gy,
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vy = —v;l — Uy — (% $+Uy) Vg,
vy = In|vy| — ug vy

Uyy = Uiz + 2 (Infvg] + vy) v, ' vgy
—(vvg + Injug| (In vy | — 20y+1) vy — vy + 1) 072 Uge

[\l [o%)

Q@ K =—

{10= () e T
Uy:_uxvm+2\/‘vj

Uyy = Vg + % (vy —2 ”U 11/2) v, vy
+(vy (In|vy| — vt—f )—i—30y|vm|1/2 4) 072 vy
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o k=—-3:
_ 2
v = —u — (ug + Uy) Vg,
Vy = —Vgp Uy — T

U= (Vy + vy Uiz + 3 (Vy + T) Vgy + T — Vg Vyy )Vt — vy

—2 (vy + z)? vt

T

O.1. Morozov Lie Pseudo-Groups and ZCRs of DEs



r-mdKP equation

o x=—1:
{ vt:—(uy—)\um—)\Q) Vg,
vy = —(ug — ) g,

A € R — nonremovable parameter
M. Dunajski, 2004

Vyy = Utz — (Vg + Avy) vy L Vg + (vy + Avg) v, ! Uzy

o x=—1:
{ v = — (uy—vux—UQ) Vgs
vy = —(Ug — V) Vg,

Vyy = Vi — (0 —i—vvy)v;l Vzz + (vy +vvg)v;! Vay
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82<—>

N\ /-
|

€o

82<—>

K& {—3,0}: \ /

I

&1 — &4
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? ?

E1r Uy = ugy + (% (k+ 1) ug —l—uy) Ugg + K Ug Ugy
Eot wWyy = Wi + ((/-c-l—l)w w 2—wtw;1)wm—mwyw;1wwy,
(

. _ -1
E3i Uy = Vip — K (Vy Uy + VL) Uay

(r+1)? 2(n+1)) v

K
+((k+1) vy vr 2 —vp vy + K50 vy + 5 vy o
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€3:  double-modified dKP equation, M.V. Pavlov, 2006, 2010
K ¢ {_27 _3/27 _1}

— _ @ + K
Uyy = Uz —HK Uy | Uy
Ug

— + KUy uy +

2 2
U Uy (Iﬂ', + 1) 2
1) ¥ _ K (k+1)
+ ((’f +1) uZ  uy 2K + 3 Yo o

Three contact integrable extensions:

1) 82 —)83
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2)

(k+2)? u
ol yerc 023 (5+2) u—i it ght2

Uy (k+1)(k+2)
+ (ux + (/ﬁ] + 2) UgUy + W uiﬁ+2 v

P 1
vy = —vfT +<uy +uft ) Vg
x

Exclude u = the same equation for v.
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N p uit?
wy = (um—(n+1)(m+2)um (uy— 2/~;+3)> Wy

k¢ {-2,-3/2,—-1,0}:

Exclude u = an equation of the third order for w
k=0= €y — &3
Details: arXiv: 1010.1828
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k=0:
Eog = - E3 «— &3
€1
o
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k¢ {-3,-2,-3/2,-1,0}:

Es
Eg = - &3 — &3

&1
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k= -3

s

|

82‘ ‘83<—>83

&1 ~— &4
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