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Lie pseudo-groups

A pseudo-group & on a manifold M is a collection of local
diffeomorphisms ®: U — 11, ®: x —  such that
1) if ® € , ¥ € B, and their composition ¥ o @ is defined,
then U o ® € &;
2) P =0l
3) idps € &;
4) if &: U — U belongs to &, then for any open subset V C U
<I>|\7 € 6;
5) P, u1 — u1 Py UQ — UQ belong to @ and
(I)1|U1FTLL2 = (I)Q‘ulmuw then @: U; UUs — ul U UQ defined
by @[y, = ®; and ®|y, = P2 belongs to &.
A pseudo-group & is called a Lie pseudo-group, if
6) the functions & = ®(x) are local analytic solutions of a
system of PDEs (Lie equations of the pseudo-group &)

0 (x) 01 () s
R<z,<1>(a:), 5 ) =0

Oleg Morozov Lie Pseudo-Groups and Coverings of DEs



Lie pseudo-groups

EXAMPLE: Lie groups = finite Lie pseudo-groups

EXAMPLE: SDiff(R?):
®: (z,y) = (2,9), P*(dEAdf) =dxAdy,

0T 0y 0% 9y
Lie equations: groy _grYy _y
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Lie pseudo-groups

@ Sophus Lie’s infinitesimal method :

o infinitesimal generators;
@ linearized Lie equations;

o integration.

o Eli Cartan’s method :

o Maurer-Cartan forms;
@ structure equations;

o algebraic operations, differentiation.
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Cartan’s method

EXAMPLE (cont’d): Maurer—Cartan forms for SDiff (R?):
wlw? € Q1(R? x SL(R, 2)),

(Z;>=Q<Zz> Q €SL(R,2).

U: R? x SL(R,2) - R?2 x SL(R,2), ¥: (z,y,Q)

() (E) e ()0 ) -
(ﬁ:,@,éz)z(f(a:y .0 (z ) )
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Cartan’s method

Structure equations for SDiff (R?):

(&) =e(iy)
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Cartan’s method

Third fundamental Lie’s theorem in Cartan’s form: For a Lie
pseudo-group there exists a collection of Maurer—Cartan forms
with involutive and compatible structure equations

dw' = AZkﬂ'Q AwF + %B;kwj AWk, B;-k = —B]i,j.
The coefficients Aék, B; ;. are either constants or functions of
invariants U, ... , U® of the pseudo-group. In the latter case

au® = C;(U) wk.
Third inverse fundamental Lie’s theorem in Cartan’s form: For a

given involutive and compatible system of structure equations
there exists a collection of 1-forms w!, ..., w™ and functions U,

..., U? satisfying this system. The forms w?, ..., w™ are
Maurer—Cartan forms of a Lie pseudo-group, and the functions
U', ..., U® are invariants of this pseudo-group.
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Cartan’s method

Details:

o Cartan E. Buvres Completes. Paris: Gauthier - Villars,
1953

@ Vasil’eva M.V. Structure of Infinite Lie Groups of
Transformations. Moscow: MSPI, 1972 (in Russian)

@ Stormark O. Lie’s Structural Approach to PDE Systems.
Cambridge: CUP, 2000
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Symmetry pseudo-groups of differential equations

EXAMPLE: contact transformations on J9(R™ x R™).
q = 2, m = 1, Maurer—Cartan forms:

Q¢ = a (du — u; dz"),

G)i = CLBg (duj — Ujk da:k) + g; @0,

@z‘j = an” B; (dukl — Uklm dl‘m) + Sij @0 + ’LUZ @k,
== b; dx? + ¢ @0 + fZ] @j,

where bi B;C = (5;, flk = fki, Sij = Sji, ’LUZ = wkﬂ

Jv’
Uklm = Ulkm = Ukml-

Structure equations:

dOy = ®J N O + E' A O,

dO; = ®Y N Og + ®F N O +ZF A Oy,

d@ij:@f/\@kj—(138/\@ij—l—T%/\@o-ﬁ-T%/\@k—l-Ek/\@ijk, .
2= OYAE — L ANEF + U0 N + U A O
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Symmetry pseudo-groups of differential equations

EXAMPLE: contact symmetries of a differential equation
& C JYR™ x R™).

Details:

@ Fels M., Olver P.J., Acta Appl. Math., 1998, 51, 161213
@ M., J. Phys. A: Math. Gen., 2002, 35, 29652977
@ M., J. Math. Sci., 2006, 135, 2680-2694
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Symmetry pseudo-groups of differential equations

Applications:

©

6 6 6 ¢

equivalence problems for DEs;

symmetry analysis of classes of DEs;

differential invariants, automorphic systems of DEs, Vessiot
group splittings of DEs;

Darboux integrability;

coverings of DEs ;

recursion operators;
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Contact integrable extensions of symmetry pseudo-groups

@ n = 2, finite-dimensional coverings:

Bryant R.L., Griffiths P.A., Duke Math. J., 1995, 78,
531-676

@ n > 2, infinite-dimensional coverings:

M., J. Geom. Phys., 2009, 59, 1461-1475
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Contact integrable extensions of symmetry pseudo-groups

EXAMPLE: integrable extension of the structure equations for
SDiff (R?).

The structure equations
dw' = Tt Awt + 72 AW?,
dw? = 1 Awt — 7t A w?
We have: d(w!Aw?) =0 =

dw! = 1t Awt + 72 AW?,
dw? = T Aw! — 7t Aw?,
dw?® = wh A w2
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4-dimensional generalization of rdDym equation

The rdDym equation
Uty = Uy Ugy — Uy Ugy

@ Blaszak M., Phys. Lett. A, 2002, 297, 191-195
@ Pavlov M.V., J. Math. Phys., 2003, 44, 41344156
@ Ovsienko V., Adv. Pure Appl. Math., 2010, 1, 7-17

The 4-dimensional generalization of the rdDym equation
Uty = Uy Ugy — Uy Uz,

@ Martinez Alonso L., Shabat A.B., Theor. Math. Phys. 2004,
140, 1073-1085
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4-dimensional generalization of rdDym equation

The structrure equations for the symmetry pseudo-group

dOo =m1 A O +EXNOL+E2 A Os+ E3 N O3+ EX A0y,

df1 = (N1 —m2) A1 =13 AO2+00 A (E* —024) +-E1 ANO11 +-E2 ANO12—E3 NOaa +E* NO14,

df> = (1 —na) N0z + 00 A (E3 — 023) + € NO12 4+ E* N2 + E° N Oz + E* N 02,

dfs = —E1 N\ Oos + €% N O3 4 3 A sz + € A Baa,

dOs = (N2 —m2) NOs+13AO3+03 AOs+E NO14 +E> NOoy + €3 NO3y +E* NOaa,

dé' =m A E,

d€® =ms NE' +ma N E2,

dg® = (m +03) NE® — (g3 — 04) NEY,

dg* = (m +m2 —ma) A E,

dfi = (771—2772)/\911—2773/\9124-779/\52—7710/\(90+§3)+7711/\§1+7712 /\f4
—201 A O2q + 02 A (€3 + 014),

db12 = (m —m2 —na) NO12 — 13 NO22 +15 A (Bo +§3)+777/\§2+779/\§1+7710/\§4
+61 A (023 — 55)7

d01a = (N1 —2m2) A (€2 4 01a) — (m + 03) AE¥ + 13 A (BE* —2024) + 1m0 A E°
+(m2 —201) A& — 01 N EY,

df2 = (771_2774)/\922—775/\€4+776/\(90+€3)+777/\€1+778/\€2+92/\(923—€3)7

dfaz = (m +03) ANE> — (3 — O2) AE  +ma A (€3 — 023) + 15 AE 4+ 16 A E2, o,

5,
§'}.
S

TR

Morozov Lie Pseudo-Groups and Coverings of DEs



4-dimensional generalization of rdDym equation

THEOREM 1. The above structure equations have no contact
inte- grable extensions with constant coefficients. Each their
contact integrable extension with one additional invariant is
contact - equivalent to the following one

dwy = (771 +OJ2)/\W0+W1 (OJ2+94)/\£1—|—W1 w1 /\62—((,014—(93)/\63
+Wiwa A Y,

AWy = Wi (m —na) + Z1 (wo — W1 €% + &%),
where Z; is an arbitrary parameter.

REMARK. Z; =0 = a non-removable parameter in the
corresponding covering
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4-dimensional generalization of rdDym equation

COROLLARY 1. The 4D rdDym equation has two coverings
defined by systems

{ g = Uqu—)\_l 4z,
@y = Auyda,
and
{ gt = Uz(qx — q_l qz,
qy = Uy(q(gx.

The parameter A in the first system is non-removable.

REMARK. Nonlocal symmetries, nonlocal conservation laws,
Kaéhler structure.
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Recursion operators

@ Recursion operators as integro-differential operators
o P.J. Olver, 1977

B. Fuchssteiner, 1979

V.E. Zakharov, B.G. Konopelchenko, 1984

A.S. Fokas. P.M. Santini, 1986

¢ ¢ ¢ ¢

e J.A. Sanders, J.P. Wang, 2001
@ Recursion operators as Backlund autotransformations for
tangent coverings
C.J. Papachristou, B.K. Harrison, 1988
C.J. Papachristou, 1990
G.A. Guthrie, 1994
1.S. Krasil’shchik, P.H.M. Kersten, 1994
M. Marvan, 1996
A. Sergyeyev, 2000

©

C.J. Papachristou, B.K. Harrison, 2010 o
1.S. Krasil’shchik, A.M. Verbovetsky, R. Vitolo, 2011 =
M. Marvan, A. Sergyeyev, 2012

¢ € ¢ ¢ ¢ ¢ ¢ ¢ ¢
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Recursion operators

@ A holonomic section ¢: & — T(&) of the tangent covering is
a symmetry of &.

@ A recursion operator for symmetries of € is a Béacklund
autotransformation of T(&)

Details and examples:

@ M. Marvan. Differential Geometry and Applications. Brno:
Masaryk University, 1996, 393402

@ I.S. Krasil’shchik, A.M. Verbovetsky, R. Vitolo, Acta Appl.
Math., 2012, 120, 199-218

The technique of the contact integrable extensions can be
adapted to the problem of finding recursion operators for
symmetries of PDEs.
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Recursion operators

EXAMPLE: The 4D rdDym equation

Uty = U Uy — Uy U (1)
The linearization:

Viy = Uy Ugy — Uy Ugz + Ugy Vs — Uz, Uy (2)

The tangent covering: the infinite prolongation of system (1), (2)
equipped with the restrictions of the extended total derivatives.
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Recursion operators

The structure equations for the symmetry pseudo-group of the
tangent covering is a CIE of the structure equations for the
symmetry pseudo-group of the 4D rdDym equation:

dGo = (m =G+ Xs & + X+ X1 €+ Xa€)AC—GNAE = AL —GAE
G AE A (G- X1 = Xa €,

d¢i = —02aNCo+ (M —m2—C(3)ACL —n3AC2a—01 A3+ (N3 + X1 (C1+01)) Abo
+ma2 AE M3z AEX +maa AED +mas A €Y,

d¢2 = CoN(Oo+023)+ (1 A (Xo & -x 54)+(771—774+X3 &' —X1600+X, 54)/\@

+(C2+02) N3+ (n2a —m3a — X1 01 — X4 02 — X5 (023 +90)/\€4+7733 AE!
+1s6 A E2 +n3r AE + (nsr + X1 02) A b,

ds = (ma+ X1 (G1+01)— X3 C3)/\§l + (37 +Co+ X1 (C2+02) — X3 Cs)/\f2

4138 A €2+ mag A EY,

s = (ns — Xa &) AG—(Cs+me —m— Xz & — X2 & = X1 &) ACu+mao N’

+(n3s — o+ X4 (C1+01)) nEY— (N34 + X1 (€1 + 01) + X5 023 — O24) AE?

+(7739 + X403 — X4 94) /\53. 5‘;
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Recursion operators

THEOREM 2. The structure equations for the symmetry
pseudo-group of the tangent covering of the 4D rdDym equation
have a CIE

dCs = Wo (€2 — X5 EY) Ao+ (024 — Wa Ca) AEH + (W (3 — Ba3) A &2
FCNE + G AEY,
AWy = Wa ((3—Cs—ma—(X3+X5 Wa) €1 = (Xo—Wa) €2)+Y2 £3+ V5 ¢

The inverse third fundamental Lie theorem =—

Cszl (dw_uyvz—uzvy—i-(uzuxy—uyum)wdt
w Uy
Ugy W — U
—%dw—wydy—wzdz>.
y
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Recursion operators

{wt = u;1 (Uy Uy — Uz Uy + (Uy Ugy — Uy Uyz) W),
Wy = uy_l (Ugy w — vy)

Exclude v =— w is solution to the linearization —

COROLLARY 2. System

{ Di(y) = U;i (Uy D.(¢) — u., Dy(%") + (ue Ugy — Uy Ugz) )
D.(v) = Uy (uﬂcy¢ - Dy(@))

defines a recursion operator for symmetries of 4D rdDym

equation. The inverse operator is defined by

{Dy(so) = _uyDz(l/})+uzy1/}a

340 U,v’A
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Ovsienko’s system

Uty = Uy Ugy — Uy Ugy,
Uy = Ug Uy — Uy Vg + 2 (U Uy — Ugy V) + 2 K (2 Ug Ugyy — Uy Uz
@ k= 1: Ovsienko V. Adv. Pure Appl. Math. 2010, 1, 7-17:
bi-Hamiltonian system on the dual space to

the looped Virasoro algebra.

@ k£ = 0: the cotangent covering of the rdDym equation

s
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Ovsienko’s system

THEOREM 3. The structure equations for the symmetry
pseudo-group of the rdDym equations have a CIE defined by the

forms
3

wo = poo (dv—v dt—v, dz—vy dy)—i-z qo; 05,
=0
w;i = pio (dv—vy dt —vy dz—vy dy)+pin (dvy—vy dt —vey de— R dy)
+piz (dvy—vig dt—Vyy dr—vyy dy)+piz (dvy— R dt—vg,, dz—vy, dy)

3
+> 6 04> sijk Ok, i€{1,2,3},
=0

where R is the r.h.s. of the second equation of the system, ¢;

and 60 are the M-C forms of the symmetry pseudo-group of the

first equations, while > * means summation over all j, k such

that 1 < j <k <3 and (j, k) # (1,3). In these forms poy # 0, 2
det(p;j) #0for 1 <i<3,1<j <3, and ¢5; + ¢35 + g33 # 0. -

30~
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Ovsienko’s system

dwo = M2 Awo+E Awr +E2 Awa +E2 Aws +m13 ABo +1714 AO1 +115 A2 +116 Ab3,

dwi = (2022 +3 X1 EB) ANwo~+ (m +me+ (X1 +2)0s —2023 +2X> 53) A wi
+3 (92+% (X142) {3)/\w2 +3n13AN01+114A(2014+6011)+1m15 A (X1 014012)
+m6A(f22—3 (92+§3))+7717/\(90+§3)+7718/\€1+7719/\€2,

dws = wo/\(2 fl—Xl 52)+% (4—3 Xl)wl/\ §l+QW3/\§3+7717/\£2+7719/\£1
+w2/\(923—7]12+€1—% (X142) (034+£2)— X2 £3)+msA(3 (92—% X100)+56%)
+11aA(Oo+012— 2 X1 01+€%)+n16A(023— 3 (X146) 05—3 7 — X, &)
+n15A (02 —i X1 (3X142) 90+% X1 92+% (7 X1+4) £3),

dws = —(X1 wo+% (3X1+2) w2)/\§1+w3/\(771—7712+393+% (X1+6) £2)
+m3A (30345 E)+naA(202—3 X1 Oo+022+E2) +mr AE 120 AE?
+m15 A (X1 + 2) 03 + 023 + % (TX1+4)€%) +me A (033 — 3 — X2 £2).

2

- —4
X1 = Uy Uzoy Uzy , Xo = Uy Uswa (Usy Uyy—Uy Usyy) U
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Ovsienko’s system

The coefficients of the CIE do not depend on k1 =

COROLLARY 3. There exists a Backlund transformation of the

form
(¢ = hl(t,fli,y),
z = hQ(taxay)v
?j = h3(t7$7y)7
= hy(t,z,y,u),
v = h5(t,$,y,U,Ut,uz,Uy,U),
Uy = he(t,z,y, u, U, Uy, Uy, Ust, Uiz, Ugas Ugyys Uy, Uy Vg, U, Uy )
vz = h?(t)ajayauautaur)uy)uttautmaurrauryvuyy)vvvtavr)vy)v
L U5 = ha(t, @y, u, U, Uy, Uy, Uty Ui, Uy Uy Uy, U, Vg, Vg, Vy)

mapping Ovsienko’s system to the cotangent covering of the
rdDym equation.
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