
Êîíòàêòíûå èíòåãðèðóåìûå ðàñøèðåíèÿ

ïñåâäîãðóïï ñèììåòðèé

óðàâíåíèé rdDym è mmdKP

Î.È. Ìîðîçîâ

ÌÃÒÓ ÃÀ

äîêëàä íà ñåìèíàðå
ïî ãåîìåòðèè äèôôåðåíöèàëüíûõ óðàâíåíèé,

Íåçàâèñèìûé Ìîñêîâñêèé Óíèâåðñèòåò,
20 îêòÿáðÿ 2010 ã.

Î.È. Ìîðîçîâ Èíòåãðèðóåìûå ðàñøèðåíèÿ rdDym è mmdKP



Ïñåâäîãðóïïû Ëè

Ïñåâäîãðóïïà G íà ìíîãîîáðàçèè M � ñîâîêóïíîñòü
ëîêàëüíûõ äèôôåîìîðôèçìîâ �: U! Û, �: x 7! x̂, òàêàÿ ÷òî

1) åñëè � 2 G, 	 2 G, è 	 � � îïðåäåëåíî, òî 	 � � 2 G;
2) � 2 G) ��1 2 G;
3) idM 2 G.

Ïñåâäîãðóïïà G íàçûâàåòñÿ ïñåâäîãðóïïîé Ëè, åñëè

4) ôóíêöèè x̂ = �(x) ÿâëÿþòñÿ ëîêàëüíûìè àíàëèòè÷åñêèìè
ðåøåíèÿìè ñèñòåìû ÄÓ (óðàâíåíèÿ Ëè ïñåâäîãðóïïû G)

R

�
x;�(x);

@�(x)

@x
; :::;

@#I�(x)

@xI

�
= 0:
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Ïñåâäîãðóïïû Ëè

Ôîðìû Ìàóðåðà�Êàðòàíà ïñåâäîãðóïïû G: ñîâîêóïíîñòü ôîðì

!i 2 
1(M �N �H); i 2 f1; :::;dimM + dimNg;

ãäå N � ìíîãîîáðàçèå, H � êîíå÷íàÿ ãðóïïà Ëè.

Ëîêàëüíûé äèôôåîìîðôèçì � íà M , �: U! Û, ïðèíàäëåæèò
G òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò ïîñëîéíûé
äèôôåîìîðôèçì 	 íà M �N �H, 	: W! Ŵ, òàêîé ÷òî

� ÿâÿëåòñÿ ïðîåêöèåé 	 îòíîñèòåëüíî M �N �H !M ;

	�

�
!ij
Ŵ

�
= !ijW.
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Ïñåâäîãðóïïû Ëè

Ñòðóêòóðíûå óðàâíåíèÿ ïñåâäîãðóïïû Ëè G:

d!i = Ai
�j(U

�)�� ^ !j +Bi
jk(U

�)!j ^ !k, Bi
jk = �Bi

kj ,

dU� = C�
j (U

�)!j ;

U� : M ! R, � 2 f1; :::; sg, s < dimM , � èíâàðèàíòû
ïñåâäîãðóïïû G,

��
�
U�j

eU

�
= U�jU,

�� � çàâèñÿò îò êîîðäèíàò íà H;
âûïîëíåíû óñëîâèÿ èíâîëþòèâíîñòè;
âûïîëíåíû óñëîâèÿ ñîâìåñòíîñòè.

Î.È. Ìîðîçîâ Èíòåãðèðóåìûå ðàñøèðåíèÿ rdDym è mmdKP



Ïñåâäîãðóïïû Ëè

Óñëîâèÿ èíâîëþòèâíîñòè:

r(1) = n dim H �
n�1X
k=1

(n� k)�k;

ãäå n = dimM + dimN , r(1) � ðàçìåðíîñòü ëèíåéíîãî
ïðîñòðàíñòâà êîýôôèöèåíòîâ z�j , òàêèõ ÷òî çàìåíà

�� 7! �� + z�j !
j íå ìåíÿåò ñòðóêòóðíûå óðàâíåíèÿ;

�k = max
u1;:::;uk

rank Ak(u1; :::; uk)�
k�1P
j=1

�j ;

A1(u1) =
�
Ai
�j u

j
1

�
;

Aq(u1; :::; uq) =

�
Aq�1(u1; :::; uq�1)

Ai
�j u

j
q

�
; q 2 f2; :::; n� 1g:
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Ïñåâäîãðóïïû Ëè

Óñëîâèÿ ñîâìåñòíîñòè:

d(d!i) = 0 = d
�
Ai
�j �

� ^ !j +Bi
jk !

j ^ !k
�

d(dU�) = 0 = d(C�
j !

j)

=)

ïåðåîïðåäåëåííàÿ ñèñòåìà íà êîýôôèöèåíòû Ai
�j , B

i
jk, C

�
j ;

d�� =W�
�j �

�^!j+X�
� �

� ^�+Y �
�j �

� ^!j+Z�
jk !

j ^!k.

Î.È. Ìîðîçîâ Èíòåãðèðóåìûå ðàñøèðåíèÿ rdDym è mmdKP



Ïñåâäîãðóïïû Ëè

ÒÅÎÐÅÌÀ (Òðåòüÿ ôóíäàìåíòàëüíàÿ òåîðåìà Ëè â ôîðìå

Êàðòàíà): Äëÿ ëþáîé ïñåâäîãðóïïû Ëè ñóùåñòâóåò ñîâîêóíîñòü åå
ôîðì Ìàóðåðà�Êàðòàíà ñ èíâîëþòèâíûìè è ñîâìåñòíûìè
ñòðóêòóðíûìè óðàâíåíèÿìè.

ÒÅÎÐÅÌÀ (Òðåòüÿ îáðàòíàÿ ôóíäàìåíòàëüíàÿ òåîðåìà Ëè â ôîðìå

Êàðòàíà): Äëÿ äàííîé èíâîëþòèâíîé è ñîâìåñòíîé ñèñòåìû
ñòðóêòóðíûõ óðàâíåíèé ñóùåñòâóåò ñîâîêóïíîñòü 1-ôîðì !1, ..., !n è
ôóíêöèé U1, ...., Us, óäîâëåòâîðÿþùèõ ýòîé ñèñòåìå. Ôîðìû !1, ...,
!m ÿâëÿþòñÿ ôîðìàìè Ìàóðåðà�Êàðòàíà íåêîòîðîé ïñåâäîãðóïïû
Ëè, à ôóíêöèè U1, ...., Us ÿâÿëþòñÿ åå èíâàðèàíòàìè.

Cartan �E. �uvres Compl�etes. Paris: Gauthier - Villars, 1953

Âàñèëüåâà Ì.Â. Ñòðóêòóðà áåñêîíå÷íûõ ãðóïï Ëè
ïðåîáðàçîâàíèé. M.: ÌÃÏÈ, 1972

Stormark O. Lie's Structural Approach to PDE Systems. Cambridge:
CUP, 2000
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Ïñåâäîãðóïïû ñèììåòðèé äèôôåðåíöèàëüíûõ óðàâíåíèé

Ôîðìû Ìàóðåðà�Êàðòàíà ïñåâäîãðóïïû êîíòàêòíûõ
ïðåîáðàçîâàíèé Cont(J2(�)):

�0 = a (du� ui dx
i),

�i = aBj
i (duj � ujk dx

k) + gi�0,
�ij = aBk

i B
l
j (dukl � uklm dxm) + sij �0 + wk

ij �k,

�i = bij dx
j + ci�0 + f ij �j ,

ãäå bik B
k
j = �ij , f ik = fki, sij = sji, wk

ij = wk
ji,

uklm = ulkm = ukml.

Ñòðóêòóðíûå óðàâíåíèÿ

d�0 = �0
0 ^�0 + �i ^�i,

d�i = �0
i ^�0 +�k

i ^�k + �k ^�ik,
d�ij = �k

i ^�kj � �0
0 ^�ij +�0

ij ^�0 +�k
ij ^�k + �k ^�ijk,

d�i = �0
0 ^ �i � �i

k ^ �k +	i0 ^�0 +	ik ^�k
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Ïñåâäîãðóïïû ñèììåòðèé äèôôåðåíöèàëüíûõ óðàâíåíèé

ÄÓ âòîðîãî ïîðÿäêà: � : E! J2(�)
Êîíòàêòíûå ñèììåòðèè E � êîíòàêòíûå ïðåîáðàçîâàíèÿ
íà J2(�), îòîáðàæàþùèå E íà ñåáÿ:
Cont(E) � Cont(J2(�)),
Ôîðìû Ìàóðåðà � Êàðòàíà ïñåâäîãðóïïû Cont(E)

ìîãóò áûòü ïîëó÷åíû èç îãðàíè÷åíèé �0 = ���0,
�i = ���i, �ij = ���ij , �

i = �� �i ôîðì Ìàóðåðà �

Êàðòàíà ïñåâäîãðóïïû Cont(J2(�)) íà E ñ ïîìîùüþ
àëãîðèòìè÷åñêèõ ïðîöåäóð ìåòîäà ýêâèâàëåíòíîñòè

Êàðòàíà
Ïîäðîáíîñòè:

M. Fels, P.J. Olver. Moving coframes I. A practical algorithm.
// Acta Appl. Math., 1998, Vol. 51, pp. 161�213
O.I. Morozov. Moving coframes and symmetries of di�erential
equations. // J. Phys. A: Math. Gen., 2002, Vol. 35, pp. 2965
� 2977
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Êîíòàêòíûå èíòåãðèðóåìûå ðàñøèðåíèÿ

Bryant R.L., Gri�ths P.A. Characteristic Cohomology of
Di�erential Systems (II): Conservation Laws for a Class of Parabolic
Equations // Duke Math. J., 78, 531�676 (1995):

n = 2, êîíå÷íîìåðíûå íàêðûòèÿ
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Êîíòàêòíûå èíòåãðèðóåìûå ðàñøèðåíèÿ

Îïðåäåëåíèå 1. Ïóñòü

d!i = Ai
�j(U

�)��^!j+Bi
jk(U

�)!j^!k; (1)

dU� = C�
j (U

�)!j (2)

� ñòðóêòóðíûå óðàâíåíèÿ íåêîòîðîé ïñåâäîãðóïïû Ëè G. Òîãäà
ñèñòåìà óðàâíåíèé

d� q = Dq
�r(U

�; V �) ��^� r+Eq
rs(U

�; V �) � r^� s+F q
r�(U

�; V �) � r^��

+Gq
rj(U

�; V �) � r^!j+Hq
�j(U

�; V �)��^!j+Iqjk(U
�; V �)!j^!k; (3)

dV � = J �j (U
�; V �)!j+K�

q(U
�; V �) � q; (4)

ñ íåèçâåñòíûìè 1-ôîðìàìè � q, q 2 f1; :::; Qg, ��, � 2 f1; :::; Rg,
è íåèçâåñòíûìè ôóíêöèÿìè V �, � 2 f1; :::; Sg, Q;R; S 2 N,
íàçûâàåòñÿ èíòåãðèðóåìûì ðàñøèðåíèåì ñèñòåìû (1), (2), åñëè
óðàâíåíèÿ (1) � (4) îäíîâðåìåííî ÿâëÿþòñÿ èíâîëþòèâíûìè è
ñîâìåñòíûìè.

Î.È. Ìîðîçîâ Èíòåãðèðóåìûå ðàñøèðåíèÿ rdDym è mmdKP



Êîíòàêòíûå èíòåãðèðóåìûå ðàñøèðåíèÿ

Ïóñòü ñèñòåìà (3), (4) � èíòåãðèðóåìîå ðàñøèðåíèå ñèñòåìû
(1), (2). Òîãäà ñèñòåìà (1)�(4) îïðåäåëÿåò ïñåâäîãðóïïó Ëè H,
êîòîðàÿ ÿâëÿåòñÿ ðàñøèðåíèåì ïñåâäîãðóïïû G.

Îïðåäåëåíèå 2. Èíòåãðóåìîå ðàñøèðåíèå (3), (4) íàçûâàåòñÿ
òðèâèàëüíûì, åñëè ñóùåñòâóåò çàìåíà ïåðåìåííûõ íà
ìíîãîîáðàçèè äåéñòâèÿ ïñåâäîãðóïïû H, òàêàÿ ÷òî â íîâûõ
ïåðåìåííûõ óðàâíåíèÿ (3), (4) íå ñîäåðæàò ôîðì !j , �� , è
êîýôôèöèåíòû óðàâíåíèé (3), (4) íå çàâèñÿò îò ôóíêöèé U q. Â
ïðîòèâíîì ñëó÷àå èíòåãðèðóåìîå ðàñøèðåíèå íàçûâàåòñÿ
íåòðèâèàëüíûì .

Ïóñòü ��K , �
j � ôîðìû Ìàóðåðà�Êàðòàíà ïñåâäîãðóïïû

ñèììåòðèé Cont(E) íåêîòîðîãî ÄÓ E, ïðè÷åì ��K � êîíòàêòíûå
ôîðìû (èõ îãðàíè÷åíèÿ íà êàæäîå ðåøåíèå óðàâíåíèÿ E ðàâíû
0), è �j � ãîðèçîíòàëüíûå ôîðìû (�1 ^ ::: ^ �n 6= 0 íà ëþáîì
ðåøåíèè).
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Êîíòàêòíûå èíòåãðèðóåìûå ðàñøèðåíèÿ

Îïðåäåëåíèå 3. Íåòðèâèàëüíîå èíòåãðèðóåìîå ðàñøèðåíèå
ñòðóêòóðíûõ óðàâíåíèé ïñåâäîãðóïïû Cont(E)

d!q = �q
r^!

r+�j^
q
j (5)

íàçûâàåòñÿ êîíòàêòíûì èíòåãðèðóåìûì ðàñøèðåíèåì, åñëè


q
j � 0 (mod ��K ; !

r
i ) äëÿ íåêîòîðîé ñîâîêóïíîñòè

äîïîëíèòåëüíûõ ôîðì !q
j ;


q
j 6� 0 (mod !r

i ) äëÿ íåêîòîðûõ q, j
êîýôôèöèåíòû ðàçëîæåíèé 
q

j ïî f�
�
I ; !

r
i g è �q

r ïî

f��I ; �
j ; !r; !r

i g çàâèñÿò îò èíâàðèàíòîâ Cont(E) è,
âîçìîæíî, îò íåêîòîðûõ äîïîëíèòåëüíûõ ôóíêöèé W �,
� 2 f1; : : : ;�g, � > 1. Â ïîñëåäíåì ñëó÷àå ñóùåñòâóþò
ôóíêöèè P I�

� , Q�
q , R

j�
q , S�

j , òàêèå ÷òî

dW � = P I�
� ��I +Q

�
q !

q+Rj�
q !q

j+S
�
j �

j ;

è ýòè óðàâíåíèÿ óäîâëåòâîðÿþò óñëîâèþ ñîâìåñòíîñòè.
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Óðàâíåíèå rdDym

r-îå áåçäèñïåðñèîííîå (2+1)-ìåðíîå óðàâíåíèå Äèìà (rdDym)
(M. B laszak, 2002):

uty = ux uxy + �uy uxx; � 6= 0

ñïåöèàëüíûå ñëó÷àè:

� = 1: áåçäèñïåðñèîííîå óðàâíåíèå Íîâèêîâà�Âåñåëîâà
B.G. Konopelchenko, A. Moro, 2004
� = 1

2 :
E.V. Ferapontov, K.R. Khusnutdinova, S.P. Tsarev, 2004
� = 2:
E.V. Ferapontov, A. Moro, V.V. Sokolov, 2007
� 6= �2:
M.V. Pavlov, 2006
� = �1:
V.Yu. Ovsienko, 2008, ãàìèëüòîíîâà ñèñòåìà íà ðàñøèðåíèè
ãðóïïû Âèðàñîðî
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Óðàâíåíèå rdDym

Ñòðóêòóðíûå óðàâíåíèÿ ïñåâäîãðóïïû ñèììåòðèé

d�0 = �1^�0+�1^�1+�2^�2+�3^�3;

d�1 = 2 �1^�1�
�
�22 +

1
2 U (2�� 1)��1 �3

�
^�0�(2 �23 � (U + 2) �3

+1
2 (3U � 2) �2 � 2V �3

�
^�1+�1^�11+�2^�12+�3^�22;

d�2 = �1^�2+�2^�0�
�
�23 �

1
2 (U + 2) �3 + �1 � �2 � V �3

�
^�2

+�1^�12+�2^�22+�3^�23;

d�3 = �1^(�
�1 �2+�22)+�2^

�
�23 �

1
2 (U + 2) �3

�
+�3^�33;

d�1 = �1^
�
�1 + (U + 2) �3 � 2 �23 �

1
2 (3U � 4) �2 + 2V �3

�
;

d�2 = ��1 �1^
�
1
2 U �0 � �2 + � �2 � �3

�
+�2^

�
1
2 (U + 2) �3 � �23 + V �3

�
;

d�3 =
�
�1 + �3 +

1
2 (U + 2) �2

�
^�3;

: : :
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Óðàâíåíèå rdDym

Èíâàðèàíòû è èõ äèôôåðåíöèàëû:

U =
uy uxxy
u2xy

; V =
uy uxxx
u4xy

(uxy uyy�uy uxyy);

dU = 2 �2�
1
2 �

�1 U V �0+
1
2 U (U+2) �3�(U+2) �1

�1
2 �

�1 U (�U�2�+2) �2+U V �3�U �23;

dV = �6�V �1+
1
2 V (U�2) �3+�

�1 (2�V�2U+1) �1

�1
2 V (U+4) �2+

1
2 (U+2) �33:
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Óðàâíåíèå rdDym

Êîíòàêòíûå èíòåãðèðóåìûå ðàñøèðåíèÿ ïñåâäîãðóïïû
ñèììåòðèé óðàâíåíèÿ rdDym â ïðîñòåéøåé ôîðìå

d!0 =
3P

j=1

�
3P

k=0

Fjk �k +Gj !1

�
^ �j+ 

3P
i=0

Ai �i +
3P

i;j=1
Bij �ij +

7P
s=1

Cs �s +
3P

j=1
Dj �

j + E !1

!
^ !0

Òèï 1: êîýôôèöèåíòû çàâèñÿò îò U , V ;

Òèï 2: êîýôôèöèåíòû òàêæå çàâèñÿò îò îäíîãî
äîïîëíèòåëüíîãî èíâàðèàíòà W ,

dW =
3P

i=0
Hi �i+

3P
i;j=1

Iij �ij+
7P

s=1
Js �s+

3P
j=1

Kj �
j+

1P
q=0

Lq !q:
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Óðàâíåíèå rdDym

Ðàñøèðåíèé ïåðâîãî òèïà íåò. Êàæäîå ðàñøèðåíèå âòîðîãî
òèïà êîíòàêòíî ýêâèâàëåíòíî ñëåäóþùåìó:

d!0 =
�
�23 �

1
2 (U + 2) �3 � ��1W�1(� (U + V W � 1)� 1) �3 + !1

+ (1�W (U � 1)) �1
�
^!0+

1
2 �

�1 (U�0�2 �2+2�W !1)^�
1

+!1^�
2+W�1 (!1+�

�1 �3)^�
3;

dW = �(�+1)W !1+
�
�W (1� U)� 1

2 U W + Z
�
!0+W (�1��23)

+1
2 W (U+2) �3+Z �2+

�
V W + 1

2 U +W�1 Z � 2� ��1
�
�3

+W
�
Z �W � 1 + 1

2 U W
�
�1:

ÇÀÌÅ×ÀÍÈÅ 1: � = �1, Z = �1
2 W (U � 2) =)

1) óñëîâèå ñîâìåñòíîñòè âûïîëíåíî òîæäåñòâåííî;
2) íåóñòðàíèìûé ïàðàìåòð.
ÇÀÌÅ×ÀÍÈÅ 2: � = �1, Z 6= �1

2 W (U � 2) =)
óñëîâèå ñîâìåñòíîñòè âûïîëíåíî.

Î.È. Ìîðîçîâ Èíòåãðèðóåìûå ðàñøèðåíèÿ rdDym è mmdKP
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Òðåòüÿ îáðàòíàÿ ôóíäàìåíòàëüíàÿ òåîðåìà =)

� 62 f�2;�1; 0g:

!0 =
uxy
uy vx

�
dv �

�
ux vx +

�

�+ 2
v�+2x

�
dt� vx dx+

1

�
uy v

��
x dy

�
;

W = u2xy u
�2
y u�1xxx v

�+1
x :

� = �2:

!0 =
uxy
uy vx

�
dv � (ux vx � 2 ln j vx j) dt� vx dx�

1
2 uy v

2
x dy

�
;

W = u2xy u
�2
y u�1xxx v

�1
x :
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� = �1, Z 6= �1
2 W (U � 2):

!0 =
uxy
uy vx

�
dv � (ux � v) vx dt� vx dx� uy v

�1 vx dy
�
;

W = u2xy u
�2
y u�1xxx v:

� = �1, Z = �1
2 W (U � 2):

!0 =
uxy
uy vx

�
dv � (ux � �) vx dt� vx dx� ��1 uy vx dy

�
;

W = �u2xy u
�2
y u�1xxx:
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Óðàâíåíèå rdDym

� 62 f�2;�1; 0g:�
vt = ux vx +

1
�+2 v

�+2
x ;

vy = �uy v
��
x :

M.V. Pavlov, 2006

vty =
1

�+2 ((�+ 1) vt � v�+2x ) v�1x vxy � � vy v
�
x vxx

� = �2:�
vt = ux vx + ln jvxj;
vy = �uyv

2
x:

vty = (vt � ln jvxj) v
�1
x vxy + 2 vy v

�2
x vxx
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� = �1:�
vt = (ux � v) vx;
vy = uy v

�1 vx:

vty = (vt v
�1
x + v) vxy � v vy v

�1
x vxx

� = �1:�
vt = (ux + �) vx;
vy = ���1 uyvx;

vty = (vt v
�1
x � �) vxy + � vy v

�1
x vxx

� 6= 0 � íåóñòðàíèìûé ïàðàìåòð,
ñèììåòðèÿ óðàâíåíèÿ r-dDym ñ � = �1 ñ ãåíåðàòîðîì
x @

@x + 2u @
@u íå ïðîäîëæàåòñÿ äî ñèììåòðèè íàêðûòèÿ
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� 62 f�1; 0g:

E2

E1

?

6

� = �1:

E2 E3

E1

-�

@
@R
I �

�	
�
�
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r-îå ìîäèôèöèðîâàííîå áåçäèñïåðñèîííîå óðàâíåíèå
Êàäîìöåâà�Ïåòâèàøâèëè (rmdKP) (M. B laszak, 2002):

uyy = utx +
�
1
2 (�+ 1)u2x + uy

�
uxx + �ux uxy

ñïåöèàëüíûå ñëó÷àè:

� = 0: mdKP,
Ã.Ì. Êóçüìèíà, 1967; È.Ì. Êðè÷åâåð, 1988;
B.À. Kupershmidt, 1990.
� = 1: dBKP,
N. Dasgupta, R. Chowdhury, 1992; K. Takasaki, 1993;
B.G. Konopelchenko, L. Martinez Alonso, 2003.
� = �1:
M.V. Pavlov, 2003; M. Dunajski, 2004; E.V. Ferapontov, K.R.
Khusnutdinova, 2004; V.Yu. Ovsienko, C. Roger, 2006
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Êîíòàêòíûå èíòåãðèðóåìûå ðàñøèðåíèÿ:
� 62 f�3;�1g:
Ïåðâûé òèï:

d!0 =
�
!1 +

1

2
(�1 + �22) +

1

16
(8V + �2 + 13�+ 12) (�+ 1)�1 �3

+ 1

2
((�+ 1)2 U � V 2

� 2 (�2 + 3�+ 2)V ) (�+ 1)�2 �1
�
^!0

+
�
�3 � V (�+ 1)�1 �2 �

1

8
(�� 4) �0 + (�+ 1)�2 V 2 !1

�
^�1

+!1^�
2+(�2�V (�+1)�1 !1)^�

3:

Âòîðîé òèï:

d!0 =
�
!1 +

1

2
(�22 + �1 + (U �W 2 + 2 (W � V )) �1)� 1

16
(8W � �+ 12) �3

�
^!0

+
�
W 2 !1 +W �2 �

1

8
(�� 4) �0 + �3

�
^�1+!1^�

2+(W !1+�2)^�
3;

dW = 1

2
(2 (Z1+1)� � (W � 1)� V )!0� (V + (�+1)W )!1+ �2� �2

+ 1

2
W (�1��22)+

1

2
W (2W Z1�U+4V +W (W��)) �1+Z1 �

2

+ 1

16
(W (16Z1+8W�7��4)+16V ) �3:
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� = �3: òðåòüå êîíòàêòíîå èíòåãðèðóåìîå ðàñøèðåíèå

d!0 =
�
1

2
(�22 + �1) +

1

8
(4U � V (V + 8W � 11)) �1 + !1

�
1

16
(4V + 16W + 5) �3

�
^!0+

�
�3 �W �0 +

1

2
V �2 +

1

4
V 2 !1

�
^�1

+!1^�
2+
�
�2 +

1

2
V !1

�
^�3

dW =
�
Z + 3

2
W + 21

16

�
!0+

�
W + 7

8

�
(!1��22)+Z �2

�

�
U
�
W + 7

8

�
+ V

�
W 2

�
203

64

�
�

1

32
V 2 (8Z + 7)

�
�1

+ 1

64
(32V (Z +W )� 16W (4W + 3) + 7 (4V + 1)) �3:
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� = �1: îäíî êîíòàêòíîå èíòåãðèðóåìîå ðàñøèðåíèå âòîðîãî
òèïà

d!0 =
�
1

2
(�22 + �1 + (U �W 2 + 2W ) �1)� 1

16
(8W � 11) �3 + !1

�
^!0

+
�
�3 +

5

8
�0 +W �2 +W 2 !1

�
^ �1+!1^ �

2+(�2+W !1)^ �
3);

dW = 1

2
(2Z+W+1)!0��2�

1

2
W (�22+�1)+�2+

1

16
W (16Z+8W+3) �3

+Z �2 + 1

2
(W 2 (2Z + 1) +W (W 2

� U)) �1

ÇÀÌÅ×ÀÍÈÅ 1: 2Z +W + 1 = 0 =) íåóñòðàíèìûé
ïàðàìåòð.
ÇÀÌÅ×ÀÍÈÅ 2: 2Z +W + 1 6= 0 =) óñëîâèå ñîâìåñòíîñòè
âûïîëíåíî.

Î.È. Ìîðîçîâ Èíòåãðèðóåìûå ðàñøèðåíèÿ rdDym è mmdKP



Óðàâíåíèå rmdKP

� 62 f�2;�3
2 ;�1g:8<

:
vt =

�
1

2�+3 v
2 (�+1)
x � ux v

�+1
x +

�
1
2 (�+ 1)u2x � uy

��
vx;

vy =
�

1
�+2 v

�+1
x � ux

�
vx:

� = 0: J.-H. Chang, M.-H. Tu, 2000;
� = 1: B.G. Konopelchenko, L. Martinez Alonso, 2003.
M.V. Pavlov, 2006

vyy = vtx � � (vy v
�1
x + v�x) vxy

+((�+ 1) v2y v
�2
x � vt v

�1
x + � v�x vy +

(�+1)2

2�+3 v
2(�+1)
x ) vxx

� 2 R:�
vt =

�
1
2 (�+ 1)u2x � uy

�
vx;

vy = �ux vx:

vyy = vtx + ((�+ 1) v2y v
�2
x � vt v

�1
x ) vxx � � vy v

�1
x vxy;
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� = �2:�
vt = �v�1x � ux �

�
1
2 u

2
x + uy

�
vx;

vy = ln jvxj � ux vx

vyy = vtx + 2 (ln jvxj+ vy) v
�1
x vxy

�(vtvx + ln jvxj (ln jvxj � 2 vy + 1) + v2y � vy + 1) v�2x vxx

� = �3
2 :�

vt = �
�
1
4 u

2
x + uy

�
vx � ux

p
jvxj+ ln jvxj;

vy = �ux vx + 2
p
jvxj

vyy = vtx +
3
2 (vy � 2 jvxj

1=2) v�1x vxy
+(vx (ln jvxj � vt �

1
2 v

2
y) + 3 vy jvxj

1=2 � 4) v�2x vxx
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� = �3:�
vt = �u� (u2x + uy) vx;
vy = �vx ux � x

u = (vy + vx vtx + 3 (vy + x) vxy + x� vx vyy)v
�1
xx � vt

�2 (vy + x)2 v�1x

Î.È. Ìîðîçîâ Èíòåãðèðóåìûå ðàñøèðåíèÿ rdDym è mmdKP
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� = �1:�
vt = �

�
uy � �ux � �2

�
vx;

vy = �(ux � �) vx;

� 2 R � íåóñòðàíèìûé ïàðàìåòð
M. Dunajski, 2004

vyy = vtx � (vt + � vy) v
�1
x vxx + (vy + � vx) v

�1
x vxy

� = �1:�
vt = �

�
uy � v ux � v2

�
vx;

vy = �(ux � v) vx;

vyy = vtx � (vt + v vy) v
�1
x vxx + (vy + v vx) v

�1
x vxy
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� = 0:

E2 E3

E1
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� 62 f�3; 0g :

E2 E3

E1

-�

@
@R
I �

�	
�

� = �3: E2 E3

E1 E4

-�
Q
QQs
k �

��+
3

� -
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? ?

? E2 E3 ?

E1

p

p

p

p

p

p

p?

p

p

p

p

p

p

p?
p p p p p p p- -�

@
@
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�
�	

�

ppppppp�

E1: uyy = utx +
�
1
2 (�+ 1)u2x + uy

�
uxx + �ux uxy

E2: wyy = wtx+((�+1)w2
y w

�2
x �wtw

�1
x )wxx��wy w

�1
x wxy;

E3: vyy = vtx � � (vy v
�1
x + v�x) vxy

+((�+1) v2y v
�2
x �vt v

�1
x +� v�x vy+

(�+1)2

2�+3 v
2(�+1)
x ) vxx
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E3: äâàæäû ìîäèôèöèðîâàííîå óðàâíåíèå dKP, M.V. Pavlov,
2006, 2010
� 62 f�2;�3=2;�1g

uyy = utx��

�
uy
ux

+ u�x

�
uxy

+

 
(�+ 1)

u2y
u2x

�
ut
ux

+ �u�x uy +
(�+ 1)2

2�+ 3
u2(�+1)x

!
uxx

Òðè êîíòàêòíûå èíòåãðèðóåìûå ðàñøèðåíèÿ:

1) E2 ! E3
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2)

vt =
(�+ 2)2

2�+ 3
v2�+3x �(�+2)

�
uy
ux

+ u�+1x

�
v�+2x

+

�
ut
ux

+ (�+ 2)u�xuy +
(�+ 1)(�+ 2)

2�+ 3
u2�+2x

�
vx

vy = �v�+2x +

�
uy
ux

+ u�+1x

�
vx

Èñêëþ÷èì u =) òî æå ñàìîå óðàâíåíèå äëÿ v.
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3)

wt =

�
ut

ux
� (�+ 1)(�+ 2)u�x

�
uy �

u�+2x

2�+ 3

��
wx

wy =

�
uy

ux
� (�+ 1)u�+1x

�
wx

Èñêëþ÷èì u:

ut =

�
wt

wx
+ (�+ 1)(�+ 2)

�
wy

wx
u�+1x +

(�+ 2)(2�+ 1)

2�+ 3
u2�+2x

��
ux

uy =

�
wy

wx
+ (�+ 1)u�+1x

�
ux

Óñëîâèå ñîâìåñòíîñòè: (ut)y � (uy)t =

= �(�+1)(�+2)u�+2x w�2x
�
Gwx � � (�+ 2)u�+1x (wy wxx � wx wxy)

�
= 0;

G = wyy�wtx�

 
(�+ 1)

w2
y

w2
x

�
wt

wx

!
wxx+�

wy

wx
wxy
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� = 0 =) E2 ! E3

� 62 f�2;�3=2;�1; 0g =)

u�+1x = H, ãäå H = ���1(�+ 2)�2Gwx (wy wxx � wxwxy)
�1,

ïðè ýòîì

� (2�+3)w2
xHt�� (�+2)wx (2(�+ 2)(2�+ 1)wxH + (2�+ 3)wy) Hy

+�
�
(�+ 1)(�+ 2)2(2�+ 1)w2

xH
2 + 2(�+ 2)(2�+ 1)wxwyH

�(2�+ 3)(wtwx � (�+ 2)w2
y)
�
Hx�(�+1)

�
(2�2 + 5�+ 1)wxG

+�(2�+ 3)(wxwtx � wtwxx)) H�(2�+3)wy G = 0
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� 62 f�3;�2;�3=2;�1; 0g:
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� = �3:

E5
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