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O.1. Morozov Lax representations and non-central extensions



The hyper-CR equation

EXAMPLE 1. The hyper-CR equation for Einstein—Weyl

structures
Wiy = Witz — Wy Wy — Wy Wy (&1)

G.M. Kuz'mina, 1967
V.G. Mikhalev, 1992
M.V. Pavlov, 2003
M. Dunajski, 2004

e 6 6 ¢

Lax representation with a non-removable parameter:

vy = (Az—)\ux—uy)vm,
vy = (A—ug) .
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The hyper-CR equation

Algebra of contact symmetries Sym(&1)

QbO( ) = —Au; — 5 Y (yux 2x)A” A'(:cux + Yy — u) + % y3 A/",
$1(A) = —yAug — Auy +z A"+ Ly A,
$2(A) = —A uy +y A,
$3(A) =

Yo = —21’% — yuy + 3u,

Y1 = —yYug + 2z,

where A = A(t).
Commutators:
{¢i(A),¢;(B)} = ¢i1;(AB' — BA"),
{wia ¢k‘(A)} =—k ¢k’+l(A)a
{0, Y1} = —1h1.
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The hyper-CR equation

Sym(€1) = po X P4,00,

po = (Yo, Y1),

Pa,co = (B0(A), ... #3(A)) = Rs[h] ® wlt],

where tft] = (£8; | i € No), Rs[h] = R[a]/(h4 = 0).
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The hyper-CR equation

Maurer-Cartan forms: ag, o, 0k, k € {0,...,3}, n >0,
ai(¥;) = dij, ai(¢x(t™)) =0,

Or.n(s) =0, L 00 (D1(t™)) = Ski0nm
3 00
Denote O =), h’g > % R Ok m, Vi= 88 ,
k=0  m=0 hi

then the structure equations of Sym(€1) take the form

dao = 0,
day = ag A aq,
de = vl(@)/\9+(h00¢0+h%0&1)/\V0(@),

(recall that hf = 0 when k > 3).
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The hyper-CR equation

From the structure equations we have:
Hl(Sym(&)) = ROéo,

Rlag Aay], ¢=1,

e ={ fiop " o7
Moreover,

HZ, (ps) € HZ,(Sym(€1)),
hence equation

do=ag Ao+ ag Aoy

is compatible with the structure equations of Sym(€;) and
defines a non-central extension of this Lie algebra.

O.1. Morozov Lax representations and non-central extensions



The hyper-CR equation

We have (r # 0, q,s € R are parameters):

ap = dg,

ay = —elds,

o =¢el(dv—qds),
0o,0 = rdt,

91’0 =rel (dy + p1 dt),

02,0 = re® (dz + (p1 — s) dy + p2 dt),

030 = pe*d (du+ (p1 — 2s) dz + (p2 — sp1 + s*) dy + p3 dt).
We know

030 = pe®? (du — uy dz — uy dy — uz dt)

p1—2s = —Uyg,
= p2—sp1+8° = —uy,
b3 = —U.
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The hyper-CR equation

Consider
o—00=

e? (dv—qds —re? (dz+ (s — uz) dy + (s> — sug — uy) dt)),
rename ¢ =vs, T =7Uv,exp(—vs) =
o—bao=

€’ (dv — vgds — vy (dz + (5 — ug) dy + (s* — sug — uy) dt)).
Then o — b6 =0 <&

{vt = (32—sux—uy)vx,
ty = (6= wgy) ¥

= 0 — a0 is the Wahlquist-Estabrook form for the Lax
representation of the hyper-CR equation, A = s.
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Integrable hierarchy associated to the hyper-CR equation

Consider the Lie algebra

Po X Prt1cos Where Pri1 oo = Rplh] @ to[t].

The structure equations: the same system

dag = 0,

day = ag A aq,

dO = Vi(©)AO + (hgap+ hdai) A V(O)
with

0= ht > Lhro ..
k=0 m=0
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Integrable hierarchy associated to the hyper-CR equation

Rename: t — t,_1, y > t,_9, T +—> t,_3, then

n—1
Ono =1e™ <du - > utidti>

1=0
=
0 —0p10=
n—1( -1
e | dv—vgds —vgdto — > |88 = X Ty, | vy dty |
i=1 j=0
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Integrable hierarchy associated to the hyper-CR equation

_ n—1
Utn—l = (S — S uto — S Uty — = — Sutn_3 — Utn_Q) ’UtO.

o M. Dunajski, 2004,
e M.V. Pavlov, 2003; L.V. Bogdanov, M.V. Pavlov, 2017

O.1. Morozov Lax representations and non-central extensions



Integrable hierarchy associated to the hyper-CR equation

Denote by H,,_1 the compatibility conditions of this system:.
Then Hy is the hyper-CR equation

Uty ty = Uty T Uty Utgty — Uto Utoty
Hs is the hyper-CR equation plus
Uty ty = Utots + Uty Utgty — Uty Utgtys
Uty ts = Utgty + Uty Utgty — Uty Utoty 5
H4 consists of Hsg plus
Utgty = Utaty T Ut Utgty — Uty Utgtg T Uty Utgty — Uty Utgty s

ut1t4 - ut2t3 + uto utotg - utg utotla
Utoty = ut3t3 + Uty utotg - utg utotga

etc., system H,,_1 consists of equations from H, o
supplemented by equations

Ut; 1t = Utitn 1 + Ugo Utotn—1 — Uty Utot;—1» 1<i<n-2
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Integrable hierarchy associated to the hyper-CR equation

Denote by H,,_1 the compatibility conditions of this system:.
Then Hy is the hyper-CR equation

utltl - utotz = utl utoto - uto ut0t17
Hs is the hyper-CR equation plus

Utyty = Utgtz T Uty Utgty — Uty Utgts
ut1t3 = Utqty T Uty utotQ — Uty utotl:

H4 consists of Hsg plus
ut0t4 — utztz + uto ut0t3 - utg utoto + utl utotz - utz ut0t17

ut1t4 - ut2t3 + uto utotg - utg utotla
Utoty = ut3t3 + Uty utotg - utg utotga

etc., system H,,_1 consists of equations from H, o
supplemented by equations

Ut; 1t = Utitn 1 + Ugo Utotn—1 — Uty Utot;—1» 1<i<n-2
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Reduced quasi-classical self-dual Yang—Mills equation

EXAMPLE 2: rqsdYM equation:
Uyy = Uty + Uy Ugg — Ug Ugy (82)

e E.V. Ferapontov, K.R. Khusnutdinova, 2004

{vt = AUy — Uy Vg,
vy = (A—ug)vy.

The symmetry algebra: Sym(€2) = qo X 3,00,
go = a X (sla(R) x v), dima=1, dimv =2,

43,00 = Ro[h] @ R[t] ® 1o[z].

O.1. Morozov Lax representations and non-central extensions



Reduced quasi-classical self-dual Yang—Mills equation

The structure equations for Sym(€s):

/

da = 0,
dB = Vi(B)AB,
dl' = aAl+Vi(I)AB+1Vi(B)ATL,

dO = V2(0)ANO+Vi(O)A(B+hol)
+ho Vo(O) A (% Vi(B) + ho Vi(T') — a) ,

B = o+ h1B1+ 3 h1 B2,

I'=v +h1im,
[o. olNe o] hkhz 2
0= Z Z Z ZIJI gk,z,j
k=0i=0 j=0
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Reduced quasi-classical self-dual Yang—Mills equation

Hl(Sym(Eg)) =Ra,

_ R[70A71]7 0:27
IR S

H(90) © H3(Sym(€2)),
=

non-central extension for Sym(&€2) with the additional structure
equation

do=2aNo+yA7.
Integration: 62,0 is a multiple of the contact form =

o — 1 — 010, defines the covering

v = svy—uyvx—%s2,
vy = (58— uz)vy

over the rqsdYM.
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Integrable hierarchy associated with rqsdYM

Replace
do X (Ro[p] @ R[t] @ w[2]) = go X (Rp[h] @ R[] @ to[2]),

integrate the same structure equations with

hhh
0= ZZZ ZIJI akl,ja

k=01i=035=0
rename ¢ — y1, * — to, Y — Yo, 2 —~ 11 =

_ 1.2

Uy = SUyy = Uy Uy — 5 S

Uty = (S - uto)vtov
_ 2

Vg, = (8% — su, — Uty ) Vg,

.=l .

— (3 1—7]—

U, = [ = s g | vy,

Jj=0
_ n—1 n—2 n—3
L /Utn,1 = (S — S 'LLtO — S Utl = o000 = sutn73 — ’U,tn72) Uto.
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Integrable hierarchy associated with rqsdYM

Compatibility conditions: H, 1 supplemented by the rqgsdYM
equation

Utoyr = Utyyo — Uyo Utoto T Uto Utoyo
and system

Utiyy = Utipqyyo — Uyo Utot; T Ut; Utgyo s 0<i<n-2
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The 4D universal hierarchy equation

EXAMPLE 3. 4D UH equation :
Uzy = Uty T Uz Ugy — Ug Uy, (83)

o L.V. Bogdanov, M.V. Pavlov, 2017,
e M.V. Pavlov, N. Stoilov, 2017.

Lax representation with a non-removable parameter:

vy = )\QUI—()\ux—i—uz)vy,
Vy = AUz — Ug Vy.
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The 4D universal hierarchy equation

The symmetry algebra
Sym(€3) = to X (R1[h] ® R[t] ® w]y])

The structure equations:

dp
dB2
dps
dpBa
dpBs
dfe
d©g
dO-

0,

B1 A Bz,

0,

(Bs — B1) A Ba,

B3 A Bs — B2 A Ba,

(283 — B1) A Bs + % Ba A Bs.

V2(00) A Og + Vi(00) A (B2 + h1 1)

V2(01) ABg + V2(O0) AO1 + (B1 — B3) A O1
+(B2 4+ h1 1) AV1(O1) + (Bs + hi1 fa) A V1i(Op).
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Integrable hierarchy associated to 4D UH equation

The second non-central extension of t, provides the above
covering over 4D UH equation.

Hierarchy: replace R;[h] by R, [h], extend the structure
equations correctly, then integrate =

(

Uy, =  SUyy = Uyg Vo,
Vys = s Uy — (Uy, + 5 uyy) vty
Uty = (8 — uty) vty
Uty = (82— sug, — upy ) Vg,
i—1
Uy, = [|st=3 s7id ug; | v,
7=0
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Integrable hierarchy associated to 4D UH equation

Compatibility conditions: H,_1 supplemented by the 4D UH
equation

Uyoyz = Uyryy T Uyg Utoyr — Uyy Utoyo
and system
Utpyo = Uty _oys + Uy; Utgty_o — Uty _o Utgy T Uyg Utoty,_y — Uty,_; Utgyo,
Uty = Utpy_1yo T Uy Utgty—1 — Utp,_1 Utgyy

with2<k<n—-1,1<m<n-—1.
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