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Óðàâíåíèÿ âòîðîãî ïîðÿäêà

ÎÄÓ âòîðîãî ïîðÿäêà: ïîäìíîãîîáðàçèÿ âèäà

uxx = F (x; u; ux) (1)

â ðàññëîåíèè J2(�) ñ ëîêàëüíûìè êîîðäèíàòàìè (x; u; ux; uxx),

ãäå � : R� R! R, � : (x; u) 7! x.

G � ïñåâäîãðóïïà òî÷å÷íûõ ïðåîáðàçîâàíèé � ïðîäîëæåíèå íà

J2(�) ïñåâäîãðóïïû ëîêàëüíûõ äèôôåîìîðôèçìîâ íà R� R.
Äëÿ äèôôåîìîðôèçìà �: (x; u) 7! (ex; eu) åãî âòîðîå ïðîäîëæå-

íèå �(2) : (x; u; ux; uxx) 7! (ex; eu; eu
ex; euexex) îïðåäåëÿåòñÿ ñëåäóþ-

ùèìè óñëîâèÿìè:

(�(2))�(deu� eu
ex dex) � 0 mod du� ux dx;

(�(2))�(deu
ex � euexex dex) � 0 mod dux � uxx dx; du� ux dx;

(�(2))�dex � 0 mod dx; du� ux dx.
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Ïðîáëåìà ýêâèâàëåíòíîñòè

Ïðîáëåìà ýêâèâàëåíòíîñòè: íàéòè íåîáõîäèìûå è äîñòàòî÷íûå

óñëîâèÿ ñóùåñòâîâàíèÿ äèôôåîìîðôèçìà èç G, ïåðåâîäÿùåãî

îäíî óðàâíåíèå (1) â äðóãîå.

Èíâàðèàíòíûé ïîäêëàññ:

uxx = A3(x; u)u
3
x +A2(x; u)u

2
x +A1(x; u)ux +A0(x; u) (2)

Ñ. Ëè, 1883 (Gesam. Abh.: Bd 5, pp. 362-427): óðàâíåíèå (2)

ýêâèâàëåíòíî óðàâíåíèþ eu
exex = 0 () ñîâìåñòíà ïåðåîïðå-

äåëåííàÿ ñèñòåìà

Ux = U V +A0A3 �
1
3 A1;u +

2
3 A2;x,

Uu = U2 �A2 U +A3 V +A3;x +A1A3,

Vx = V 2 �A0 U +A1 V �A0;u +A0A2,

Vu = U V +A0A3 +
1
3 A2;u �

2
3 A1;u.
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Ïðîáëåìà ýêâèâàëåíòíîñòè

Ð. Ëèóâèëëü, 1889 (J. �Ecole Polytech., 59, pp. 7-76):

óðàâíåíèå (2) ýêâèâàëåíòíî óðàâíåíèþ eu
exex = 0 ()

L1 = 0, L2 = 0, ãäå

L1 = 3A0;uu � 2A1;xu +A2;xx + 3A3A0;x � 3A2A0;u

�3A1A1;u �A1A2;x � 3A0A2;u + 6A0A3;x,

L2 = A1;uu � 2A2;xu + 3A3;xx � 6A3A0;u + 3A3A1;x

+2A2A1;u � 2A2A2;x + 3A1A3;x � 3A0A3;u;

ñåðèè îòíîñèòåëüíûõ è àáñîëþòíûõ èíâàðèàíòîâ

óðàâíåíèÿ (2) ïðè äåéñòâèè G.
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Ïðîáëåìà ýêâèâàëåíòíîñòè

À. Òðåññå, 1894 (Acta Math., 18, pp. 1-88), 1896 (Preisschr. f�urst.

Jablonowski'schen Gesellschaft, 32):

Èíôèíèòåçèìàëüíûé ìåòîä Ñ. Ëè äëÿ íàõîæäåíèÿ äèôôå-

ðåíöèàëüíûõ èíâàðèàíòîâ óðàâíåíèé (2) è (1);

Äëÿ íåëèíåàðèçóåìîãî óðàâíåíèÿ (2) ñóùåñòâóåò ïðåîáðà-

çîâàíèå èç G, ïðèâîäÿùåå åãî ê óðàâíåíèþ, äëÿ êîòîðîãî

L1 6= 0 è L2 = 0. Äâà óðàâíåíèÿ èç ïîäêëàññà óðàâíåíèé

(2), óäîâëåòâîðÿþùèõ óñëîâèþ L1 6= 0 è L2 = 0, ýêâèâà-

ëåíòíû îòíîñèòåëüíî ïñåâäîãðóïïû G òîãäà è òîëüêî

òîãäà, êîãäà îíè ýêâèâàëåíòíû îòíîñèòåëüíî ïîäïñåâäî-

ãðóïïû H � G, ñîñòîÿùåé èç ïðîäîëæåíèé äèôôåîìîð-

ôèçìîâ âèäà

ex = '(x); eu =  (x; u):
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Ïðîáëåìà ýêâèâàëåíòíîñòè

Ì.Â. Áàáè÷, Ë.À. Áîðäàã, 1999 (J. Di�.Eq., 157, pp. 452-485):

Âñå óðàâíåíèÿ Ïýíëåâå ïðèíàäëåæàò ê ñëó÷àþ, êîòîðûé íå

áûë ðàññìîòðåí Ëèóâèëëåì è Òðåññå;

Êàæäîå òàêîå óðàâíåíèå ïðèâîäèòñÿ ïðåîáðàçîâàíèåì èç

G ê âèäó

uxx = A0(x; u): (3)

Äâà óðàâíåíèÿ âèäà (3) ýêâèâàëåíòíû îòíîñèòåëüíî ïñåâ-

äîãðóïïû G òîãäà è òîëüêî òîãäà, êîãäà îíè ýêâèâàëåíòíû

îòíîñèòåëüíî ïîäïñåâäîãðóïïû, ñîñòîÿùåé èç ïðåîáðàçî-

âàíèé âèäà

ex = '(x); eu =p
j'0(x)ju+�(x):
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Ïðîáëåìà ýêâèâàëåíòíîñòè

Ë. Ñó, Í. Êàìðàí, 1989 (Proc. London Math. Soc., 58, pp.

387-416):

ìåòîä Êàðòàíà äëÿ ðåøåíèÿ ïðîáëåìû ýêâèâàëåíòíîñòè

óðàâíåíèé (1) îòíîñèòåëüíî ïñåâäîãðóïïû H.
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Ïðîáëåìà ýêâèâàëåíòíîñòè

Âòîðîå ïðîäîëæåíèå äèôôåîìîðôèçìà �:

(�(2))�dex = b1 dx+ b2 (du� ux dx),

(�(2))�(deu� eu
ex dex) = b3 (du� ux dx),

(�(2))�(deu
ex � euexex dex) = b4 (dux � uxx dx) + b5 (du� ux dx),

ãäå b1 � b3 � b4 6= 0. Èíûìèì ñëîâàìè,

(�(2))�

0
@ dex

deu� eu
ex dex

deu
ex � euexex dex

1
A =

0
@ b1 b2 0

0 b3 0

0 b5 b4

1
A�
0
@ dx

du� ux dx

dux � uxx dx

1
A
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Ïðîáëåìà ýêâèâàëåíòíîñòè

Ðàññìîòðèì 1-ôîðìû:

0
@ 
1


2


3

1
A =

0
@ b1 b2 0

0 b3 0

0 b5 b4

1
A�
0
@ dx

du� ux dx

dux � uxx dx

1
A

Îíè èíâàðèàíòíû îòíîñèòåëüíî ïîäíÿòèÿ äèôôåîìîðôèçìà

�(2): 	 : (x; u; ux; b1; :::b5) 7! (ex; eu; eu
ex;eb1; :::;eb5),

	�

0
B@
e
1e
2e
3

1
CA =

0
@ 
1


2


3

1
A :
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Ïðîáëåìà ýêâèâàëåíòíîñòè

Îãðàíè÷èì 
1, 
2, 
3 íà óðàâíåíèå (1):

0
@ !1

!2
!3

1
A =

0
@ b1 b2 0

0 b3 0

0 b5 b4

1
A �

0
@ dx

du� ux dx

dux � F (x; u; ux) dx

1
A

Äâà óðàâíåíèÿ (1) ýêâèâàëåíòíû îòíîñèòåëüíî G ()

	�

0
@ e!1e!2e!3

1
A =

0
@ !1

!2
!3

1
A :

!1, !2, !3 � èíâàðèàíòíû =) d!1, d!2, d!3 èíâàðèàíòíû.
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Ïðîáëåìà ýêâèâàëåíòíîñòè

Ñòðóêòóðíûå óðàâíåíèÿ

d!2 = �^!2+
b3

b1b4
!1^!3;

� =
db3

b3
�

b5

b1b4
!1+r !2+

b2

b1b4
!3:

Èíâàðèàíò:

b3

b1b4

Íîðìàëèçàöèÿ:

b3

b1b4
= 1 =) b3 = b1b4:
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Ïðîáëåìà ýêâèâàëåíòíîñòè

d!1 = �1^!1+�2^!2;

d!2 = �3^!2+!1^!3;

d!3 = �4^!2+(�3��1)^!3;

d�1 = �2 �4^!1+�5^!2��2^!3;

d�2 = (�1��3)^�2+�5^!1+
1
6

F4

b1b
3
4

!2^!3;

F4 = Fuxuxuxux :

Ñëó÷àé A: F4 6= 0 =) íîðìàëèçàöèÿ b1 = F4 b
�3
4 .

Ñëó÷àé B: F4 = 0.
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Ñëó÷àé À: F4 6= 0

d!1 = �1^!1+�2^!2+
1
2

5 b2b
3
4 + F5

b4F4
!1^!3;

d!2 =
2
3 �1^!2+!1^!3;

=) íîðìàëèçàöèÿ b2 = �
1
5 F5 b

�3
4 ;
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Ñëó÷àé À: F4 6= 0

d!1 = �1^!1+
1
25

5F4F6 � 6F 2
5

F 2
4 b

2
4

!2^!3;

d!2 =
2
3 �1^!2+!1^!3;

d!3 = �2^!2�
1
3 �1^!3+

1
2

b24
F 2
4

(F4 b5 + (Dx(F4) + 2F1F4) b4) !1^!3;

Dx =
@

@x
+ux

@

@u
+F

@

@ux

=) íîðìàëèçàöèÿ b5 = �b4F
�1
4 F (Dx(F4) + 2F1F4);

Ñëó÷àé AA: 5F4F6 � 6F 2
5 6= 0

=) íîðìàëèçàöèÿ b4 = F�1
4

p
j5F4F6 � 6F 2

5 j;

Ñëó÷àé AB: 5F4F6 � 6F 2
5 = 0.
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Ñëó÷àé ÀA: F4 6= 0, 5F4F6 � 6F 2
5 6= 0

d!1 = G1 !1^!2+H1 !1^!3�
1
25 !2^!3;

d!2 = I1 !1^!2+!1^!3+
2
3 H1 !2^!3;

d!3 = J1 !1^!2�
1
2 I1 !1^!3+K1 !2^!3;

G1 = G1(x; u; ux); :::; K1 = K1(x; u; ux);

dR = D1(R)!1 + D2(R)!2 + D3(R)!3,

D1 = V
3=2
1

F�4
4

Dx;

D2 =
1

5
V1

�
F5 F

�4

4
Dx + 5F�3

4

@

@u
+ 5F�4

4
(Dx(F4) + 2F1 F4)

@

@ux

�
;

D3 = F4 V
�1=2
1

@

@ux
; V1 = 5F4F6�6F

2

5

.
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Ñëó÷àé ÀB: F4 6= 0, 5F4F6 � 6F 2
5 = 0

Ñëó÷àé ABA: F4 6= 0, F5 = 0 =)

uxx = A4(x; u)u
4
x+A3(x; u)u

3
x+A2(x; u)u

2
x

+A1(x; u)ux+A0(x; u): (4)

Ñëó÷àé ABB: F4 6= 0, F5 6= 0 =)

uxx =
1

B1(x; u)ux +B0(x; u)
+A3(x; u)u

3
x+:::+A0(x; u): (5)

ëåììà 1: Ïóñòü W (x; u) � ëþáîå íåíóëåâîå ðåøåíèå óðàâíå-

íèÿ d(W � (B1 du+B0 dx)) = 0. Òîãäà ñóùåñòâóåò ôóíêöèÿ

V (x; u), òàêàÿ ÷òî dV =W � (B1 du+B0 dx). Çàìåíà ïåðåìåí-

íûõ ex = V (x; u); eu = x ïåðåâîäèò óðàâíåíèå âèäà (5) â

óðàâíåíèå âèäà (4).
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Ñëó÷àé ÀBA: F4 6= 0, F5 = 0

ëåììà 2: Ïóñòü W (x; u) � ëþáîå íåíóëåâîå ðåøåíèå óðàâíå-

íèÿ d(W � (du� 3A3A
�1
4 dx)) = 0: Òîãäà ñóùåñòâóåò ôóíêöèÿ

V (x; u), òàêàÿ ÷òî dV =W � (du� 3A3A
�1
4 dx). Çàìåíà ïåðå-

ìåííûõ ex = x; eu = V (x; u) ïåðåâîäèò óðàâíåíèå (4) â óðàâíå-

íèå âèäà

uxx = A4(x; u)u
4
x +A2(x; u)u

2
x +A1(x; u)ux +A0(x; u):

Ñòðóêòóðíûå óðàâíåíèÿ

d!1 = �1^!1;

d!2 =
2
3 �1^!2+!1^!3;

d!3 = �
1
3 �1^!3+::: !1^!2

+ 1
18 b

2
4A

�2
4

�
18A2

4u
2
x +A4;u + 3A2A4

�
!2^!3

=) b4 = A4 �
��18A2

4u
2
x +A4;u + 3A2A4

���1=2
:
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Ñëó÷àé ÀBAA: F = A4u
4
x+ :::+A0, A4;u+3A2A4 6= 0

Ñòðóêòóðíûå óðàâíåíèÿ

d!1 = (30�3 J2P
3
2 )!1^!2�3!1^!3;

d!2 = (G2P
4
2+J2P

3
2+P

2
2�8)!1^!2+!1^!3�2!2^!3;

d!3 = (H2P
6
2+I2P

5
2+15G2P

4
2+34 J2P

3
2+11P

2
2�110)!1^!2

�
�
1
2 G2P

4
2 + J2P

3
2 � 13

�
!1^!3�(J2P

3
2+20)!2^!3;

dP2 = P2

�
1
2 G2P4 � L2P

3
2 �K2P

2
2 + 1

�
!1

�P2 (J2P
3
2�K2P

2
2�10)!2�P2 !3

Èíâàðèàíò, çàâèñÿùèé îò ux:

P2 = V
1=2
2 u�1

x ;
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Ñëó÷àé ÀBAA: F = A4u
4
x+ :::+A0, A4;u+3A2A4 6= 0

Èíâàðèàíòû, çàâèñÿùèå îò x è u:

G2 = 2A0A
�1
4 V �2

2 ,

J2 =W2 V
�3=2
2 ,

K2 =
1
2 (V2;u � 2A2V2)A

�1
4 V �2

2 ,

L2 =
1
2 (V2;x � 2A1V2)A

�1
4 V

�5=2
2 ,

H2 =
1
2 A

�1
4 V �3

2 (G2V2V2;u � 2W2;x + V 2
2 G2;u +A4G2V

3
2

�4A2G2V
2
2 � 4A4W2 + 6A1W2);

I2 = A�2
4 V

�5=2
2 (A1;u �A2;x �A4W2;u + 3A2A4W2 �A2

4V2W2);

ãäå

V2 = A�2
4 (A4;u + 3A2A4); W2 = A�2

4 (A4;u + 2A1A4):

Èíâàðèàíòíûå äèôôåðåíöèðîâàíèÿ:

R = R(x; u) ) dR = D1!1 + D2!2,

D1 = A�1
4 V

�3=2
2

@
@x ; D2 = A�1

4 V �1
2

@
@u :
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Ñëó÷àé ÀBAB: A4;u + 3A2A4 = 0, A4;x + 2A1A4 6= 0

Ñòðóêòóðíûå óðàâíåíèÿ

d!1 = 3 (P 3
3+8)!1^!2�3!1^!3;

d!2 = 2 (G3 P
4
3+P

3
3+5)!1^!2+!1^!3�2!2^!3;

d!3 = (I3P
6
3+H3P

5
3�24G3P

4
3�20P

3
3�56)!1^!2

�(G3P
4
3+P

3
3+5)!1^!3�(P

3
3�16)!2^!3;

dP3 = P3 (K3P
3
3K�G3P

4
3+J3P

2
3�1)!1

+P3 (J3P
2
3�P

3
3�8)!2�P3 !3

Èíâàðèàíò, çàâèñÿùèé îò ux:

P3 = V
1=3
3 u�1

x ;
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Ñëó÷àé ÀBAB: A4;u + 3A2A4 = 0, A4;x + 2A1A4 6= 0

Èíâàðèàíòû, çàâèñÿùèå îò x è u:

G3 = A0A
�1
4 V

�4=3
3 ,

H3 =
1
3 (A1;u � 2V3A4;u � 2A4 V3;u)A

2
4V

�5=3
3 ,

J3 =
1
3 (V3A4;u +A4V3;u)V

�5=3
3 A2

4,

K3 =
1
3 (V3;x � 3A1V3)A

�1
4 V �2

3 ,

I3 = G3;uA
�1
4 V

�2=3
3 + 4G3J3 � 3K3 � 2,

ãäå

V3 = (A4;x + 2A1A4)A
�2
4

Èíâàðèàíòíûå äèôôåðåíöèðîâàíèÿ:

D1 = A�1
4 V �1

3
@
@x ; D2 = A�1

4 V
�2=3
3

@
@u :

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé ÀBAC: A4;u + 3A2A4 = 0, A4;x + 2A1A4 = 0,
A0 6= 0

Ñòðóêòóðíûå óðàâíåíèÿ

d!1 = 24!1^!2�3!1^!3;

d!2 = 2 (P 3
4+5)!1^!2+!1^!3�2!2^!3;

d!3 = (24P 4
4�G4P

6
4�H4P

5
4�56)!1^!2�(P

4
4+5)!1^!3+16!2^!3;

dP4 =
1
4 P4 (4 I4P

3
4�4P

4
4+G4P

2
4�4)!1+

1
4 P4 (G4P

2
4�32)!2�P4 !3

Èíâàðèàíò, çàâèñÿùèé îò ux:

P4 = A
1=4
0 u�1

x A
�1=4
4 ;

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé ÀBAC: A4;u + 3A2A4 = 0, A4;x + 2A1A4 = 0,
A0 6= 0

Èíâàðèàíòû, çàâèñÿùèå îò x è u:

G4 = (3A4A0;u +A0A4;u)A
�3=2
0 A

�3=2
4 ,

H4 =
1
6 (A4A4;xu �A4;xA4;u)A

�3=2
0 A

�5=4
4 ,

I4 =
1
4 (A4A0;x +A0A4;x)A

�7=4
0 A

�5=4
4 ,

Èíâàðèàíòíûå äèôôåðåíöèðîâàíèÿ:

D1 = A
�3=4
0 A

�1=4
4

@
@x ; D2 = A

�1=2
0 A

�1=2
4

@
@u :

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé ÀBAD: A4;u + 3A2A4 = 0, A4;x + 2A1A4 = 0,
A0 = 0, A4A4;xu � A4;xA4;u 6= 0

Ñòðóêòóðíûå óðàâíåíèÿ

d!1 = 24!1^!2�3!1^!3;

d!2 = 10!1^!2+!1^!3�2!2^!3;

d!3 =
�
1
6 P

5
5 � 56

�
!1^!2�5!1^!3+16!2^!3;

dP5 = P5 (H5 P
3
5+G5 P

2
5�1)!1+P5 (G5P

2
5�8)!2�P5 !3

Èíâàðèàíò, çàâèñÿùèé îò ux:

P5 = (A4A4;xu �A4;xA4;u)
1=5 u�1

x A
�1=5
4 ;

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé ÀBAD: A4;u + 3A2A4 = 0, A4;x + 2A1A4 = 0,
A0 = 0, A4A4;xu � A4;xA4;u 6= 0

Èíâàðèàíòû, çàâèñÿùèå îò x è u:

G5 =
1
15 (3A4V5;u � 7V5A4;u)A

�2=5
4 V

�7=5
5 ,

H5 =
1
10 A

2=5
4 (2A4V5;x � 3V5A4;x)V

�8=5
5 ,

ãäå

V5 = A4A4;xu �A4;xA4;u:

Èíâàðèàíòíûå äèôôåðåíöèðîâàíèÿ:

D1 = A
7=5
4 V

�3=5
5

@
@x ; D2 = A

3=5
4 V

�2=5
5

@
@u :

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé ÀBAE: A4;u + 3A2A4 = 0, A4;x + 2A1A4 = 0,
A0 = 0, A4A4;xu � A4;xA4;u = 0

Ñòðóêòóðíûå óðàâíåíèÿ

d!1 = 24!1^!2�3!1^!3;

d!2 = 10!1^!2+!1^!3�2!2^!3;

d!3 = �56!1^!2�5!1^!3+16!2^!3:

Íîðìàëüíàÿ ôîðìà:

uxx = u4x.

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé B: F4 = 0

uxx = A3(x; u)u
3
x+A2(x; u)u

2
x+A1(x; u)ux+A0(x; u):

d!1 = �1^!1+�2^!2;

d!2 = �3^!2+!1^!3;

d!3 = �4^!2+(�3��1)^!3;

d�1 = �2 �1^!1+�5^!2��2^!3;

d�2 = (�1��3)^�2+2 �5^!2+�2^!3;

d�3 = ��4^!1+2 �5^!2+�2^!3;

d�4 = �4^�1+�5^!3+
1
3

L1 + L2 ux

b31b4
!1^!3:

L1 = 3A0;uu � 2A1;xu +A2;xx + 3A3A0;x � 3A2A0;u

�3A1A1;u �A1A2;x � 3A0A2;u + 6A0A3;x,

L2 = A1;uu � 2A2;xu + 3A3;xx � 6A3A0;u + 3A3A1;x

+2A2A1;u � 2A2A2;x + 3A1A3;x � 3A0A3;u.

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé B: F4 = 0

Ñëó÷àé BA: L1 = 0 è L2 = 0;

Ñëó÷àé BB: L1 6= 0 èëè L2 6= 0 ) b4 =
1
3 (L1 + L2 ux) b

�3
1 .

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé BA: F4 = 0, L1 = 0, L2 = 0

d!1 = �1^!1+�2^!2;

d!2 = �3^!2+!1^!3;

d!3 = �4^!2+(�3��1)^!3;

d�1 = �2 �1^!1+�5^!2��2^!3;

d�2 = (�1��3)^�2+2 �5^!2+�2^!3;

d�3 = ��4^!1+2 �5^!2+�2^!3;

d�4 = �4^�1+�5^!3;

d�5 = �2^�4��3^�5:

Íîðìàëüíàÿ ôîðìà:

uxx = 0.

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé BB: F4 = 0, L1 6= 0 èëè L2 6= 0

d!1 = �1^!1+�2^!2;

d!2 = �2 �2^!2+!1^!2

+
3 b21

(L1 + L2ux)2
((L1 + L2ux) b2 � L1 b1) !2^!3

íîðìàëèçàöèÿ

b2 =
L2 b1

L1 + L2 ux
=)

!1 =
b1

L1 + L2ux
(L1 dx+L2 du);

d!1 = �1^!1

Ïî òåîðåìå Ôðîáåíèóñà ñóùåñòâóåò ex = V (x; u), òàêàÿ ÷òî

!1 = eb1 dex. Çàìåíà ïåðåìåííûõ: ex = V (x; u), eu =W (x; u)

=) eL2 = 0. Áåç îãðàíè÷åíèÿ îáùíîñòè L2 = 0, L1 6= 0.

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé BB: F4 = 0, L1 6= 0, L2 = 0

d!1 = �1^!1;

d!2 = �2 �1^!2+!1^!3;

d!3 = �3 �1^!3+�2^!2+
1

2L1b1

�
15 b31b5 �Dx(L1) + 2L1 Fux

�
!1^!3

íîðìàëèçàöèÿ:

b5 =
1

15 b31
(Dx(L1)� 2L1 Fux)

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé BB: F4 = 0, L1 6= 0, L2 = 0

d!1 = �1^!1;

d!2 = �2 �1^!2+!1^!3;

d!3 = �3 �1^!3+::: !1^!2+
12 b21
5L2

1

(3A3 L1 ux + L1;u +A2 L1) !1^!3

Ñëó÷àé BBA: A3 6= 0 èëè L1;u +A2 L1 6= 0

=) íîðìàëèçàöèÿ

b1 = L1 j3A3 L1 ux + L1;u +A2 L1j
�1=2;

Ñëó÷àé BBB: A3 = 0 è L1;u +A2 L1 = 0.

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé BBAA: F4 = 0, L1 6= 0, L2 = 0, A3 6= 0

d!1 = G6 !1^!2;

d!2 =
�
H6 �

1
2 G6P6

�
!1^!2+!1^!2;

d!3 = (J6 P
2
6+K6P6+L6)!1^!2+

1
2 G6 !2^!3

+
�
3P 2

6 + I6P6 +
1
12 (I

2
6 �G2

6) +
1
8 G6I6 +

3
2 H6

�
!1^!3;

dP6 =
1
60

�
30G6P6 � 3G6I6 + 2G2

6 � 2 I26 � 6M6

�
!2+!3

+
�
P 3
6 + 1

4 (G6 + 2 I6)P
2
6 + 1

40 (3G6I6 + 2 I26 � 2G2
6

�8M6 + 120H6)P6 +N6) !1;

P6 = A
3=5
3 L

�1=5
1 ux; G6 = G6(x; u); :::; M6 =M6(x; u);

D1 = A
1=5
3 L

�2=5
1

@

@x
; D2 = A

�2=5
3 L

�1=5
1

@

@u
:

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé BBAB: F4 = 0, L1 6= 0, L2 = 0, A3 = 0,
L1;u + A2L1 6= 0

d!1 = G7 !1^!2;

d!2 =
�
H7 +

2
15 (5G7 + 6)P7

�
!1^!2+!1^!3;

d!3 =
�

2
75 (5G7 + 6)P 2

7 + 1
5 (2H7 + 5 J7)P7 + I7

�
!1^!2

+ 1
10 (2 (5G7 + 6)P7 + 15H7) !1^!3+

3
5 (5G7 + 4) !2^!3;

dP7 =
�
(G7 + 1)P 2

7 + 1
10 (15H7 � 2K7)P7 + L7

�
!1

+3
5 ((5G7 + 4)P7 �K7) !2+3!3;

P7 = jL1;y +A2 L1j
3=2 L�2

1 ux; G7 = G7(x; u); :::; L7 = L7(x; u);

D1 = jL1;y +A2 L1j
1=2 L�1

1

@

@x
; D2 = (L1;y +A2 L1)

�1 L1
@

@u
:

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé BBB: F4 = 0, L1 6= 0, L2 = 0, A3 = 0,
L1;u + A2L1 = 0

d!1 = �1^!1;

d!2 = �2 �1^!2+!1^!3;

d!3 = �3 �1^!3+
1

25L2
1b

2
1

�
15L2

1 V8 ux +W8

�
!1^!2;

V8 = A1;u�2A2;x;

W8 = 5L1L1;xx�6L
2
1;x�A1L1L1;x�10L

2
1A1;x+25L

2
1A0;u

+L2
1 (6A

2
1�25A0A2)

Ñëó÷àé BBBA: A1;u � 2A2;x 6= 0

=) b1 =
1
5 L

�1
1 jV8 ux +W8j

1=2;

Ñëó÷àé BBBB: A1;u � 2A2;x = 0.

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé BBBA: F4 = 0, L1 6= 0, L2 = 0, A3 = 0,
L1;u + A2L1 = 0, A1;u � 2A2;x 6= 0

d!1 = 0;

d!2 = G8 !1^!2+!1^!3;

d!3 = P8 !1^!2+
3
2 G8 !1^!3;

dP8 = (3H8P8+I8)!2+
3
5 !3

+
�
5H8P

2
8 + 5

6 (G8 + 8 I8 � 2)P8 + J8
�
!1;

P8 =
V 2
8 (15L2

1V8 ux +W8)

25L4
1

G8 = G8(x; u); :::; J8 = J8(x; u);

D1 = V8 L
�1
1

@

@x
; D2 = V �2

8 L1
@

@u
:

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé BBBB: F4 = 0, L1 6= 0, L2 = 0, A3 = 0,
L1;u + A2L1 = 0, A1;u � 2A2;x = 0

A1;u = 2A2;x =) ñóùåñòâóåò ôóíêöèÿ B = B(x; u), òàêàÿ

÷òî A1 = 2Bx, A2 = Bu =)

uxx = Bu u
2
x+2Bx ux+A0 (6)

ëåììà 3: Ïóñòü V = V (x; u) óäîâëåòâîðÿåò óñëîâèþ

Vu = exp(�B):

Òîãäà çàìåíà ïåðåìåííûõ ex = x, eu = V (x; u) ïðèâîäèò

óðàâíåíèå (6) ê âèäó

eu
exex = eA0(ex; eu):

Áåç îãðàíè÷åíèÿ îáùíîñòè A3 = 0, A2 = 0, A1 = 0. Òîãäà

L1 = 3A0;uu, è èç óñëîâèÿ L1;u +A2L1 = 0 ïîëó÷àåì

A0;uuu = 0, ïîýòîìó A0 = a2(x)u
2 + a1(x)u+ a0(x).

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé BBBB: F = a2(x)u
2 + a1(x)u+ a0(x)

d!1 = �1^!1;

d!2 = �2 �1^!2+!1^!3;

d!3 = �3 �1^!3

+
1

25 a22b
2
1

�
50 a32 u+ 25 a1a

2
2 + 5 a2a2;xx � 6 a22;x

�
!1^!2;

=) íîðìàëèçàöèÿ:

b1 =
1
5 a

�1
2

��50 a32 u+ 25 a1a
2
2 + 5 a2a2;xx � 6 a22;x

��1=2 :

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé BBBB: F = a2(x)u
2 + a1(x)u+ a0(x)

Ñòðóêòóðíûå óðàâíåíèÿ:

d!1 = �
1
2 !1^!2;

d!2 = P9
1
2 !1^!2+!1^!3;

d!3 = !1^!2+
3
2 P9 !1^!3�

3
2 !2^!3;

P9 = �
250 a42 ux + 50 a2 a2;x u+ 25 a22a2;xxx���50 a32 u+ 25 a1a22 + 5 a2a2;xx � 6 a22;x

���3=2

+
a2;x (105 a2a2;xx � 84 a22;x + 100 a1a

2
2 � 125 a32���50 a32 u+ 25 a1a22 + 5 a2a2;xx � 6 a22;x

���3=2

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé BBBB: F = a2(x)u
2 + a1(x)u+ a0(x)

V9 = 800 a2a2;xa2;xxx � 125 a32a2;xxxx +
1075
2 a22a

2
2;xx

+5 a2(125 a1a2 � 594 a2;x) a2;xx + 1782 a42;x
+1250 a22a2;x(a2a1;x � a1a2;x)� 625 a42a1;xx
�1250 a0a

5
2 +

625
2 a21a

4
2

Ñëó÷àé BBBBA: V9 6= 0 =)

dP9 =
�
G2

9 +
3
2 P

2
9 �

1
2

�
!1 �

3
2 P9 !2 � !3

G9 = V
1=2
9 (50 a32 u+ 25 a1a

2
2 + 5 a2a2;xx � 6 a22;x)

�1;

Ñëó÷àé BBBBB: V9 = 0 =)

dP9 =
�
3
2 P

2
9 �

1
2

�
!1 �

3
2 P9 !2 � !3.

Íîðìàëüíàÿ ôîðìà:

uxx = u2.

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé BBBBA: F = a2(x)u
2 + a1(x)u+ a0(x), V9 6= 0

dG9 =
1
2 G9

�
2P9 +H9G

1=2
9

�
!1�G9 !2;

H9 = (5 a2 V9;x � 28V9 a2;x) V
�5=4
9 :

Èíâàðèàíòíîå äèôôåðåíöèðîâàíèå:

D = a2 V
�1=4
9

@

@x
:

Íîðìàëüíàÿ ôîðìà:

uxx = u2+a0(x):

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Óðàâíåíèÿ òðåòüåãî ïîðÿäêà

Micha l Godli�nski, Geometry of Third-Order Ordinary Di�erential

Equations and Its Applications in General Relativity. PhD thesis,

University of Warsaw, 2008. arXiv:0810.2234

uxxx = F (x; u; ux; uxx): (7)

êîíòàêòíûå ïðåîáðàçîâàíèÿ;

òî÷å÷íûå ïðåîáðàçîâàíèÿ;

ïðåîáðàçîâàíèÿ ex = f(x), eu = g(x; u).

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Êîíòàêòíàÿ ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêà 3

Èíâàðèàíòíûå ôîðìû:0
BB@

!1
!2
!3
!4

1
CCA =

0
BB@

b1 0 0 0

b2 b3 0 0

b4 b5 b7 0

b8 b9 0 b7

1
CCA �

0
BB@

du� p dx

dp� q dx

dq � F (x; u; p; q) dx

dx

1
CCA

Îáîçíà÷åíèÿ:

K = 1
6 D(Fq)�

1
9 F

2
q�

1
2 Fp;

L = 1
3 (FqqK�FqKq�3Kp�Fuq)

W = D(K)�2
3 FqK+Fu;

Z = D(W )W�1�Fq;

D =
@

@x
+p

@

@u
+q

@

@p
+F

@

@q
:

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Êîíòàêòíàÿ ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêà 3

Òðè êëàññà:

W = 0, Fqqqq = 0;

W 6= 0;

W = 0, Fqqqq 6= 0.

òåîðåìà 1: Óðàâíåíèå (7) êîíòàêòíî ýêâèâàëåíòíî óðàâíåíèþ

uxxx = 0 òîãäà è òîëüêî òîãäà, êîãäà W = 0, Fqqqq = 0.

Î.È. Ìîðîçîâ Ýêâèâàëåíòíîñòü ÎÄÓ ïîðÿäêîâ 2 è 3



Ñëó÷àé W 6= 0

Îáîçíà÷åíèÿ:

P =W�2=3
�
K + 1

18 Z
2 + 1

9 Z Fq �
1
3 D(Z)

�
;

Q = 1
3 bW

�2=3
�

1
27 FqqZ

2 +
�
Kq �

1
3 Zp �

2
9 FqZq

�
Z

+
�
1
3 D(Z)� 2K

�
Zq + Zu + FqqK � 3Kp �KqFq � Fuq +Wq

�
;

R = 1
9 b

�
3Fqq + 2W�1 (WqZ � 3Wp �WqFq)

�
;

S = 1
27 bW

�4=3
�
WqZ

2 � 3WpZ + 9Wu � 3Wq D(Z)
�

+1
9 bW

�1=3 (3D(Zq) + FqZq) ;

T = 1
9 b

2W�4=3
�
2W 2

q � 3W Wqq

�
:

çàìå÷àíèå: Q = R = S = T = 0 =) P = �(x).
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Ñëó÷àé W 6= 0

òåîðåìà 2: Óðàâíåíèå (7) ýêâèâàëåíòíî óðàâíåíèþ

uxxx = �2�(x)ux+(1��
0(x))u;

åñëè è òîëüêî åñëè W 6= 0, Q = R = S = T = 0.

Èíâàðèàíòíîå äèôôåðåíöèðîâàíèå: D = @
@x .

ñëåäñòâèå: Óðàâíåíèå (7) ëèíåàðèçóåòñÿ òîãäà è òîëüêî

òîãäà, êîãäà âûïîëíåíî îäíî èç äâóõ óñëîâèé:

W = 0, Fqqqq = 0;

W 6= 0, Q = R = S = T = 0.
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Ñëó÷àé W 6= 0

Ïóñòü Q2 +R2 + S2 + T 2 6= 0.

Íîðìàëèçàöèè, îïðåäåëÿþùèå ïàðàìåòð b:

T 6= 0 =) jT j = 1;

T = 0, R 6= 0 =) R = 1;

T = 0, R = 0, S 6= 0 =) S = 1;

T = 0, R = 0, S = 0 =) Q = 1.

òåîðåìà 3: Èíâàðèàíòíûå ôîðìû èìåþò âèä

!1 = b�1W 1=3 (du�p dx);

!2 = b�1
�
1
3 Z (du� p dx) + dp� q dx

�
;

!3 = b�1W 1=3
��
K + 1

18 Z
2
�
(du� p dx) + 1

3 (Z � Fq) (dp� q dx)

+dq � F dx) ;

!4 =
1
9 W

�2=3 (ZWq � 3W Zq) (du�p dx)+
1
3 WqW

�2=3 (dp�q dx)

+W 1=3 dx:
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Ñëó÷àé W = 0, Fqqqq 6= 0

Íîðìàëèçàöèè:

2L2F4 � 3K2
3 6= 0 =)

b =
�
9L2 �

27
2 K

2
3F

�1
5

�1=3
;

2L2F4 � 3K2
3 = 0, 5F4F6 � 6F 2

5 6= 0 =)

b = 25F 3
4 (5F4F6 � 6F 2

5 )
�1;

2L2F4 � 3K2
3 = 0, 5F4F6 � 6F 2

5 = 0,

1
3 F2 +

2
15 F

�1
4 (27K4 + 3F4;p + F1F5)�

12
5 K3F5F

�2
4 6= 0

=)

b = 1
3 F2 +

2
15 F

�1
4 (27K4 + 3F4;p + F1F5)�

12
5 K3F5F

�2
4

çàìå÷àíèå: Îäíîâðåìåííîå âûïîëíåíèå óñëîâèé

2L2F4 � 3K2
3 = 0, 5F4F6 � 6F 2

5 = 0,
1
3 F2 +

2
15 F

�1
4 (27K4 + 3F4;p + F1F5)�

12
5 K3F5F

�2
4 = 0

ïðîòèâîðå÷èò óñëîâèþ F4 6= 0.
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Ñëó÷àé W = 0, Fqqqq 6= 0

òåîðåìà 4: Èíâàðèàíòíûå ôîðìû èìåþò âèä

!1 =
��b5F�1

4

��1=2 (du�p dx);
!2 = b

�
�3K3F

�1
4 (du� p dx) + dp� q dx

�
;

!3 =
��F4b

�1
��1=2 ��K + 9

2 K
2
3F

�2
4

�
(du� p dx)

�
�
1
3 F1 + 3K3F

�1
4

�
(dp� q dx) + dq � F dx

�
;

!4 =
��b3F�1

4

��1=2 �3K3F
�2
4

�
F4 �

4
5 F5

�
(du� p dx)

�1
5 F5F

�1
4 (dp� q dx) + dx

�
:
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