Symmetry reductions of the Skyrme-Faddeev model

L. Martina

Dip. Matematica e Fisica "E. De Giorgi" - Univ. Salento, Sezione INFN, Lecce, Italy

INFN

Geometry of PDEs and Integrability
Teplice nad Becvou, 15/10/2013

Geometry of PDEs and Integrability
/ 46

Martina (UniSalento) ISymmetry reductions of the Skyrme-Fadc



R —
References

@ L. M., G.I. Martone and S. Zykov: Symmetry reductions of the Skyrme - Faddeev
model, Acta Math. Appl. 122 (2012),323-334.

@ L. M., M.V. Pavlov and S. Zykov: Waves in the Skyrme-Faddeev model and
Integrable reductions , J. Phys. A: Math. Theor. 46 275201 (2013)

@ L. D. Faddeev: “Quantization of solitons”, Princeton preprint IAS-75-QS70 (1975) ;
L. D. Faddeev: Some comments on the many-dimensional solitons , Lett. Math.
Phys. 1 n. 4, (1976) 289-293

@ O. Alvarez, M.F. Atiyah, R.A. Battye, E. Babaev, Y.M. Cho, H. de Vega, L.
Faddeev, L. A. Ferreira, J. Gladinovski, M. Hellmund, J. Hietarinta, L. Isaev, J.
Jaykka, A. Kundu, F. Lin, N.S. Manton, A. Niemi, A. Protogenov, P. Salo,

J. Sanchez Guillen, P. Suttcliffe, A. Vakulenko, Y. Yang, R. Ward

Geometry of PDEs and Integrability/
46

Martina (UniSalento) ISymmetry reductions of the Skyrme-Fadc



The Skyrme Faddeev- Model

E[n] = /R3 {((‘?an)2 + % ((n-90sn x 8bn))2} d3x, nes?

Ei = [ps (92n)° d3x A E
x = X=

E> = [os (3n-02n x 9pn)° d3x ALE

>Ix

Derrick’ Th. Stable Static Solutions = A = % ~ VA
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The Hopf Charge and Hopfions

lim n(x)=n,=4z = n:$*-§°
|x| =00

7T3(S2):Z
’Hz%(n-@anxﬁbn)dxa/\dxb: dH =0
H? (S*) = {0} = A= A,dx, : H=dA

The Hopf Invariant
1
N[n] = —
[n] ye /SB HAA
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The Skyrme Faddeev- Model

nm +inp =
ei(mzt)(r,z)—mﬁ(ﬁz)) sin ©® (r, Z)

n3 = cos O (r, z)
C:n=ny, S:n=—ngy

A = ncos2%d¢+msin2%d¢>

HAA = nmcosZ%sin@dw/\d@/\dgb

N[n] = mn
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The Skyrme Faddeev- Model

Level sets n3 = 0.9 and n3 = —0.9 for maps with N [n] =1 (left) and
N [n] = 3 (right)
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The Skyrme Faddeev- Model

The energy bound

Eln]>c \E IN[n]>*, ¢~ (3/16)%/®

A. F. Vakulenko, L. V. Kapitansky, Sov. Phys. Dokl. 24 (1979); 433 A. Kundu, Y. P. Rybakov,
J. Phys. A 15 (1982), 269; J. Gladikowski, M. Hellmund, Phys. Rev. D 56, 5194 (1997)

R. S. Ward, Nonlinearity 12 (1999), 241 c =1 (conjecture)
P. Sutcliffe, Proc. R. Soc. A 463 (2007), 3001  Links and Knots of higher topological charge
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The Skyrme Faddeev- Model

Figure 1: The position (light tube) and linking (dark tube) curves for the known lowest
energy solitons with Hopf charges 1 < Q < 7.

(Sutcliffe '07)
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The Skyrme Faddeev- Model
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Ratio E [n] / (N [n])% as function of N: unknots and links (circles), knots
(other signs) (Sutcliffe '07)
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The Skyrme Faddeev- Model

e

(a) Initial state of the knot Hopfion (b) Final state of the knot Hopfion

Relaxation of a N=7 distribution (Jaykkad '09)
L. D. Faddeev e A. J. Niemi, Nature 387 (1997), 58
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In Matter Physics

© 3He — A superfluid (M, =1, Ms = 0)
@ 2-band superconductor (Nb-doped SrTiO3, MgB; )
© charged condensates of tightly bounded fermion pairs
@ Dzyaloshinskii Moriya interaction Magnets S; - S, x S3
mui = A%, (mt +am?), @@l =60 |d] =1
G =U(1) x SO(3). x SO(3)s = H=U(1),, x U(1)s,
h

superfluid velocity Vg = 2—ﬁ7}VrAn,~2 no vorticity quantization
m

h A A A A
Mermin - Ho vorticity — V x Vs = e j V] x Vi 1= ! x m?
m

Solid

Superfluid A phase

Superfluid B phase

Pressure (MPa)
N

Normal fluid

0

0 1 2 3
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The 2comp - Ginzburg - Landau Model

h? c
_ 3 - 2 2 « 4
&= /d X |:§a (2/’)7a |(ak+/qu)wa‘ + ba|wa‘ + 7|wa‘ ) +

v, |2 ,
= Vampxe: 0= 3 D0 v = Il pal el = 1
(0%
«

x=(wx) = n=xlox (n-n=1)
c=2p%(j— 4A) { i=1i>; {xiVx; —c.c.} paramagn. curr.

gauge invariant current —4A diamagn. curr.
3 2, 1 55 2
E= | d°x Gkn) (ﬁkp) + Ep c” + (F;k — H,'k) + V(p)
Fix = Oick — Okci
Hix = n-[0in X Okn] := O;ax — Oka; Mermin — HoVorticity
Geometry of PDEs and Integrability
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The Equations of Motion (static limit)

nx<2n  + %akpn ><(‘)kn+p§2 OiHiy O)n =
p% F,'k 8,-n X 8kn — {;iza, (F,-kn X akn) s

V2~ 1 (@) +3c2) p=3V'(p)
OkFii — OkcHig = 5.

O (3) — nonlinear o model + new terms

@ Skyrme-Faddeev model n # const c¢ =0, p = const
@ 1c-GL model in e.m. n = const, c#0,p # const
@ Inhomogeneous Supercond. n # const,c # 0, p = const
@ quasi 1-D distributions (stripes) n # const,c =0,p ~ p(f(r))

Geometry of PDEs and Integrability
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The Equations of Motion

Stability of the order parameter configurations

Knotted and/or linked quasi-1-dimensional configurations
Coexistence/Competition of short/long (UV/IR) wave modes
Properties of knots and tangles

Topological ordering in disordered background

L. Martina , A. Protogenov, V. Verbus, Theor. Math. Phys. 160, n. (2009), 1058 - 1065; Theor. Math.
Phys. 167(3) (2011), 843-855
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The Equations of Motion

Lorentz TEM data: helical structure at zero magnetic field (d), the
crystal (SkX) structure for a weak magnetic field (50 mT) applied
the thin plate (e) and a magnified view of e (f). The colour map
arrows represent the magnetization direction at each point.

Figure 1| Topological spin textures in the helical magnet Fe, 5Co0 5Si.
a, b, Helical (a) and skyrmion (b) structures predicted by Monte Carlo
simulation. ¢, Schematic of the spin configuration in a skyrmion. d—f, The
experimentally observed real-space images of the spin texture, represented
by the lateral magnetization distribution as obtained by TIE analysis of the

X. Z. Yu, Y. Onose, N. Nagaosa et al Nature 465 |17 (2010) 901

N. Romming et al., Science , 341 n. 6146 (2013) 636 Geometry of PDEs and Integrability
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The SU (2) Yang-Mills theory

The Yang-Mills theory

@ mass gap < short range interactions

@ quark confinement < adrons as color singlets bound states

SU(2) - Yang-Mills - No Matter
S=- /tr F AxF,

A=—iT?A% (x)dx*, T?csu(2), F=dA+AAA
loc. g. inv. A= VTAV VAV, VeSU(2)
Field eqs dxF+AAxF —xFAA=0, dF +AANF—-FAA=QO.
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Faddeev-Niemi effective Lagrangian

Faddeev-Niemi effective Lagrangian

L. D. Faddeev e A. J. Niemi, Nucl. Phys. B 776 (2007), 38

InfraRed limit + Quantum fluctuations : Spin-Charge Variables

eff
ﬁYl\/I | £=1

1 _» 1 2,15 & \? 2 2 2
5+ 5 0ap) + £ (DSn) "+ 0 [(9:p)° + (0:0)7]

3
8

2
2 R 1
% (”+ (aaeb)z +n_ (8aeb)2) + Eszaz +

3
(-t - 2ot

(8adp — OpJa) + % n-DEnxDEn— ns (aaé,, - a,,éa) — 202n3Hap

i * B * * B *
2,7 (VDS — vaDSwi +3DSz — v2D5.u3 )

e Uc(1) x Ur(1) - gauge Invariant Fields

e n — O(3) - nonlinear o model

O(4)

e (p,g) = G(4,2) = oo ™ RP? x RP? -nonlinear o model
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Faddeev-Niemi effective Lagrangian

Reductions

London Limit p — A,
A% e N2 3 2 1 ¢ o ~ 5>\
L= Y (Dan) +§A (1—n3) +1—6 [n~Dan><Dbn—2n3 (aaCb—dbCa)]
Higgs phenomena n — +2, |x| — oo
@ n # cost, p=A =cost e J; =0,
A2 1 2 3
L= ? (83”)2 + E (I‘l . aan X an — 4A2n3Hab) — g A4n§ (H4,' = pi, ij = 26,-jkq,')

@ n=2=cost, p#cost e J; #0,

1 1 3
L= (0adp — OpJa — 2p°Hap)” + 5 (8ap)% + =p2J2 — 2 p? (1a)

1
4 2 8

@ n # cost, p=A = cost e J; # 0 (Current States)

1 1 2 A2 A2 3 .
L= n (82dp — OpJa) + > (n-8an x dpn) — 2A2n3Hab} += 24 - (8an)? — 3 A*n

(1b)

G. Martone, Thesis (Lecce, 2011)
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Stereographic form of the Skyrme-Faddeev model

2 _ ( wtw  i(w—W) 1-ww _ nitann
5°«C n= <WW+17 ww—+1 Wﬁ/+1) W= 1—n3

S o gl0w oW n )\E?J:O,Kj g' gl (Oiw O;w — jw Ow)?
872 (14 ww)? 1672 (1 + ww)* '

= (
(W7 |7V)T U, =0;U, U;’j:a;ajU.

Socici<s Ki[U. Us, .., Us] U — Ko [U, U, ..., Us] = 0

Ki= g {6,-,- [(1 + %UTU)zfn +3A,(1-6) gl ® U/} —A(1-65)AgU; ® Uj}

Ko= {(1+31U'U)ABY o ics Ui ® U — g Yocicmes 618m ACU © Unl’ | U

Geometry of PDEs and Integrability/
46

Martina (UniSalento) ISymmetry reductions of the Skyrme-Fadc



Stereographic form of the Skyrme-Faddeev model

Lie-point Symmetry Group (E* x SO (3,1)) ® SO (3)

ti:8ia r;J:xi(?j—gigjxja;, (I,JZO, ,3)
wg = —wd,, + Wiy, wi =0, + v’v28.;,, wW_1 = w28W + O,
[wi,w_1] = 2wp, [wo,wi1] = Fwa,

in dtiw

— neR, aeC, n< Rn
l1—iaw

w=-¢e

Geometry of PDEs and Integrability/
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Stereographic form of the Skyrme-Faddeev model

< Lagrangian Symmetries

—2(0w[? + 33 [9w]? <k (—1)% 0k (Byw O w — Dyew O W)

P = — > A 7 s
8m2 (1 + ww) 1672 (1 + ww)
p. - _ Re (8;W8j l7V) )\Zk#i,j Im (0;wOw) Im (81 wO W)
Y 82 (1 + ww)? 472 (1 + ww)?
J = Py — xiPy (i, j cyclic)
o _ _ImGow) I (w (3w Sy 52 — 05 Sy 104w 2))
1T 22 1+ ww)? 472 (1 4+ ww)?
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46

Martina (UniSalento) ISymmetry reductions of the Skyrme-Fadc



Stereographic form of the Skyrme-Faddeev model

Symmetry Sub-Algebras Classification

so(3,1) (Span {ti} & so (3)gauge)
o classify Sy C so(3): norSy ={v € so(3):ad,Sx C S} ;
o identify Ny C Span{t;} © 50 (3)gge :  NorSk (Nk) C Ni;
e identify non-splitting sub-algebras : # S; ® N

o 1-dim : tg, rio, t3, rio + awg, a € R;

@ 1-dim non splitting : rip + t3;

@ 2-dims.a. : {to,t3}, {t3,t1}, {to,rlz}, {to,l’lg :|:t3} and
{to,ri2 + awg} for any « € R ;

wi1+w_ g

@ 3-dim : so(3),,, . {to,t3,t1}, {rlz + wo, 3 + 2 ,r31+“"—2‘,?'*1}

1- and 2-dim space reductions E [n] = oo
@ Plane Waves w = wy e : Zigfpj? =0

@ Monopole n ~» £ ¢

Martina (UniSalento) ISymmetry reductions of the Skyrme-Fadc
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Hedgehog Solutions

v =1(x0y, — yOx)+a (wdy, — wiz) = w = €' (cot[d] + 1 cot[x (r)] csc[d])

no = U(ng-o)Ul
U=explix(rv (¥, ¢)-a] = cosx(r)l+isinx(rv(d, ¢)- o
v (9, ) = (sin (m?) cos (ny) , sin (m?) sin (np) , cos (m?)) : S* — S® deg (v) = mn

1 00 4
El[x] = 3/ {r2X/2+2sinzx(Ax’2+l) +)\S|n2x}dr
™ Jo r

2 2 7 / . ” Sin2X
(r + 2Asin X)X +2r +sin2y (A —1—-A 2 =0
X (0) =mand x (0c0) =0

Geometry of PDEs and Integrability/
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Hedgehog Solutions

g (r) =sin Xgr) (A=1)

(8g4—8g2—r2) (g2_ l)g/l+g [8g2 (g2_2) +r2+8] g/2

2 2 1)2 4 4.2 2
(g 1)g - ELE D (s r12) g’ 4" —r)

NO Painlevé property
Approximated solutions by rational f.

_ 1+ ayr+ axr?
14 air+ bor? + b3r3 + byr*’

8rat (1)

ap = 0.216, ap=0230, by =0.752, b3=—0.018, by =0.302,

Geometry of PDEs and Integrability/
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Hedgehog Profile

Blu : numerical solution. Green: x,a: = 2arcsin gr5t. Red: test xp-function.

‘E[Xnum]_E[XratH ~ -3
el 10

Martina (UniSalento) ISymmetry reductions of the Skyrme-Fadc
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Collisions of Vortices (Hietarinta et al '11)

-
- 0
=000
« D
t=1500
t=3000
=450
1=75.00 Leometry of PDEs and Integrability
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Rational Maps Ansatz

(Manton) we K C SO(3)

RP 82 x RY z s ws(2) = S22, Jo2+ |82 =1

w-space w — wr (w) = 240 R 462 =1

—ow+7’
symmetric map: w (ws (2)) = wt (w (z)) Yw e K

)
IRREP SO(3) subgroups (Platonic symm) < Klein Polynomials

73— V/3iz R _24—1—2\5122—%1
V3iz2 -1’ 0_24—2\/§122—|—1’
2l -5 -722-1
2T+ 25-72241

Rc=z,Rp = 2%, Ry =

Ry =

F. Klein,Lectures on the Icosahedron,(London, Kegan Paul, 1913)
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Rational Maps Ansatz

vr =ty (R+ Rt (R~ R). 1~ R1?) Ug = explix (r)vg - o]

1+|RJ?
w(r,2.9) = A RO AR cotx ()
Efwal = [ {&rz(lf i+W||jv|2)2 - A(ai;vzijj(vllafvvvjf)fv )2} Gty
Elx] = 3177/0 {Ir X2+ 2sin® x ()\le + Bo) + )\jsm X} dr,
= & b e 7 =i (1R 1) (0R) s

Geometry of PDEs and Integrability/
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Rational Maps Ansatz

Rational map R (z) | Degree N | Coefficient Z | Coefficient [J

z 1 1 1
22 2 0.644 3.956
22—\/3iz
23 3 1 13.577
2842/3i22 41 4 1.172 25.709

z4—2/3iz2+1

T—775-772-1
E o 7 1 60.868
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Rational Maps Ansatz

_ Z23—\3uz
RT T V3z2—1
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Polar form of the Skyrme - Faddeev model

Polar representation
¢ = (sin w cos u, sin w sin u, cos w) , (2)

1

) A
P= 352 {WMWM +sin’w {uuu“ ~3 (wuwtu,u” — Wuwyu“u”)] } ,
T

(3)
Euler - Lagrange Equations
Ouwh = Jsin(2w)u,u” + %sin w uy, Oy fsin w(whu” — w”ut)],

w,,u” sin(2w) + sin? [0, ut + Sw, 0, (utw” — uwh)] = 0. (4)

Geometry of PDEs and Integrability/
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Reductions of the Skyrme - Faddeev model

The d'Alembert-homogeneous Eikonal reduction: w = const

ouut =0, u,u’ =0,
G (u, Ay (u)x*, B, (u)x*) =0, A A = B,B" = A,B" =0,

with G, A, and B, arbitrary real regular functions.

Cieciura G and Grundland A M 1984 J. Math. Phys. 2 3460-3469
Collins C B 1983 J. Math. Phys. 24 22
Fushchich V |, Zhdanov R Z and Revenko | V 1991 Ukr. Mat. Z. 43

1471-1487; Zhdanov R Z, Revenko | V and Fushchich V | 1995 J. Math.
Phys. 36 7109

Geometry of PDEs and Integrability
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Reductions of the Skyrme - Faddeev model

Orthogonality reduction

By imposing

w,ut =0, uu’ =a (a = constant € R).

the system reduces to the equations

Ouu* =0, u, U’ = a,
a sin(2w) A
n=0 o wh = L SMEW) g A
wul ) W 2 1— )\Za sin2 W( + 2 w Wﬂ)a

which are highly nonlinear for the w field.

Geometry of PDEs and Integrability/
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General solution of the d'Alembert-Eikonal system

u = A,(1T)x*+Ri(7),
B, (T)x" 4+ Ry (1) =0,
AAY = o, ABY = ALB“ = B,B" =0,

Then, for a = —n2 , the general solution is

u=xkAk(7) + Ao(7), t=xkBi(T)+ Bo(7),
Ay = ncos(f (7)) sin(g (7)), A2 = nsin(f (7)) sin(g (7)), A3 = ncos(g (7)),

being f (7) and g (7) arbitrary functions.

Geometry of PDEs and Integrability/
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The reduced Skyrme—Faddeev system

By setting to zero the coefficients of all functions of w = quasilinear
system in (u*, wt)
ouwh =0,  wywt =—¢€, u,wh =0, (5)
d’Alembert-Eikonal (u - w,a — —62) orthogonality condition
w0 (WhuY — w’ul) =0,  €29,u" + w0, (uHw” — u’wh) =0,

fawt =0 with a=uv"u, identity (€2 = 2) (6)
Compatibility condition for d’Alembert-Eikonal eq. : the Monge-Ampére

Det [w;j] = 0,

Geometry of PDEs and Integrability/
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Compatibility condition for the u-orthogonality eq.s

(W52 - 62)umukam + (uka)zwmm = 2U5W5Ukaka,
AUy Wy Us Wep (W Wpm — WpWmm) + 2(usw,,,wsm)2 +

(usws)2(wmmwpp — ng) = 2(WI§ — ) (uswem)?.
Search for

up = A(wi, wij) u1, = B(wj,wj) v, us= C(w,w) ui,

(142)-dim = wuv=F[w,ws], a=0 Vw
(14+3)-dim = u= F[wi, wa, ws]

(XmB;n(T) + Bé(T))C/T =dt — Bk(T)ka, X = Xy,
[Xm(Bry(T)Ap(T) = Aly(7)Bp(T)) + By(7)Ap(T) — Ag(7) Bp(T)]ux, =0

Geometry of PDEs and Integrability/
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Quasi-Periodic Solutions

Phase - pseudo-phase Solutions

w= 6[9]7 u= ¢[9] +§, where 0 = O[HX'M’é: 5MXH
A 3-parametric family of equations
A A
[233 — 7 Bsin® @] g = sin 20 (85 ©f + Bs®j + By + Bl)
2Bjsin® © gy + Oy sin 20 (2B3 by + By) = 0,

where By = —3,6*, Bo = —2a,0" B3 = —a,at and B = 822 — 4B B;3.

Geometry of PDEs and Integrability/
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Quasi-Periodic Solutions

Conservation laws

£% = B3ag®j +sin’0 [2a- BB + (B — 28°) ao
AB
+B3 (280 + ag®g) ®g — 80é0@§] ,
i 2 2 AB 2
g = B3Ct,'@9 +sin“© |ByB; — Biaj + B3 (25i + Oé,‘d)g) by — ?04;99 .

B3 # 0 and substitution

© = arcsin /1,

640 — 1) (4 — A1) (¢~ A2)

2 _
Yo = T 2By (4 - )

Geometry of PDEs and Integrability/
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Quasi-Periodic Solutions
~1
(ol

0.5+

Figura: The graphic for the inverse square root of vy for the family of parameters
B=1A; =.1,A = .8 and —.45 <11 < 1.55 with steps of 0.1. Only one
bounded periodic solutions exists for any set of parameters.

Geometry of PDEs and Integrability/
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Quasi-Periodic Solutions

Parametric form solutions

_ 1 BN (Y1 — A1) [ [AL— A (Y1 —1) (AL — Ag)
6) = 90+4 (Al_l)(AZ—wl)n|:T/)1—A2VZ|(A1_1)(1/’1—A2),

Aztp1sin® Z + Ay (Y1 cos? Z — Ap)

Vo= A1sin®Z + Ay cos? Z + i
 BU [ do ~
o = Tl m”]“"’—
s 2¢1(A1*¢1)2(Bl>\¢1+2)n<A2*A1_Z‘(A1*A2)(¢1*1))
291 (A1 — 1) (A2 — 1) Az =1 (AL — 1) (Y1 — A2)

)

Axtp1 (A1 — 1) 2 (AL —A2) 1 | (A1 — A2) (Y1 — 1)
+2$2\/A1 (A1 - 1) (Az - wl) i (Al (w]_ - Az) 12 (A1 - 1) (wl — Az) )
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Quasi-Periodic Solutions
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Aedrel Ay 2dy Aedrel

06 9

A<

A

naft E

0.0
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Ld]

(¢1, A2) phase plane of the amplitudes of the periodc v function
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Quasi-Periodic Solutions

1.0

O

OOV IR IR M N A0
RV VAN VARV

Figura: The graphic for the ¢; (green), ¢> (blue) and ¢3 () as function of x3 for
a choice of the parameters

A1 = 0.27A2 = O.S,dJl = 09,3 = 1,)\ = ].,Bl = 1751 = —1,52 =-1.
Accordingly, the wave vectors for the phase and pseudo-phase have been chosen
to be oy, = (0,0,0,0.33541) and 3, = (1.49638, 1,0, —1.49638), respectively
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Quasi-Periodic Solutions

—20 — 10 10
—0.5
—1.0

Figura: The graphic for the ¢ (green), ¢2(blue) and ¢3 () for a choice of the
parameters
A1 =02,A,=0.99,9, =2001,B=1,A=1,Bi=1,5s =—-1,5p =—1. The
wave vectors are o, = (0,0,0, —1.58153) and 3, = (—1.04879, 1,0, 1.04879),
respectively
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uasi- odic Solutions
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Quasi-Periodic Solutions
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The Whitham averaging method

A 82
L, =sin%(©) (—)\ <4 — 8183> ©3 + B3d3 + Bydy + Bl> + B:03,

Averaged constrained Lagrangian on a period
1 [ 4
Lz2—-7{£pd9, ?{d(;:zw, <¢9>=}l{¢d9:27rm,
e
B2 A B> +2mBs
L=(B— —2)[Ai+A+WZB = = 2 JA1AS(B2 — 4B Bs),
(1 4B3)<1+ 2+ 5 3>+ 2B, 1A2(B3 1B3)

7{\/(1& Al)(w A2) (¥ —n) Ay
27r — ¥

where
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The Whitham averaging method

La, =0and La, =0 y y
w = —0Oxo0, ki = Oxi and v = —fOxo, B; = Oxi, where X, X1 X2 X3 are the

so called “slow” variables in comparison with “fast” variables x%, x, x?, x3

Ol, = 8,’Lki, aoL,y = O;Lﬁ,-, (7)
with the compatibility conditions
80/(1 + 0w = 0, |, ajki = aikj i?’éja (8)
QB +0y = 0, , 8 =0, i#]

Geometry of PDEs and Integrability/
46

Martina (UniSalento) ISymmetry reductions of the Skyrme-Fadc



Conclusions

Conclusions and open problems

Martina (UniSalento) ISymmetry reductions of the Skyrme-Fadc

Skyrme-Faddeev model is relevant in Condensed Matter and pure
Yang-Mills theory in infrared limit

Localized perturbations are Knotted Vortices stabilized by the Hopf
index

Approximate solutions can be found in the axisymmetric setting
and/or in the rational map ansatz

Domain -wall solutions are described by the d'Alembert-Eikonal
system and its generalizations

Periodic Solutions exists in terms of elliptic functions (Indication of
integrable sub-sectors?)

Witham averaging method can be applied, but challenging

Higher symmetries (if any) are still unknown

Reduction/ modification to integrable systems is unknown (not even
in 2D)

Interaction among hopfions is under considerations by numericals and

by lattice toroidal moment models (Protogenov Verbus 2 N
eometry of PDEs and Integrabllity/ %
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