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The “Exotic” Galilean symmetry
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The G (2 4+ 1) Galilei Group
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The g (24 1) Galilei Lie Algebra
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The Group Coadjoint Orbit method
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Poisson {x1,x0} = 75 = 0, {zi,p;} = 0, {p1,p2} =0

m
Structure
: 1
Symplectic F. Qo = dp; ANdz; + 59 € dp; A dpj
D
Free Hamiltonian Hgy = p_m
EOM Mmx; = p; — meGijpj, p; = 0.

Conserved Q. jJ = xep—+



Coupling to an external E.M. field

. _ .
agrange - Souriau o= O — dH A dt

2-form
Q2 = Qo + eBdqgy N dgo, H = Hg+ eV
B = B (¥), V =V (&)
m*z; = p; —emb €;;Fj, anomalous
DH-model velocity

D; elb;, +eB G’ijj Lorentz F.

effective mass m* = m(1 — efB).
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Cartan 6
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1-form
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m* — 0 = Symplectic reduction Hall's motions
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{x1,20} = =60, H=V (X)) (Peierl's subst.)
eBer




Quantization

_ B(zi+4izo)—ip1+po

w — —9(p2tip1) ’ 2
VB
Bargmann - Fock w.f. v=f (Z, w) exp [—Zztww]
[z,2] = [w,w] =2, [w,z] =[w,z]=0
L ~ _ B
H=Hg+V, Hog=—-(ww+1)
2m*
* = _2 ~ B
m-~~0 and wWf=0=W=f(2)e 4,Hg¥V =
2m*

R. B. Laughlin,Phys. Rev. Lett. 50, 1395 (1983)

ANYONS at the Lowest Landau Level




Acceleration-dependent Lagrangian in configuration space

LSZ model

2
m . m<0 . .

2D Galilei covariant EOM

2
. : m<6 . m o
L= LA pi(Ei - yi) = pidi + €5yl - (yipz' — i )
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reduction
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Galilei invariant (Z.7.7) — (X Cj) ' GZJQ]

decomposition — Di _|_
2 2 1
A ‘ 0 . p; Q
L = |piX;+ 5€PiDj — %] + [2m92 ngng
= LpH + Lint

{Xwa b= 96237 {Xzap]} — 523 3 {Qz:Qg} — _eeij7

Q = Qp + 55¢i;dQ; A dQj, H=_—-

: : ! — 0 ! —
Commutative vs NonCommutative v. X; = X; + 5€;,p;, P; = p;

Are N-C. v. usefull? — Yes, in presence of interactions



Minimal coupling to an E.M. field

gauge __ v

L = £/ + Lgagge + [’gazﬁge ;Za;te Eg(AzXz =+ AO)
exr 9 . .

. L9 = %5 (AiXi + Ao)

6Qi = (X, 1) €15Qj, 6Au = By

mXi — Pz-—e m@eij, (m*zm(l—e*OB)
P’i — e*BeZ]X] —I— G*EZ',
: : 1
Qi = €;Q; <Aka + Ao + —)
mo
Radiation Damping Effect A. C. R. Mendes, et al. Eur.Phys.J. C45 (2006) 257
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General noncommmutative mechanics

L =pjx; + A; (w p)pz H(ﬁ7 f)

{z;,2;} = ¢;;B (B = €pOp), Ay (&, ﬁ)) : {zi,0;} = 65, A{pirpj} =0
~ L s Commutative
r; — ¢ = x; — Ay (Z, p)

Coordinates

. ~ . _ d -
pix; + Aip; = pig; + %(Aipi)

Examples

o A, = A.(p), x5} = Eijé(ﬁ) {pri,rj} =0 DH model
{xiapj} — 57;j Berry phase in momentum s
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i, 25} = L5200 ey,

o A; = f(p?)(Z P)pi

2
{zi,pj} = dij + 7 ];(szc()pz)pipj

) f _ 0 H.S. Snyder, Quantized space-time
1+ p20  Phys. Rev. 71, 38 (1947)

2) f— o0, H=kxlIn(p?/2)

2 _ 6ip°—2pip;
cons. 9. G; = p;t + %ZCZ {Gi’pj}

r-deformed Galilei alg. {H,p;, J, G;}

de Azcarraga et al. J. Math. Phys. 36, 6879 (1995)



Physical origin of the exotic structure

Group Coadjoint Orbit M. SO (2,1)

Skagerstam, Stern:I J M P A 5, 1575 (1990)

Qr = dpa Ada®+ e ,
2 (p2)3/2
_ 1 /5 2 2
Hfr — %<p — m C )

Lorentz gen. J,UJ — e/wpa:’/pp —|— S Pu {Ja, Jﬁ} — GQB,YJ%
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Anomalous coupling of anyons

relativistic anyons in E.M. field: CNP - model C. Chou et al, Phys. Lett. B304, 105 (1993)

dx® dp® e
— =p“ P = Faﬁpﬁ gyromagnetic ratio g = 2
dr dr m

Q = Q + SF,pdz® A daP, HCNP—A( 2—M22(22>

2m

M2=m2+4 95 8. F=m2 96 5P ppy
g 22 4dmc2 /p2

Experiments : O &~ g < 2 Duval, Phys. Lett. B594 (2004), 402
dx® p“ es dp®
D =g - ePrp, = © pap,
dr Mg +(-2) 4]\4g2 cal dr m e
el - S g el - S
D=t oz BT )
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non-rel. JN limit
— g\
M,Di#; = Gp; — (1 —E)eMgeeijEj,

87

p

£ papB
m

P

Mg =m\/1—g8eB, D=][1-(g+1)0eB], G=][1- (3¢g/2)]0eB

Hall motions < Ber = #_g% or 3;9%

non-rel. limit CNP -model (¢ = 2) % DH -model (g = 0)



Seiberg-Witten equivalence in E.M. interactions

( . —eA,)? - minimal
_ p? Dixi — g o L+ eAo(Z, 1) substitution
N 10
Pi%i — 55, —
Commutative Variables - . 2 - minimal
\ (pi + eAi(Z, 1)) & — 52 + eAo(Z, t) addition

&S p;—p;—ed; &

Non Commutative Variables

DH - model
minimal addition LDH—em — £DH -+ G(AiXi + Ao)

Souriau’ method

loc. gauge tr. Au(f, t) — A,UJ(CE), t) + 8M/\(:E, t)
LpH—em — LDH—em T %/\

Invariance of the exotic-DH symplectic form
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2 A2
) :  — eA; -
ext. LSZ - model H = Py He oy = (pi i) — eAp

minimal substitution 2m 2m

Invariance of the exotic-LSZ symplectic form

~ . 0 . 1 - .
Lext = pi%; + S€ijPiPj — ~(pi — eA)? + eAg

2
t SA(E t) = A (Z+0Z,t) — Ap(Z,t) = OuN(Z, 1)
I 9auge i 5CCZ — —e@eijc‘?j/\, 5pz' — 6(92'/\

~ d 0
0 Loyt = eﬁ(/\ + 56@7'3@'/\ p;) -

5OAA,LL(£7 t) L= AAL(fa t) T A\M(CB7 t) — a,u/\('f7 t) + e{AA,LL(fa t)? /\(CI?, t)}
F'L”/ — aluAAy — ayA'u _I_ (& {AAM, AAI/}
Generalized gauge transf. and invariant field strength
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P
(Xi7 P’i)(LSZ) — (x’L)p’L)(DH)7 AM(Xat) — AM(?JS)
~  —
x; = X; + €9€ijAj(X,t), p; = P; — eA (X t)

gen. gauge tr. = ox; = 0 = Jdgx; = 6{:132', /\}

B(X,t)
DH - PB are satisfied B (Z,t) = —
1408 (X,t)
Fou (Xt
Fﬂv(fa t) = /W( )

14 e0B(X,t)

classical (xproya — ) Seiberg-Witten transformation

Lot (Au(Z,1),%,%, 7, 7)) = LpH-em(Au(7, 1), 7, %, 7, 7))
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1. — e (X, t)

A (Z(X, 1), t) = ZA,(X,t) |6 AR A

e (T(X,0),t) 54 )(kl—l_l—I—GQB
ecco = 1,e0=0
Cuk — 5Mk—|—€9€ikaz'z4u

g4 ~ 2 el ~ — ~ —
AO (E)(Xat)ﬂf) — AO(Xat) - 2(1 + eeé)Al(Xat)ekjatAj(Xat)ekl(X7t)

N. Seiberg, E. Witten, JHEP 9909, 032 (1999)
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Galilean symmetry in Moyal field theory

Chern-Simons-Ginzburg-Landau th. FQHE  Zhang, Int. J. Mod. Phys. B6, 25 (1992)

— 1 — 2 1 n
Losar = ’iwDﬂb—i‘Dw‘ +K <§€¢j3tAiAj + AtB> (v = > "€ Z)

7

Galilei invariant f.th. — “exotic” Galilean symmetry 7?7 — Moyal f.th.

(% 9) (@) = '3 (919272220 ) 120

=1y
Szabo, Phys. Rept. 378 (2003) 207 U(1)«-gauge group

~

b = @)y, A, = eM(f)*(AM + ’L(‘?M)*e_v‘(f), Fu = eM(f)*FMV*e_Z)‘(f)
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ECSGL—MD*D{QD % ’gD D@D—FR( EijatAi*Aj—FAo*B)—V(’gD,lZ)

F'u]/ — 8,LLAV - 8]/Alu — Z@(A'u * A]/ - Ay * Alu,)
V=0
. 1 =5
th¢+§D Yy = 0
kE; —eepg'y, = 0O
kB + epl = 0
B =ejly;, By = o

—_ — 1 — — =
pl = Y %Y, jl = Y (Dw * P — P (Dw)) chiral densities
(/
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Invariance under Galilean boost in antifundamental representation

5%:%@6@46%:(iz-f)¢+gz§xw—tz§.w

Vol §Tp" = —tb-Vp —0bx Vo
Noether th. = K" = tP — /:E’p d°z

K

P = /2% (PO — (D)) d°E — 5 /ijAkaz‘Adef

{Kz,KJ} — Gijk, k= —6/|¢|2d2$ = —0m



Noncommutativity in 3D: the semiclassical Bloch electron

H7p f(Tt)] lan < lwp K limods, B/ DEgap K Ty

(7,9, f (7,1)] = Hey + Wi

Wiy =2 0fHV i f (Fest) - (F—7e) + h.c]

quasi-static periodic EI(F ), slow" parameters ¢ = (7, 1)
ﬁ(ﬁ,tﬂw?&ztﬂ — E(T’qt)W(r t)> < (7« t)|¢(r > — 5n n’5 (CT_ CT/> )

<F|¢7(17%(,],t)> =é (Fc,t) (), u(ﬂ,t) (r+a) = u( t) (),
Karplus-Luttinger

Wl o P10 ) = [iVa+ (s (D) iV7ul ) (e 87"~ ).

r=iVz;+ O (7., q,1t), o= (u(gﬁ,t)ﬁvcfu?ﬁ,t))ce”, Berry connection
[';4\37 ';n\l] =1 €5l 86]]- Q l("?c; C_Ta t) — @jl (FC7 677 t)
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Hamiltonian Structure
closed Lagrange-Souriau 2-form
oc=[(1—-Q;)dg —e E;dt] A (dr; — g; dt) +
L e € B dri Ndrj + L€k Ok dgi A dgj + Qo €5 dri A dgy,
only gauge invariant quantities

Cartan 1-form o = d\

A= (q*+ﬁ) AP+ 8 -di+ (T — € — AE) dt.

{ 1+E)F+O07 =Vi[+AE-T]+ 89

X4+ (Q+3)q§ =-V:[E+AE-T] -8R
Eij = (97«1, Qj — 8%.73@', X@j = 8riRj — 8»,«jRi.
00 =0R=0=0=w—dHAdt dw =0

1
w=(51-,]'-I—Ez-j)dm/\dqj—l—E[Xijdqi/\dqj—@ijdm/\d’rj]

H=&+AE-T
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€ijk 94,9k = 0, €ijk Ori X1, = 0,
Oq; =ij = — Or; Oij, Or; Zij = Og; Xij,

(1 —onk) €kij Oqr=ij = €hij Or,©ij, (L — Opk) €kij Or=ij = —€hij Oq, Xij,

w = wagdéa Ndég = {f, g} = w*P0afOsg

\/det (wap) =1 - %Tr (E24+ X1 +2E)0) # 0.
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monopole in momentum space

k
0 =03 (k # 0)

A. Bérard, H. Mohrbach Phys. Rev.(2004)
B=0, E=EFEz% en(k)=k?/2

r(t) = z()ko + y(O)E + z(t)1, ko LE

0 eEt
Z(t>: 2 2 22:>
ko /k3 + e2E>t

7n:
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Fang et al. Science 302, 92 (2003) SrRuOs3
perovskite structure in itinerant(metallic) ferromagnet
AHE as fingerprint of magnetic monopoles in crystal momentum space

Rashba-Dresselhaus spin-orbit Hamiltonian

H=> fi(k)o;
Optical Hall Effect

) 1 . 1
P p— 2 grad(=) x 7, 7~ —n3w?grad(=).
w n n

M. Onoda et al. Hall effect of light. Phys. Rev. Lett. 93, 083901 (2004)

24



Conclusions and Outlook

The method of coadjoint orbits allows to construct exotic (2-dim central
extension for Galilei Gr. ) mechanical models in (2+41)-dim. , the
coupling with a gauge field (E.M.) is essential in the construction of a
meaningful system.

Quantization of the exotic models allows to identify the classical analogs
of the Anyons

It has been proved the equivalence of the DH exotic model with LSZ
acceleration-dependent Lagrangian model

Generalized models of noncommutative mechanics can be considered

The second central extension can be considered as a "nonrelativistic
shadow'" of the particle spin in relativistic models.

Exotic models may contain anomalous coupling of anyons, in particular
DH model is not a non relativistic limit of the relativistic anyon model.
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In noncommutative models the "Minimal Coupling” and the " Minimal
Addition” of a gauge field are not equivalent procedures (modulo total
time derivatives). A local Seiberg-Witten transformations allows to map
systems in different phase spaces ( endowed with different symplectic
structure) and fields acting on, in order to obtain the same physical
results.

In Field Theory based on the Moyal product, the exotic Galilei symmetry
can be restored dynamically and preserved under chiral self-interactions.

The semiclassical Bloch electron dynamics provides concrete examples
of 2D and 3D systems in noncommutative variables. Monopoles in mo-
mentum space can be conveniently described in the presented formalism.

The general Hamiltonian Structure of systems described by non commu-
tative configuration variables is described.

OUTLOOK: Applications to Physics: AHE, Grephene, Supersymmetry
extensions, Spin Hall Effect, Optical Hall Effect.



