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The “Exotic” Galilean symmetry

• V. Bargmann Ann. Math. 59, 1 (1954).

• J.-M. Lévy-Leblond, (Loebl Ed.) (1972) (2 + 1)D [K1,K2] = iκ

Physics carrying “exotic” structure ?

1. Kirillov - Konstant - Souriau method of the Group Coadjoint Orbits

2. Acceleration-dependent Lagrangian

1. D. R. Grigore, Journ. Math. Phys. 37, 240 (1996); A. Ballesteros et al. Journ. Math.
Phys. 33, 3379 (1992); C. Duval, P. A. Horváthy, Phys. Lett. B 479, 284 (2000) .

2. J. Lukierski et al., Annals of Physics (N. Y.) 260, 224 (1997).

{x1, x2} = −
κ

m2
≡ θ,
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The Ĝ (2 + 1) Galilei Group

g = (φ, ~a, ~v, τ, ζ, η)

∈ ∈ ∈ ∈ ∈ ∈ φ↔ Rφ ∈ SO (2)

R R2 R2 R R R

g′ � g =
(
φ+ φ′, ~a′ +Rφ′~a+ τ ~v

′
, ~v

′
+Rφ′~v, τ + τ ′,

ζ + ζ′ + 1
2τ~v

′ 2 + ~v
′ ·Rφ′~a, η+ η′ + 1

2~v
′
ε̂ Rφ′~v

)
ε̂ =

(
0 1
−1 0

)
Action on 2+1 space-time

Tg : (~r, t) →
(
Rφ~r+ ~a+ ~v t, t+ τ

)
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The ĝ (2 + 1) Galilei Lie Algebra

B = {J ,Pi,Ki,H0, Ii} i = 1,2

[Pi,H0] = 0, [Ki,H0] = Pi,

[J ,Pi] = εij Pj,
[
Pi,Pj

]
= 0,

[J ,Ki] = εij Kj,
[
Kj,Pi

]
= mδijI1,

[J ,H0] = 0, [K1,K2] = κI2
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The Group Coadjoint Orbit method

h ∈ ĝ∗ (2 + 1) h↔
(
j, ~p,~k,E,m, κ

)
Ad∗(φ, ~a, ~v, τ, ζ, η)

(
j, ~p,~k,E,m, κ

)
=(

j − 1
2κ~v

2 +m~v ε̂ ~a− ~k ε̂ R−φ~v − ~p ε̂ R−φ~a,

Rφ ~p−m~v, Rφ
(
~k+ τ~p

)
+m (~a− τ~v) + κε̂ ~v,

E − ~v ·Rφ ~p+ 1
2m~v

2, m, κ
)

Inv. ~p 2 − 2mE, mj + ~p ε̂ ~k − κE, m, κ

Orbit coordinates ~x =
~k
m, ~p
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Poisson {x1, x2} = κ
m2 = θ, {xi, pj} = δij, {p1, p2} = 0

Structure

Symplectic F. Ω0 = dpi ∧ dxi +
1

2
θ εij dpi ∧ dpj

Free Hamiltonian H0 = ~p 2

2m

EOM mẋi = pi −mθεijṗj, ṗi = 0.

Conserved Q. j = ~xε̂ ~p+
θ

2
~p

2
, ~K = −m~x+ ~p t−mθ ε̂ ~p



Coupling to an external E.M. field

Lagrange - Souriau

2-form
σ = Ω− dH ∧ dt

Ω = Ω0 + eB dq1 ∧ dq2, H = H0 + eV

B = B (~x) , V = V (~x)

DH-model


m∗ẋi = pi − emθ εijEj, anomalous

velocity

ṗi = eEi + eB εijẋj Lorentz F.

effective mass m∗ = m(1− eθB).
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Cartan

1-form
λ = (pi −Ai )dxi −

~p 2

2m
dt+

θ

2
εij pi dpj,

A =
∫
γ̃
λ =

∫
γ̃
fa (ξ) ξ̇adt 6=

∫
γ̃

∂L

∂vi
dxi +

(
L−

∂L

∂vi
vi

)
dt =

∫ t2
t1
Ldt

Poisson Str. {x1, x2} =
m

m∗ θ, {xi, pj} =
m

m∗ δij,

{p1, p2} =
m

m∗ eB

m∗ → 0 ⇒ Symplectic reduction Hall’s motions

{x1, x2} =
1

eBcr
= θ, H = V (~x) (Peierl’s subst.)



Quantization

z = B(x1+ix2)−ip1+p2√
B

w = −g(p2+ip1)√
B

,ΩK =
dz ∧ dz + dw ∧ dw

2ı

Bargmann - Fock w.f. ψ = f (z, w) exp
[
−zz+ww

4

]
[ẑ, ẑ] = [ŵ, ŵ] = 2, [ŵ, ẑ] = [ŵ, ẑ] = 0

Ĥ = Ĥ0 + V̂ , Ĥ0 =
B

2m∗ (ŵŵ+ 1)

m∗  0 and ŵf = 0 ⇒ Ψ = f (z) e−
zz
4 , Ĥ0Ψ =

B

2m∗Ψ

R. B. Laughlin,Phys. Rev. Lett. 50, 1395 (1983)

ANYONS at the Lowest Landau Level
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Acceleration-dependent Lagrangian in configuration space

LSZ model

L =
m

2
ẋ2i +

m2θ

2
εijẋiẍj

2D Galilei covariant EOM

L′ = L+ pi(ẋi − yi) = piẋi +
m2θ

2
εijyiẏj −

(
yipi −

m

2
y2i

)

∂L
∂ẏi

= −
m2θ

2
εijyj  constrained sys.

Symplectic

reduction
⇒ {xi, pj} = δij , {yi, yj} = − 1

m2θ
εij

Ki = −mxi + pit−m2θεijyj : {Ki,Kj} = −m2θεij
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Galilei invariant

decomposition
(~x, ~p, ~y) → ( ~X, ~p, ~Q)

xi = Xi − εijQj
yi =

pi
m + Qi

mθ

L′ =
[
piẊi +

θ
2εijpiṗj −

p2i
2m

]
+

[
Q2
i

2mθ2
+

1

2θ
εijQiQ̇j

]
= LDH + Lint

{Xi, Xj} = θεij, {Xi, pj} = δij , {Qi, Qj} = −θεij,

Ω = Ω0 + 1
2θεijdQi ∧ dQj, H =

~p 2

2m
−

1

2mθ2
~Q 2

Commutative vs NonCommutative v. X ′
i = Xi +

θ
2εijpj, p′i = pi

Are N-C. v. usefull? → Yes, in presence of interactions
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Minimal coupling to an E.M. field

L = L′ + Lgaugeext + Lgaugeint ,
Lgaugeext = e(AiẊi +A0)

Lgaugeint =
~Q2

2θ

(
AiẊi +A0

)
δQi = ϕ( ~X, t) εijQj, δAµ = ∂µϕ

m∗Ẋi = Pi − e∗mθεijEj,

(
e∗ = e+ ~Q2/2θ

m∗ = m(1− e∗θB)

)
Ṗi = e∗BεijẊj + e∗Ei,

Q̇i = εijQj

(
AkẊk +A0 +

1

mθ

)
.

Radiation Damping Effect A. C. R. Mendes, et al. Eur.Phys.J. C45 (2006) 257
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General noncommutative mechanics

L = piẋi + Ãi(~x, ~p)ṗi −H(~p, ~x)

{xi, xj} = εijB̃
(
B̃ = εk`∂pkÃ`(~x, ~p)

)
, {xi, pj} = δij, {pi, pj} = 0

xi → qi = xi − Ãi(~x, ~p)
Commutative

Coordinates

piẋi + Ãiṗi = piq̇i +
d

dt
(Ãipi)

Examples

• Ãi = Ãi(~p),
{xi, xj} = εijB̃(~p) {pi, pj} = 0
{xi, pj} = δij

DH model

Berry phase in momentum space
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• Ãi = f(p2)(~x · ~p)pi,
{xi, xj} =

f(p2)εij
1−p2f(p2) εk`xkp`,

{xi, pj} = δij + f(p2)
1−p2f(p2)pipj

1) f =
θ

1 + p2θ
→ H.S. Snyder, Quantized space-time

Phys. Rev. 71, 38 (1947)

2) f →∞, H = κ ln(p2/2)

cons. q. Gi = pit+
p2

2κ
xi

{Gi, pj} =
δijp

2−2pipj
2κ ,

{H,Gi} = pi , {Gi, Gj} = 0

κ-deformed Galilei alg. {H, pi, J,Gi}

de Azcarraga et al. J. Math. Phys. 36, 6879 (1995)



Physical origin of the exotic structure

Group Coadjoint Orbit M. SO (2,1) Skagerstam, Stern:I J M P A 5, 1575 (1990)

Ωr = dpα ∧ dxα +
s

2
εαβγ

pαdpβ ∧ dpγ
(p2)3/2

,

Hr =
1

2m

(
p2 −m2c2

)
.

Lorentz gen. Jµ = εµνρx
νpρ + s

pµ√
p2
, {Jα, Jβ} = εαβγJγ,

Jackiw-Nair limit

c→∞
s/c2 → m2θ
Hr → 0

⇒
Ωr

∣∣∣∣
Hr=0

→ Ω0

εijJ
j

c → Ki = mxi − pit+mθεijpj

non-relativistic shadow J0/c
2 = {K1,K2} → m2θ J0−s→ ~xε̂ ~p+

θ

2
~p 2 ≡ j
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Anomalous coupling of anyons

relativistic anyons in E.M. field: CNP - model C. Chou et al, Phys. Lett. B304, 105 (1993)

m
dxα

dτ
= pα

dpα

dτ
=

e

m
Fαβpβ gyromagnetic ratio g = 2

Ω = Ωr + e
2Fαβdx

α ∧ dxβ, HCNP = 1
2m

(
p2 −M2

2c
2
)

M2
g = m2 + ge

2c2
S · F = m2 − ge

4mc2
s εαβγp

α
√
p2

Fβγ

Experiments : 0 ≈ g < 2 Duval, Phys. Lett. B594 (2004), 402

D
dxα

dτ
= G

pα

Mg
+ (g − 2)

es

4M2
g
εαβγFβγ

dpα

dτ
=

e

m
Fαβpβ

D = 1 +
eF · S
2M2

g c
2
, G = 1 +

g

2

eF · S
2M2

g c
2
.
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non-rel. JN limit

M̃gD̃ẋi = G̃pi −
(
1−

g

2

)
eM̃gθεijEj,

ṗα =
e

m
Fαβpβ

M̃g = m
√

1− gθeB, D̃ = [1− (g+ 1) θeB] , G̃ = [1− (3g/2)] θeB

Hall motions ⇔ Bcr = 1
1+g

1
eθ or 2

3g
1
eθ

non-rel. limit CNP -model (g = 2) ; DH -model (g = 0)



Seiberg-Witten equivalence in E.M. interactions

piẋi −
p2i
2m

Commutative Variables
→


piẋi − (pi−eAi)2

2m
+ eA0(~x, t)

minimal
substitution

(pi + eAi(~x, t))ẋi − p2
i

2m
+ eA0(~x, t)

minimal
addition

⇔ pi → pi − eAi ⇔

Non Commutative Variables

DH - model

minimal addition

Souriau’ method

LDH−em = LDH + e(AiẊi +A0)

loc. gauge tr. Aµ(~x, t) → Aµ(~x, t) + ∂µΛ(~x, t)

LDH−em → LDH−em + d
dtΛ

Invariance of the exotic-DH symplectic form
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ext. LSZ - model

minimal substitution
H =

p2i
2m

→ He.m. =
(pi − eÂi)

2

2m
− eÂ0

Invariance of the exotic-LSZ symplectic form

L̃ext = piẋi +
θ

2
εijpiṗj −

1

2
(pi − eÂi)

2 + eÂ0

gen. gauge tr.
δÂµ(~x, t) = Â′µ(~x+ δ~x, t)− Âµ(~x, t) = ∂µΛ(~x, t)
δxi = −eθεij∂jΛ, δpi = e∂iΛ

δL̃ext = e
d

dt
(Λ +

θ

2
εij∂iΛ pj) .

δ0Âµ(~x, t) := Â′µ(~x, t)− Âµ(~x, t) = ∂µΛ(~x, t) + e{Âµ(~x, t),Λ(~x, t)}
F̌µν = ∂µÂν − ∂νÂµ + e

{
Âµ, Âν

}
Generalized gauge transf. and invariant field strength
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(Xi, Pi)(LSZ) ↔ (xi, pi)(DH), Âµ(
−→
X, t) → Aµ(

−→x , t)

xi = Xi + eθεijÂj(
−→
X, t), pi = Pi − eÂj(

−→
X, t)

gen. gauge tr. ⇒ δxi = 0 ⇒ δ0xi = e{xi,Λ}

DH - PB are satisfied B (~x, t) =
B̌
(
~X,t
)

1+eθB̌
(
~X,t
)

Fµν(~x, t) =
F̌µν( ~X, t)

1 + eθB̌( ~X, t)

classical (∗Moyal → ·) Seiberg-Witten transformation

L̃ext
(
Âµ(

−→
X , t), −→X , −̇→X , −→P , −̇→P )

)
= LDH−em(Aµ(−→x , t), −→x , −̇→x , −→p , −̇→p ))
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Ak
(−→x (

−→
X, t), t

)
=

1

2
Âl(

−→
X, t)

δkl + ekl(
−→
X, t)

1 + eθB̂


e00 = 1 , ei0 = 0

eµk = δµk + eθεik∂iÂµ

A0

(−→x (
−→
X, t), t

)
= Â0(

−→
X, t)−

eθ

2(1 + eθB̂)
Âl(

−→
X, t)εkj∂tÂj(

−→
X, t)ekl(

−→
X, t)

N. Seiberg, E. Witten, JHEP 9909, 032 (1999)
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Galilean symmetry in Moyal field theory

Chern-Simons-Ginzburg-Landau th. FQHE Zhang, Int. J. Mod. Phys. B6, 25 (1992)

LCSGL = iψ̄Dtψ−
1

2

∣∣∣ ~Dψ∣∣∣2+κ

(
1

2
εij∂tAiAj +AtB

)
(κ =

n

2π
, n ∈ Z)

Galilei invariant f.th. ⇀ “exotic” Galilean symmetry ? ⇀ Moyal f.th.

(
f ? g

)
(~x) = e

iθ2

(
∂x1∂y2−∂x2∂y1

)
f(~x)g(~y)

∣∣∣∣
~x=~y

Szabo, Phys. Rept. 378 (2003) 207 U(1)∗-gauge group

ψ̃ = eıλ(~x)?ψ, Ãµ = eıλ(~x)?(Aµ + ı∂µ)?e
−ıλ(~x), F̃µν = eıλ(~x)?Fµν?e

−ıλ(~x)
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L∗CSGL = iψ̄ ? Dtψ − 1
2
~Dψ ? ~Dψ+ κ

(
1
2εij∂tAi ? Aj +A0 ? B

)
− V

(
ψ, ψ̄

)
Dµψ = ∂µψ − ieAµ ? ψ

Fµν = ∂µAν − ∂νAµ − ie
(
Aµ ? Aν −Aν ? Aµ

)
V ≡ 0

iDtψ+
1

2
~D2ψ = 0

κEi − eεikj
l
k = 0

κB + eρl = 0

B = εijFij, Ei = Fi0

ρl = ψ ? ψ̄, ~j l =
1

2i

(
~Dψ ? ψ̄ − ψ ? ( ~Dψ)

)
chiral densities
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Invariance under Galilean boost in antifundamental representation

δrψ = ψ ? (i~b · ~x)− t~b · ~∇ψ = (i~b · ~x)ψ+
θ

2
~b× ~∇ψ − t~b · ~∇ψ

δAi = −t~b·~∇Ai, δA0 = −~b· ~A−t~b·~∇A0

δrρl = −t~b · ~∇ρl, δrρr = −t~b · ~∇ρr − θ~b× ~∇ρr

Noether th. ⇒ ~Kr = t ~P −
∫
~x ρr d2~x

Pi =
∫ 1

2i

(
ψ̄∂iψ − (∂iψ)ψ

)
d2~x−

κ

2

∫
εjkAk∂iAjd

2~x

{
Ki,Kj

}
= εijk, k ≡ −θ

∫
|ψ|2d2x = −θm



Noncommutativity in 3D: the semiclassical Bloch electron

Ĥ
[
~̂r, ~̂p, f

(
~̂r, t
)]

llatt � lwp � lmod, ~/∆Egap � Tf

Ĥ
[
~̂r, ~̂p, f

(
~̂r, t
)]

= Ĥ(~rc,t) + Ŵ(~rc,t) ,

Ŵ(~rc,t) = 1

2

[
∂fĤ∇~rcf (~rc, t) ·

(
~̂r − ~rc

)
+ h.c.

]
quasi-static periodic Ĥ(~rc,t), “slow” parameters c = (~rc, t)

Ĥ(~rc,t)|ψ
n,~q
(~rc,t)

〉 = En,~q
(~rc,t)

|ψn,~q(~rc,t)
〉, 〈ψn,~q(~rc,t)

|ψn
′,~q ′

(~rc,t)
〉 = δn,n′δ

(
~q − ~q ′

)
,

〈~r|ψn,~q(~rc,t)
〉 = ei~q·~run,~q(~rc,t)

(~r) , un,~q(~rc,t)
(~r+ ~a) = un,~q(~rc,t)

(~r) ,

Karplus-Luttinger

〈ψ~q(~rc,t)| ~̂r |ψ
~q′

(~rc,t)
〉 =

[
i∇~q + 〈u~q(~rc,t) (~r) |i∇~q u

~q
(~rc,t)

(~r)〉cell
]
δ
(
~q ′ − ~q

)
.

~̂r = i∇~q + ~Q (~rc, ~q, t) , ~Q = 〈u~q(~rc,t)|i∇~q u
~q
(~rc,t)

〉cell, Berry connection

[r̂j, r̂l] = i εjl ∂qjQ l(~rc, ~q, t) = Θjl (~rc, ~q, t)
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Hamiltonian Structure

closed Lagrange-Souriau 2-form

σ = [(1−Qi) dqi − e Ei dt] ∧ (dri − gi dt) +

1

2
e εijkBk dri ∧ drj + 1

2
εijkΘk dqi ∧ dqj +Q0 εij dri ∧ dqj,

only gauge invariant quantities

Cartan 1-form σ = dλ

λ =
(
~q +

−→
R
)
· d~r+ ~Q · d~q+ (T − E −∆E) dt.{

(1 + Ξ) ~̇r+ Θ ~̇q = ∇~q [E + ∆E − T ] + ∂t ~Q
X ~̇r+ (1 + Ξ) ~̇q = −∇~r [E + ∆E − T ]− ∂t ~R

Ξij = ∂riQj − ∂qjRi, Xij = ∂riRj − ∂rjRi.

∂t ~Q = ∂t ~R ≡ 0 ⇒ σ = ω − dH ∧ dt dω = 0 ⇔

ω = (δi,j + Ξij ) dr i ∧ dq j +
1

2
[Xij dq i ∧ dq j −Θij dr i ∧ dr j]

H = E + ∆E − T
21



εijk ∂qiΘjk = 0, εijk ∂riXjk = 0,

∂qj Ξij = − ∂rj Θij, ∂rj Ξij = ∂qj Xij,

(1− δhk) εkij ∂qkΞij = εhij ∂rhΘij, (1− δhk) εkij ∂rkΞij = −εhij ∂qhXij,

ω = ωαβ dξα ∧ dξβ ⇒ {f, g} = ωαβ∂αf∂βg√
det

(
ωαβ

)
= 1−

1

2
Tr

(
Ξ2 + X (1 + 2Ξ)Θ

)
6= 0.

22



monopole in momentum space

Θ = θ
k

k3
(k 6= 0)

A. Bérard, H. Mohrbach Phys. Rev.(2004)

B ≡ 0, ~E = Ex̂, εn(k) = k2/2

r(t) = x(t)k̂0 + y(t)Ê + z(t)n̂, k̂0⊥Ê, n̂ = k0∧E
k0E

z(t) =
θ

k0

eEt√
k20 + e2E2t2

⇒ ∆z =
2θ

k0
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Fang et al. Science 302, 92 (2003) SrRuO3

perovskite structure in itinerant(metallic) ferromagnet

AHE as fingerprint of magnetic monopoles in crystal momentum space

Rashba-Dresselhaus spin-orbit Hamiltonian

H =
∑
i

fi (k)σi

Optical Hall Effect

~̇r ≈ ~p−
s

ω
grad(

1

n
)× ~p, ~̇p ≈ −n3ω2grad(

1

n
).

M. Onoda et al. Hall effect of light. Phys. Rev. Lett. 93, 083901 (2004)
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Conclusions and Outlook

• The method of coadjoint orbits allows to construct exotic (2-dim central
extension for Galilei Gr. ) mechanical models in (2+1)-dim. , the
coupling with a gauge field (E.M.) is essential in the construction of a
meaningful system.

• Quantization of the exotic models allows to identify the classical analogs
of the Anyons

• It has been proved the equivalence of the DH exotic model with LSZ
acceleration-dependent Lagrangian model

• Generalized models of noncommutative mechanics can be considered

• The second central extension can be considered as a ”nonrelativistic
shadow” of the particle spin in relativistic models.

• Exotic models may contain anomalous coupling of anyons, in particular
DH model is not a non relativistic limit of the relativistic anyon model.
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• In noncommutative models the ”Minimal Coupling” and the ”Minimal
Addition” of a gauge field are not equivalent procedures (modulo total
time derivatives). A local Seiberg-Witten transformations allows to map
systems in different phase spaces ( endowed with different symplectic
structure) and fields acting on, in order to obtain the same physical
results.

• In Field Theory based on the Moyal product, the exotic Galilei symmetry
can be restored dynamically and preserved under chiral self-interactions.

• The semiclassical Bloch electron dynamics provides concrete examples
of 2D and 3D systems in noncommutative variables. Monopoles in mo-
mentum space can be conveniently described in the presented formalism.

• The general Hamiltonian Structure of systems described by non commu-
tative configuration variables is described.

• OUTLOOK: Applications to Physics: AHE, Grephene, Supersymmetry
extensions, Spin Hall Effect, Optical Hall Effect.


