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Systems with homogeneous potentials
H =

1
2

pT p + V (q),

V (q) homogeneous of degree k ∈ Z?

q̇ = p, ṗ = −∂V
∂q

proper Darboux point

grad V (d) = d .

One can easily generalise to the case

H =
1
2

pT Mp + V (q),

M is a symmetric non-singular constant matrix

proper Darboux point

M grad V (d) = d .
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Monomial potentials

Potential V is equivalent to W iff V (q) = W (Aq), where A is n × n
matrix satisfying AAT = α Idn for a certain α ∈ C?.

Lemma

If a polynomial potential V of degree k > 2 does not have any proper
Darboux point, then it is either equivalent to the following one

Vk ,l = α(q2 − iq1)
k−l(q2 + iq1)

l , α ∈ C?.

for some l = 2, . . . , k − 2, or k = 2s and V has factor (q2 ± iq1) with
multiplicity s.
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Real form of monomial potentials – Drach-type
potentials

z1 = q1 + iq2, z2 = q1 − iq2,

y1 =
1
2
(p1 − ip2), y2 =

1
2
(p1 + ip2).

In these variables the Hamiltonian function has the form

H = 2y1y2 + z l
1zk−l

2 .
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Direct method – first remarks

H = 2p1p2 + V (q1,q2), deg V = k

Hamilton equations

q̇1 = 2p2, ṗ1 = − ∂V
∂q1

,

q̇2 = 2p1, ṗ2 = − ∂V
∂q2

,

are invariant with respect to

t → −t , qi → qi , pi → −pi , i = 1,2.

Assumption that V is homogeneous of degree k =⇒ Hamilton
equations are quasi-homogeneous with weights 2 for coordinates and
k for momenta.
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Direct method – form of the first integral

We can assume that a first integral I polynomial at momenta is
either even or odd in the momenta (p1,p2),
quasi-homogeneous of a certain weight-degree M, i.e.

I(λ2q1, λ
2q2, λ

kp1, λ
kp2) = λM I(q1,q2,p1,p2).

For M = 8

I =
8∑

j=0

Aj(q1,q2)p
8−j
1 pj

2 +
6∑

j=0

Bj(q1,q2)p
6−j
1 pj

2 +
4∑

j=0

Cj(q1,q2)p
4−j
1 pj

2

+
2∑

j=0

Dj(q1,q2)p
2−j
1 pj

2 + F (q1,q2),

It depends on (M + 2)2/4 = 25 unknown functions of two variables.
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Direct method – form of the first integral

Weight-homogeneity implies that functions {Aj}8j=0 must be
homogeneous functions of variables q1 and q2 of the same order e.g i ,
similarly {Bj}6j=0, {Cj}4j=0, {Dj}2j=0 and F are homogeneous
deg Bj = i + k , deg Cj = i + 2k , deg Dj = i + 3k and deg F = i + 4k .
Then M = 8k + 2i , where i = 0,1, . . . ,8.

New coordinates x = q1 and z = q2/q1. If P(q1,q2) is a homogeneous
function of degree k , then
P(q1,q2) = qk

1 P(1,q2/q1) = xkP(1, z) = xkp(z), where
p(z) := P(1, z).

Hamilton equations

ẋ = 2p2, ṗ1 = xk−1(zv ′ − kv), ′ =
d
dz

ż =
2
x

(p1 − zp2), ṗ2 = −xk−1v ′.
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Direct method – transformed form

Change of time dt → x−1dt in transformed Hamilton equations into

ẋ = 2xy2, ẏ1 = xk (zv ′ − kv),

ż = 2(y1 − zy2), ẏ2 = −xkv ′

The form of the first integral

I = x i
8∑

j=0

aj(z)y8−j
1 y j

2 + x i+k
6∑

j=0

bj(z)y6−j
1 y j

2 + x i+2k
4∑

j=0

cj(z)y4−j
1 y j

2

+ x i+3k
2∑

j=0

dj(z)y2−j
1 y j

2 + x i+4k f (z), i = 0, . . . ,8.

İ = 0 yields R = 0, R polynomial in the momenta (y1, y2)

R = R9 + R7 + R5 + R3 + R1 = 0,

R9 = 2x i

a′0y9
1 + (ia8 − za′8)y

9
2 +

7∑
j=0

(iaj + a′j+1 − za′j)y
8−j
1 y j+1

2
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Four families

v = zd , d = k − l

1 H1 = 2p1p2 + qd
1 qd

2 I2 = q1p1 − q2p2

2 H1 = 2p1p2 +
qd

2√
q1

I2 = 2p1(q2p2 − p1q1) +
qd+1

2√
q1

3 H1 = 2p1p2 + q1qd
2 I2 = p2

1 +
qd+1

2
d + 1

4 H1 = 2p1p2 +
qd

2

qd+2
1

I2 = (p1q1 − p2q2)
2 −

2qd+1
2

qd+1
1
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Superintegrability for some elements of family 2

V = q−1/2
1 q2

2 , I = −18p1p3
2 + q−1/2

1 (48p2
1q2

1 − 72p1p2q1q2 − 9p2
2q2

2)

− 32q3
2 ,

V = q−1/2
1 q3

2 , I = 100p2
1p4

2 + q−1
1 q4

2(−380p2
1q2

1 + 556p1p2q1q2

+ 25p2
2q2

2) + 20q−1/2
1 p1(16p3

1q3
1 − 40p2

1p2q2
1q2 + 30p1p2

2q1q2
2 + 5p3

2q3
2)

+ 128q−1/2
1 q8

2 ,

V = q−1/2
1 q−5/2

2 , I = 4p3
1(p1q1 − p2q2)− 6p2

1q−1/2
1 q−3/2

2 + q−3
2 ,

V = q−1/2
1 q−7/2

2 , I = 100p2
1(p1q1 − p2q2)

4

− 20q−1/2
1 q−5/2

2 p1(11p3
1q3

1 − 35p2
1p2q2

1q2 + 45p1p2
2q1q2

2 − 5p3
2q3

2)

+ q−1
1 q−5

2 (201p2
1q2

1 − 606p1p2q1z2 + 25p2
2q2

2)− 128q−1/2
1 q−15/2

2 ,
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Superintegrability for some elements of family 3

V = q1q−5/3
2 , I = 2p2

1(p1q1 − p2q2)
2

+ q−2/3
2 (p1q1 − p2q2)(27p2q2 − 11p1q1) + 32q2

1q−4/3
2 ,

V = q1q−4/5
2 , I = 896p6

1p2(p1q1 − p2q2) + 224q−4/5
2 p4

1(2p2
1q2

1

+ 66p1p2q1q2 − 65p2
2q2

2) + 16q−3/5
2 p2

1(476p2
1q2

1 + 5215p1p2q1q2

− 5025p2
2q2

2) + 5q−2/5
2 (9072p2

1q2
1 + 32920p1p2q1q2 − 30625p2

2q2
2)

+ 102400q2
1q−1/5

2 ,

V = q1q−7/5
2 , I = 4p4

1(p1q1 − p2q2)
2 − 4p2

1q−2/5
2 (11p1q1 − 15p2q2)

× (p1q1 − p2q2) + q−4/5
2 (201p2

1q2
1 − 810p1p2q1q2 + 625p2

2q2
2)

− 640q2
1q−6/5

2 ,
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Superintegrability for some elements of family 4

V = q2
1q−4

2 , I = 2p3
1(p1q1 − p2q2)− q−3

2 (4p2
1q2

1 + p1p2q1q2 + p2
2q2

2)

+ q3
1q−6

2

V = q3
1q−5

2 , I = 4p4
1 + q−8

2 (q4
1 − 6p2

1q2
1q4

2 − 4p1p2q1q5
2 − 2p2

2q6
2),

V = q1/2
1 q−5/2

2 , I = 4p3
1(p1q1 − p2q2)− 6p2

1q1/2
1 q−3/2

2 + q−3
2 ,

V = q−1/3
1 q−5/3

2 , I = 4p2
1(p1q1 − p2q2)

2

+ 2p1(2p2q2 − 3p1q1)q
−1/3
1 q−2/3

2 + q−2/3
1 q−4/3

2 ,

V = q−2/3
1 q−4/3

2 , I = 2p1(p1q1 − p2q2)
2 + q−2/3

1 q−1/3
2 (p2q2 − 2p1q1)
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Other integrable potentials
V = q2

1q5
2 , I = 16p3

1(p1q1 − p2q2) + z6
2(4p2

1q2
1 − 8p1p2q1q2 + p2

2q2
2)

− q3
1q12

2 ,

V = q2
1q−7/4

2 , I = p6
1 + 8q−3/4

2 p3
1(4p2q2 − p1q1)

+ 8q−3/2
2 (5p2

1q2
1 − 4p1p2q1q2 + 8p2

2q2
2)− 48q3

1q−9/4
2 ,

I1 = 2p3
1(p1q1 − p2q2)− q−3/4

2 (13p2
1q2

1 − 80p1p2q1q2 + 64p2
2q2

2)

+ 64q3
1q−3/2

2 ,

V = q2
1q−10/7

2 , I = 4p6
1 + 14q−3/7

2 p3
1(7p2q2 − 4p1q1)

+ 343q−6/7
2 (p1q1 − 7p2q2)(p1q1 − p2q2)− 2058q3

1q−9/7
2 ,

V = q−2/3
1 q−7/3

2 , I = 8p1(p1q1 − p2q2)
3 − q−2/3

1 q−4/3
2 (13p2

1q2
1

− 44p1p2q1q2 + 4p2
2q2

2) + 16q−1/3
1 q−8/3

2 ,

I1 = 4p2
1(p1q1 − p2q2)

4 − 4q−2/3
1 q−4/3

2 p1(p1q1 − p2q2)(2p2
1q2

1 + p2
2q2

2

− 6p1p2q1q2) + q−4/3
1 q−8/3

2 (10p2
1q2

1 − 16p1p2q1q2 + p2
2q2

2)− 3q−1
1 q−4

2 ,
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Problems

1 How to find superintegrable cases for families 1-4 of potentials?
2 How to find superintegrable cases for potentials, that do not

belong to families 1-4 of potentials?

Problem 1
Potentials from families 1-4 possess additional first integral that is
quadratic in the momenta =⇒ classical theory of separation of
variables.
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Family 1

H1 = 2p1p2 + qd
1 qd

2 , I2 = q1p1 − q2p2

Canonical transformation of coordinates

q1 = r(cosϕ− i sinϕ) = re−iϕ, q2 = r(cosϕ+ i sinϕ) = reiϕ,

and conjugated momenta

p1 =
eiϕ

2

(
pr +

i
r
pϕ

)
, p2 =

e−iϕ

2

(
pr −

i
r
pϕ

)
.

Hamiltonian H1 and first integral I2 in new variables read

H1 =
p2

r
2

+
p2
ϕ

2r2 + V (r), V (r) = r2d ,

J2 = −iI2 = pϕ.

In variables x1 = r cosϕ, and x2 = r sinϕ and momenta y1, y2

H1 =
1
2
(y2

1 + y2
2 ) + r2d , r2 = x2

1 + x2
2 , J2 = y1x2 − y2x1.
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Superintegrable radial potentials

Theorem
The radial potential is super-integrable iff d = −1/2 or d = 1.

for d = −1/2

H3 = (p1 − p2)(p1q1 − p2q2)−
q1 + q2

2
√

q1q2
,

for d = 1
H3 = 2p2

2 + q2
1 ,

connection with the Bertrand theorem.
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Family 2

H1 = 2p1p2 +
qd

2√
q1
, I2 = 2p1(q2p2 − p1q1) +

qd+1
2√
q1

Relation
I2 = −2p2

1q1 + q2H1,

change of independent variable t → τ , dτ/dt = 1/
√

q1,

q′1 = 2p2
√

q1, p′1 =
1
2

qd
2

q1
,

q′2 = 2p1
√

q1, p′2 = −dqd−1
2 ,

I2 = −1
2

q′22 + q2H1.

It gives ∫
dq2√

2(q2H1 − H2)
= τ + β1,
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Family 2

H−1
1

√
2(q2H1 − I2) = τ + β1,

β1=0
=⇒ q2 =

2I2 + H2
1τ

2

2H1

substitution into H1

H1 =
1

2q1

dq1

dτ
dq2

dτ
+

qd
2√
q1

H1τ

2q1

dq1

dτ
+

(2I2 + H2
1τ

2)d

(2H1)d√q1
= H1

change of dependent variable

q1 =

(
I2
H1

)2d v2

H2
1
.

τ

v
dv
dτ

+
(2I2 + H2

1τ
2)d

(2I2)dv
= 1
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Family 2

change of independent variable

τ 7−→ x = −
H2

1τ
2

2I2

2x
dv
dx
− v + (1− x)d = 0

after differentiation

x(1− x)
d2v
dx2 +

1− (1− 2d)x
2

dv
dx
− d

2
v = 0

Gauss hypergeometric differential equation

x(1− x)w ′′ + [c − (a + b + 1)x ]w ′ − abw = 0,

with parameters

a = −1
2
, b = −d , c =

1
2
.
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Construction of first integral for Family 2

Its general solution

v(x) = β2
√

x + β3 2F1

(
−1

2
,−d ,

1
2
, x
)

substitution into non-homogeneous equation gives β3 = 1

q1 =
1

H2
1

[
β2
√

2(H1q2 − I2) +

(
I2
H1

)d

2F1

(
−1

2
,−d ,

1
2
,1− H1

I2
q2

)]2

After substitution τ = τ(q2) one can construct the following first integral

H3 =
√

2β2 =

√
q1 H1 −

(
I2
H1

)d
2F1

(
−1

2 ,−d , 1
2 ,1−

H1
I2

q2

)
√

q2H1 − I2
.

Problem
When this first integral is an algebraic function?
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Superintegrability for Family 2

Theorem
Hamiltonian system given by

H = 2p1p2 +
qd

2√
q1

is super-integrable with algebraic additional first integral iff d = p, or
d = −(2p − 1)/2, for a positive integer p.
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Family 3

H1 = 2p1p2 + q1qd
2 , I2 = p2

1 + κqd+1
2 , κ =

1
d + 1

First quadrature

β1 + t = −
∫ q2 dx

2
√

I2 − κ xd+1

we substitute solution q2(t , β1) into the Hamiltonian

H1 =
1
2

dq1

dt
dq2

dt
+ q1qd

2

and solve the obtained quadrature with respect to q1.
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Lie algebra of first integrals

Let I1 = H1 and I2 are the action variables, and ω1, ω2, are the
corresponding angle variables. Let us note that ω2 is a first integral.

ρ = α

(
p1q1 −

2p2q2

d + 1

)

{ρ, I1} = (α+ β)I1, {ρ, I2} = 2αI2, {I1, I2} = 0

ρ = −(α+ β)I1ω1 − 2αI2ω2 + F (I1, I2)

Additional integral of motion H3 is a function on the action variables I1,
I2 and one angle variable ω2.
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Second angle variable

ω2 =
ρ

2αI2
+

d − 1
d + 1

I1
2I2

∫ q2 dx

2
√

I2 − κ xd+1

ω2 is the multi-valued function on the whole phase space.

H3 = 4α(d + 1)I2ω2 = 2(d + 1)ρ+ (d − 1)αI1
∫ q2 dx√

I2 − κ xd+1
.

Substitution
y =

κ

I2
xd+1,

gives ∫
dx√

I2 − κ xd+1
=

1
(d + 1)

√
I2

(
I2
κ

) 1
d+1
∫

y−
d

d+1 dy√
1− y

.
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Construction of H3 for Family 3

substitution ∫
y−

d
d+1 dy√
1− y

= (d + 1)y
1

d+1 v(y),

gives that v = v(y) satisfies

y(1− y)v ′′ +
(

d + 2
d + 1

− 3d + 5
2d + 2

y
)

v ′ − 1
2d + 2

v = 0.

Hypergeometric equation with parameters

a =
1
2
, b =

1
d + 1

, c = 1 +
1

d + 1
.

Final form of H3

H3 = 2(d + 1)ρ+ (d − 1)α
I1q2√

I2
2F1

(
1
2
,

1
d + 1

,1 +
1

d + 1
,
κqd+1

2
I2

)
.

AJM, MP, AVT (PL2, Ru) Partial integrability 11-15.10.2010 30 / 40



Superintegrability for Family 3

Theorem
Hamiltonian system given by

H = 2p1p2 + q1qd
2

is super-integrable with algebraic additional first integral iff d takes the
form

d =
1− p

p
, or d =

1 + 2p
1− 2p

for p ∈ N.
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Polynomial first integrals

Lemma
If

d =
1 + 2p
1− 2p

for a certain p ∈ N, (1)

then
H̃3 := H3Ip

2 , (2)

is a first integral polynomial in the momenta of degree 2p + 1.
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Family 4

H1 = 2p1p2 + q−d−2
1 qd

2 , I2 = (p1q1 − p2q2)
2 − 2q−d−1

1 qd+1
2

Observation
deg V = −2 =⇒ separation in polar coordinates

q1 = r(cosϕ− i sinϕ) = re−iϕ, q2 = r(cosϕ+ i sinϕ) = reiϕ,

and for the corresponding momenta

p1 =
eiϕ

2

(
pr +

i
r
pϕ

)
, p2 =

e−iϕ

2

(
pr −

i
r
pϕ

)
.
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Family 4

H1 =
p2

r
2

+
p2
ϕ

2r2 +
e2i(d+1)ϕ

r2 , J2 =
1
2

p2
ϕ + e2i(d+1)ϕ.

one relation
H1 =

1
2

p2
r +

1
r2 J2.

a new independent variable τ , dτ/dt = 1/r2

pr =
r ′

r2 , pϕ = ϕ′,

separation relations

H1 =
r ′2

2r4 +
1
r2 J2, and J2 =

ϕ′2

2
+ e2i(d+1)ϕ.
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Two quadratures for Family 4∫
dr

r
√

2(H1r2 − J2)
= τ + C1,

∫
dϕ√

2
(
J2 − e2i(d+1)ϕ

) = τ + C2.

after integration

1√
2J2

arctan

√
H1r2 − J2

J2
= τ + C1,

i
(d + 1)

√
2J2

arctanh

√J2 − e2i(d+1)ϕ

J2

 = τ + C2

First integral

I = (d + 1)
√

2J2(C2 − C1) = i arctanh

√J2 − e2i(d+1)ϕ

J2


− (d + 1) arctan

√
H1r2 − J2

J2
.

AJM, MP, AVT (PL2, Ru) Partial integrability 11-15.10.2010 35 / 40



Construction of additional first integral

arctan z =
i
2

ln
(

1− iz
1 + iz

)
, arctanh z =

1
2

ln
(

1 + z
1− z

)
.

Form of first integral

H3 = 2d+2Hd+1
1 exp(i I) =

e−2i(d+1)ϕ

r2(d+1)

(√
2J2 + pϕ

)2 (√
2J2 + irpr

)2(d+1)
.

or in original variables

H3 =
1

q2(d+1)
2

(p2q2 − p1q1 +
√

J2)
2
(

p1q1 + p2q2 +
√

J2

)2(d+1)
,

Theorem
Hamiltonian system given by

H1 = 2p1p2 + q−d−2
1 qd

2

is super-integrable with algebraic additional first integral iff d is a
rational number.
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Outline

1 Monomial potentials

2 Direct method

3 Application of the direct method to monomial potentials.
Results

4 Superintegrability and classical separation

5 Separation for systems with first integral of higher order in the
momenta
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Separation for systems with first integral of higher
order in the momenta

H1 = 2p1p2 + q3
1q−9/5

2 ,

H2 = 4p4
1 − 10

(
3p2

1q2
1 − 30p1p2q1q2 + 25p2

2q2
2

)
q−4/5

2 + 225q4
1q−8/5

2

bi-Hamiltonian approach

XH1 = PdH1 = P ′dH2.

P =


0 0 1 0
0 0 0 1
−1 0 0 0

0 −1 0 0

 ,
Looking for compatible Poisson bi-vectors P and P ′

[[P,P ′]] = 0, [[P ′,P ′]] = 0

P ′ = LZ P, Z =
∑

Z k∂k .
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Separation – control matrix

Z 1 = −4q2p2
1 , Z 2 = 0 , Z 3 = 25q1/5

2 (3p1q1 + 5p2q2) ,

Z 4 = −5q−6/5
2

(
(2p1p2q9/5

2 + q3
1)
√

10− 3p1q2/5
2 q2

1 − 15p2q7/5
2 q1

)
control matrix F

P ′dHi = P
2∑

j=1

Fij dHj , i = 1,2.

is non-degenerate matrix

F =

 10q1/5
2 (−15q1 + q2/5

2

√
10p1)

1
2

−500q1/5
2 (2q2p2

1 + 15q1/5
2 q2

1 − 3q3/5
2

√
10p1q1 + 5q8/5

2

√
10p2) 0

 .
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Separation variables from recursion operator

Eigenvalues or the recursion operator N = P ′ · P−1 = LZ P · P−1

A(λ) = (λ− u1)(λ− u2) = λ2 − 10q1/5
2 (q2/5

2

√
10p1 − 15q1)λ

+ 250q2/5
2

(
15q2

1 +
√

10q2/5
2 (5p2q2 − 3q1p1) + 2p2

1q4/5
2

)
are variables of separation. Corresponding momenta

v1,2 = − q1

40
√

10q3/5
2

− p1

200 q1/5
2

± u1 − u2

200 q4/5
2

, {uj , vk} = δij .

Separation relations

−2 (σvk )3 uk + H2 + 2ukH1 = 0 , k = 1,2, σ = 103/2 .

β1 − t = H2

∫ v1 dv
(σ3v3 + H1)2 + H2

∫ v2 dv
(σ3v3 + H1)2 ,

β2 =

∫ v1 dv
2(σ3v3 − H1)

+

∫ v2 dv
2(σ3v3 − H1)
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