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e Separation for systems with first integral of higher order in the
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0 Monomial potentials
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Systems with homogeneous potentials

.1
H=5p"p+V(a),
V(q) homogeneous of degree k € Z*
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Systems with homogeneous potentials

.1
H=5p"p+V(a),
V(q) homogeneous of degree k € Z*

proper Darboux point
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Systems with homogeneous potentials

:
H=5p"p+V(a),

V(q) homogeneous of degree k € Z*

proper Darboux point

grad V(d) = d.

One can easily generalise to the case

1
H=5p"Mp+V(q).

M is a symmetric non-singular constant matrix
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Systems with homogeneous potentials

.1
H=5p"p+V(a),
V(q) homogeneous of degree k € Z*

. .oV
a=p. P=—5,

proper Darboux point
grad V(d) = d.

One can easily generalise to the case

1
H=5p"Mp+V(q).
M is a symmetric non-singular constant matrix
proper Darboux point
Mgrad V(d) = d.
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Monomial potentials

Potential V is equivalent to W iff V(q) = W(AQq), where Ais n x n
matrix satisfying AAT = «/1d,, for a certain a € C*.
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Monomial potentials

Potential V is equivalent to W iff V(q) = W(AQq), where Aisn x n
matrix satisfying AAT = «/1d,, for a certain a € C*.

Lemma

If a polynomial potential V' of degree k > 2 does not have any proper
Darboux point, then it is either equivalent to the following one

Vi = a(qe —ig)f (qe + iqh), aeC

forsomel=2,... ,k —2, ork =2s and V has factor (q> +iqy) with
multiplicity s.
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Real form of monomial potentials — Drach-type

potentials

Z1=Qq1+1iQp, Zo = Q1 —1Qo,

1 ) 1 .
y1=5(p1—ip2). y2 = 5(p1 +ip2).

In these variables the Hamiltonian function has the form

H =2y1ys + 2} 2K
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e Direct method
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Direct method — first remarks

H=2pip2 + V(qi1,q2), degV =k

Hamilton equations

o %
q1_ p27 p1_ 8q1’
_ .oV
Q2 = 2P, P2 = qu,

are invariant with respect to
t— —t, q—q, Pi — —Pi, I:172

Assumption that V is homogeneous of degree k = Hamilton
equations are quasi-homogeneous with weights 2 for coordinates and
k for momenta.
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Direct method - form of the first integral

We can assume that a first integral / polynomial at momenta is
@ either even or odd in the momenta (p1, p2),
@ quasi-homogeneous of a certain weight-degree M, i.e.

I(Azq‘l ) >‘2q27 Akp1 ) )\ka) - )\MI(CH ) QQ, p1 ) p2)
ForM =28

8
1=3" A1, q)p p’2+ZB 1, Q)P p’2+ZC a1, )P} b
j=0
2 . .
+ > D1, )05 P+ (g1, a2),
j=0

It depends on (M + 2)2/4 = 25 unknown functions of two variables.
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Direct method - form of the first integral

Weight-homogeneity implies that functions {Aj}fzo must be
homogeneous functions of variables q; and g of the same order e.g /,
similarly {B;}?_,, {Cj}1_o, {Dj}%, and F are homogeneous

degB; = i+ k, deg G/ = i + 2K, deg D; = i + 3k and deg F = i + 4k.
Then M = 8k + 2i, where i =0,1,...,8.

New coordinates x = g1 and z = g»/q1. If P(q1, g2) is a homogeneous
function of degree k, then

P(g1, q) = qfP(1,q2/q1) = Xx¥P(1, z) = x¥p(z), where
p(z) = P(1,2).
Hamilton equations

X =2ps, pr=xVav' —kv), ="

.2 .
z2="(p1—202), o= —xk=1y

AJM, MP, AVT (PL2, Ru) Partial integrability 11-15.10.2010



Direct method — transformed form

Change of time dt — x~'dt in transformed Hamilton equations into
X = 2xy», = xK2v' — kv),
z=2(y1 — zy2), Vo = —x*V/

The form of the first integral

8 6 4
|=x' Z aj(z)}ﬁg_jyé | xitk Z bj(Z)yf_/yé | xit2k Z cj(z)yf'_’yé
j=0 j=0 j=0
2
+ XN " d(2)y2 Ty + x4 (z),  i=0,....8.
j=0

| = 0 yields R = 0, R polynomial in the momenta (y1, y»)
R:R9+R7+R5+R3+R1 =0,

7
, . . 8—j j+1
Ry = 2x'{ ayy? + (iag — zap)ys + Z(Iaj +d .y —za)y; v
=0
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e Application of the direct method to monomial potentials.
Results
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Four families

v=2z9 d=k—1

1| Hi=2p1p2+q{a¢ | b= qip1 — Qo2

o A1
2 | H; =2P1P2+\/% b = 2p1(qep2 — p191) + \%—1
qg-H
_ d _ 2
3| Hi=2p1p2 + q1935 /2—P1+d+1
d 2 ad+1
4 | Hy=2pip2 + quz b= (P1G1 — P2G2)? — ;,,ZH
1 1
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Superintegrability for some elements of family 2

V=g, 1=-18pip} +q; " *(48p2q% — 72p1p2a1 a2 — 9P3G3)

— 3203,
V=gq; "8, 1=100p2p} + g7 qi(~380p3qF + 556p1p2a1 G2
+25p305) + 20q; /p1(16p3 a5 — 40p2 p2gf g2 + 30p1 P31 4B + 5p3a3)
+ 1284, /%8,

S22 1= 4p3(1qr — Pae) — 602G, 20 % + 050,
7/2

V=q,"2q,7%, 1=100p}(p1q1 — p2ge)*
—20q, 2q,*pi (119363 — 3502p2q3 G2 + 45p103G1G3 — 5P3G3)
+ 7" 95°(201p2 g% — 606p1 p2gr 22 + 25p305) — 1284, /2, /%,
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Superintegrability for some elements of family 3

V =g CIZ_S/S, I =2p%(p1G1 — P202)?
+ a5 %(p1g1 — P2g2)(27p2q — 11p1an) + 3202, */°,
V=agig,"° 1=896p5p2(pi1qi — p2ge) + 224, */°p} (2032

+66p1p2G1Ge — 65p3G5) + 160, 3/ p2(476p3 Q% + 5215p1 Pach G

— 5025p348) + 50, -/ °(9072p2 ¢F + 329201 p2q1 G2 — 30625p348)
+102400¢%q, '/°

Y

V=aqq,""% 1=4p}(pigi — page)? — 405G, 2> (11psqn — 15p205)
X (P11 — P2G2) + G5 /°(201p2 G2 — 810p1p2q1 G2 + 62503G3)
—~640q7q, ",
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Superintegrability for some elements of family 4

V=050" I=2p3(p1g1 — p2G2) — 0, >(4P5G5 + P1P2G1 G2 + P5G5)

+4305°
V=079,°, I=4p{+q;%qf —6p7aia; — 4p1p201 G5 — 20543),
V=0q%6""% I=40}(pian — peqe) - 605G1 %0, %% + q5°,
V=0q,""q,""° 1=4p%(p1g1 — p2qe)?

+2p1(2P2G2 — 3p191)q; 20y 2% + g, %2 g, 8,

V=020, 1=2pi(p1a1 — p2a2)? + 6,y *(p2G2 — 2p10n)
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Other integrable potentials

V=qigs, |=16p3(p1q1 — P2qo) + Z5(4P5G% — 8P1P2G1 G + P3G3)

— 4%,

V=qiag, ", 1=p}+8a,° pi(4p2qs — 1)

+8a, (5P2 G2 — 4p1paqi e + 8P3G3) — 4845, V¢,
h = 203(p1G1 — P2Gz) — G5 *(13p}G2 — 80p1P2G1 G2 + 64p303)

+64¢7q,°%,

V=q2q,'"", 1=4p8+14g,% " p}(7p2e — 4p11)

+3430, %" (P11 — 7P2G2)(P1G1 — P2G2) — 205843q, /",
V=q;2%q7"% 1=8pi(piai — poa)® — q; 7y * (13022

- 44P1,02C71 Q2 + 4P2¢72) +16q; °q, %%,

lh = 4p%(p1gy — P2qe)* — q CI Boi(p1a1 — P20e) (20503 + P33
— 6p1P2q1Q2) + 4, 4/3q 83(10p2q? — 16p1P21 G2 + P3G5) — 3q; g, %,
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0 Superintegrability and classical separation
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© How to find superintegrable cases for families 1-4 of potentials?

© How to find superintegrable cases for potentials, that do not
belong to families 1-4 of potentials?

Problem 1

Potentials from families 1-4 possess additional first integral that is
quadratic in the momenta = classical theory of separation of
variables.

11-15.10.2010 19/40
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Family 1

Hi =2pip2+G§'q8, b= qip1 — Gop2
Canonical transformation of coordinates

g1 =r(cosp —ising) =re 'Y, g =r(cosp+isiny) = re'¥,
and conjugated momenta

ew e~iv i
P = <pr + pgo) P2 = <pr - pga)

Hamiltonian H; and first integral /. in new variables read

p? pso _ 2d
=5 S5 v, v =,

J2 = —i/g = Pe-
In variables x; = rcos ¢, and x» = rsinp and momenta yy, y»

1
H1:§(y$+y22)+r2d, rP=x24+x2, Jo=yiXo— yaxi.
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Superintegrable radial potentials

The radial potential is super-integrable iffd = —1/2 ord = 1.

@ ford=-1/2

it
2\/q1q2’

Hs = (p1 — p2)(P1G1 — P2Ge)

o ford =1
Hs = 2p5 + df,

@ connection with the Bertrand theorem.
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Family 2

qd a1
Hi =2p1p2 + \/%, lo = 2p1(q2p2 — P1G1) + \;a

Relation
b = —2p3g + qoHy,
change of independent variable t — 7, dr/dt =1/,/qx,

G =20vV/G1, P = 1%
1 2 ) 1 2 q17
% =201V/G1.  Ph=—dgs ",
1
b = —ECIEZ + q2Hh

It gives
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Family 2

B 2/2+H$T2

_ =0
Hy'2(geHs — k) = 7+ p, = o,
substitution into H;

1 dgi1dge | G5

4 " e

- 2qq dr dv /g1
Hir dgy (2/2 + H127'2)d
. TN ~— ™

2qy d7 T (2H))9 /gy
change of dependent variable

/2 2d V2
¢ = (H) H2
1 1
Tdv N (2 + H272)d
vdr (2k)9v

AJM, MP, AVT (PL2, Ru) Partial integrability 11-15.10.2010



Family 2

change of independent variable

2 2

T|—>X:—H1T

2h
2xd—v—v+(1—x)d:0

dx
after differentiation

d?v 1-(1-2d)xdv d
X=X get—— 3 ax 2

Gauss hypergeometric differential equation

v=20

x(1 = x)w" +[c—(a+ b+ 1)x]w — abw =0,

with parameters
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Construction of first integral for Family 2

Its general solution

V(X) = BovV/X + B33 2F4 <—;, —d, 1 x)

substitution into non-homogeneous equation gives (3 = 1

2
b\ 1 1 H,
Ff [ﬂ2 2(Higo — b) + <H1> 2F; <—27—d72;1 - IZCIZ>

After substitution 7 = 7(g2) one can construct the following first integral

\/>H1—(—1> 2F1( 3, —d,3.1— 1Q2>
VGt — k2 '

Problem
When this first integral is an algebraic function?

Hy = V203, =
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Superintegrability for Family 2

Theorem
Hamiltonian system given by

a3
H=2 + —=
P1P2 NG
is super-integrable with algebraic additional first integral iff d = p, or
d=—(2p—1)/2, for a positive integer p.
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Family 3

1
Hi =2pip2+q195, b =pf+rgs™, k=

First quadrature

Q2 dX
e [T
2\/lp — g x9H

we substitute solution go(t, 51) into the Hamiltonian

and solve the obtained quadrature with respect to g;.
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Lie algebra of first integrals

Let /y = H; and k are the action variables, and w4, wo, are the
corresponding angle variables. Let us note that ws is a first integral.

20200
d-+1

p=o <P1 a —
{pa /1}:(CV+,8)I1, {:07 /2}:2a/27 {I1al2}:0
p= —(a + ﬂ)/1w1 — 2alowo + F(/1 , /2)

Additional integral of motion Hjs is a function on the action variables /;,
> and one angle variable w,.
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Second angle variable

_p +d—1l1/q2 dx
N 2al d+1 2k 2 b — Kk xd+1

wo is the multi-valued function on the whole phase space.

w2

Q2 dX
Hy = 4a(d + 1 bwo, =2(d+1)p+ (d — 1)al EE—
Substitution .
y: 7Xd+17
I

gives

1 d

T [y ady

/wz_d);ﬁz (d+11)@ <I§> Vi-y
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Construction of H; for Family 3

substitution

gives that v = v(y) satisfies

d+2 3d+5\ , 1
dri1 2d+2”

y(1 =y)v" + <
Hypergeometric equation with parameters
Al
2’ a+1" 7~ d+ 1’
Final form of Hy

/ 11 1 kgdt!
H3:2(d+1)p+(d—1)a:/%2F1< 14 % >
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Superintegrability for Family 3

Theorem
Hamiltonian system given by

H = 2pip2 + q105

is super-integrable with algebraic additional first integral iff d takes the
form

_1+2p
S 1-2p

d:1;p, or d
p

forp € N.

AJM, MP, AVT (PL?, Ru) Partial integrability
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Polynomial first integrals

d 142
_1+2p -
d= 1 2p for a certain p € N, (1)
then B
Hs := Hj Ig , (2)
is a first integral polynomial in the momenta of degree 2p + 1.
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Family 4

Hi =2pip2 +q7972q8, b= (p1gr — p2g2)® — 2q;9 g5

Observation
deg V = —2 = separation in polar coordinates

g1 =r(cosp—ising)=re 'Y,  go=r(cosp+isiny) = re'¥,

and for the corresponding momenta

e'v i el i
P1=7 pr+;p<p ) P2 = 5 Pr—;Pgo .

AJM, MP, AVT (PL2, 3{1)] Partial integrability
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Family 4

P2 PR ey

H1 = —+ 5+ 62i(d+1)4‘0.

one relation

12 1

a new independent variable 7, dr/dt = 1/r?

— A
pl'_ﬁ7 pgo—SOa

separation relations
r/2

H.
1= o

4,0/2 )
+- Jg, and Jo = S+ gA(d+1)e,
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Two quadratures for Family 4

[ e [—% i
rv/2(Hir2 — Jo) \/2 (J2 _ eZi(d+1)<p)
after integration
1 H1 ré — J2
arctan{/ ————= = Cy,
NS I T
i Jo — g2i(d+1)e
—————arctanh = | = C
(d+1)v2dh [ % T+l

First integral

I =(d+1)v/24(Cs — Cy) =iarctanh l y
2

[H.r2 —
—(d+ 1)arctan u
oo

Jp — e2i(d+1)go]
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Construction of additional first integral

arctanz = - In (1—1z> . arctanh z = T <1 +Z> .

2
Form of first integral

14+iz 2 1-2z

—21(d+1)<p

a1y <\/ﬂ+p¢> (\/272+irp,)2(d+1)

Ha = 29+2HIH exp(i I) =

or in original variables

1 d+1)
Hs = W(Pﬂz —P1G1 + /) <P1 g1+ p2Ge + \/Z)
>

Hamiltonian system given by

Hi = 2p1p2 + g7 % 2af

is super-integrable with algebraic additional first integral iff d is a
rational number.
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e Separation for systems with first integral of higher order in the
momenta
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Separation for systems with first integral of higher

order in the momenta

Hi =2pip2 + G3a, ",
He = 4p} — 10 (3p2G% — 30p1paa1 o + 25030 ) g, */° + 2250 g, */°
bi-Hamiltonian approach
Xy, = PdHy = P'dHp.

0 010
0 00 1

P=144 00 of
0 100

Looking for compatible Poisson bi-vectors P and P’
[P,P]=0, [P,P]=0

P'=LzP, Z=Y) Z'

AJM, MP, AVT (PL2, Ru) Partial integrability 11-15.10.2010



Separation — control matrix

Z'= —4qp}, Z2=0, Z°=25¢)°(3p1qi +5p),
24 = -50,°° ((2p1p2g5'° + G7) V10 - 3p1 6 ° % — 15205 ° 1 )

control matrix F

2
PdH; =P FydH;, =12

J=1
is hon-degenerate matrix
1
F 10q,"° (150 +q2/5Wp1) 3
~5000,°(2020% + 150,/ °q% — 305/°V/10p1g1 + 565 °V10pz) 0
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Separation variables from recursion operator

Eigenvalues or the recursion operator N = P’ - P~' = L,P . P~
AN = (A — u)(A — t) = X2 —1005"°(g5"°V/10ps — 15¢1)A
+25005'° (1562 + V100 °(5p2q2 — 3q1py) + 2p705°)

are variables of separation. Corresponding momenta

a1 P iy — Uz
Vipg = + s {U', Vk} = Jji .
40 /7q3/5 200 q1/5 200 q4/5 J i

Separation relations
2 (ovi)Puk+ Ho + 2ukHy =0,  k=1,2, o=10%2,

vi dv v2 dv
Hots HZ/ (o5 T HY +H2/ S THE

/ 2(03v3 — Hy) / 2(c3v8 — Hy)
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