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Kähler structure

Figure : Erich Kähler

! Kähler manifold: (M, J, g)− a complex manifold with a
compatible hermitian metric g (which is called Kähler) if the
following condition holds:

dω = 0.

! Here ω (the Kähler form) is a (1, 1)− form which is
determined by

ω(X ,Y ) = g(JX ,Y )

and determines g via

g(X ,Y ) = g(JX , JY ) = ω(X , JY ).
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Calabi-Yau structure

Figure : Calabi and Yau

Calabi-Yau structure: (Mn, g , J, Ω)− a Calabi-Yau variety if

! ((Mn, g , J)− a Kähler manifold with a Kähler form ω;

! Ω−non-zero constant (n, 0)−form (holomorphic volume form);

!

ωn

n!
= (−1)n(n−1)/2(i/2)nΩ ∧ Ω̄.
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Calabi Conjecture

! Calabi Conjecture:((Mn, g , J)− a Kähler manifold with a
Kähler form ω;

! Let f be a smooth real function on M satisfying
∫

M

ef ωn =

∫

M

ωn.

! Then there exists a smooth function φ such that
∫

M φvolg = 0
and
"

ω + i∂∂̄φ−

a positive (1, 1)−form (a Kähler form of some metric g ′).
"

(ω + i∂∂̄φ)n = e f ωn.

! This is a Monge-Ampére equation.
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Harvey-Lawson

Figure : Harvey and Lawson

! Special Lagrangian equation: Cn is enabled with a Kähler
structure g + iω and the canonical complex volume form α. A
real submanifold Ln in Cn is a special lagrangian if

ω|L = 0 et #(α)|L = 0.

! A graph L =
{

(x + i ∂f
∂x ), x ∈ Rn

}

is special lagrangian iff f is
a solution of a MAE:
" n = 2: ∆f = 0
" n = 3: ∆f − hess(f ) = 0
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HyperKähler Structure

! HyperKähler Structure, 4D: 4D manifold M4 is enabled with a
HyperKähler structure (ω1,ω2,ω3) if this triple of symplectic
forms with ωi ∧ ωj = 0, i %= j and independent of i = j .

! M is a Kähler manifold
(M, Ji , g), ωi(X ,Y ) = g(JiX ,Y ) i = 1, 2, 3, and
Ji = ω−1

j ωk , (i , j , k) = (1, 2, 3)

! If (M,ωi , ß = 1, 2, 3)− HyperKähler, taking the complex
structure J1 and two-form ω′ = ω1 + i∂∂̄φ, obtain a
Monge-Ampère operator ∆(φ) :

ω′ ∧ ω′ = ∆(φ)ω1 ∧ ω1

! ρ = −i∂∂̄ log∆(φ)− the Ricci form of ω′.
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Table 1.

∆ω = 0 ω pf (ω)

∆f = 0 dq1 ∧ dp2 − dq2 ∧ dp1 1
#f = 0 dq1 ∧ dp2 + dq2 ∧ dp1 −1
∂2f
∂q2

1

= 0 dq1 ∧ dp2 0

Сент autcoeff.MAO

RTHC.fr41414

7

7ЕЕ
1

с ĸг



Geometric Structures on T ∗R2.

Let (Ω,ω) be a Monge-Ampère structure on X = R4. The field of
endomorphisms Aω : X → TX ⊗ T ∗X is defined by

ω(·, ·) = Ω(Aω·, ·).

REMARK The tensor

Jω =
Aω

√

|pf (ω)|

gives

! an almost-complex structure on X if pf (ω) > 0.
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Geometric Structures on T ∗R2.

Let (Ω,ω) be a Monge-Ampère structure on X = R4. The field of
endomorphisms Aω : X → TX ⊗ T ∗X is defined by

ω(·, ·) = Ω(Aω·, ·).

REMARK The tensor

Jω =
Aω

√

|pf (ω)|

gives

! an almost-complex structure on X if pf (ω) > 0.

! an almost-product structure on X if pf (ω) < 0.



THEOREM (Lychagin-R.)

Let ω ∈ Ω2
ε(R

4) be an effective non-degenerate 2-form on (R4,Ω).

! The following assertions are equivalent:

! The equation ∆ω = 0 is locally equivalent to one of two linear
equations: ∆f = 0 ou #f = 0;

! The tensor Jω is integrable;

! the normalized form ω√
|pf (ω)|

is closed.
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Courant Bracket

T−tangent bundle of M and T ∗− cotangent bundle.

(X + ξ,Y + η) =
1

2
(ξ(Y ) + η(X )),

-natural indefinite interior product on T ⊕ T ∗.
TheCourant bracket on sections of T ⊕ T ∗ is

[X + ξ,Y + η] = [X ,Y ] + LXη − LY ξ −
1

2
d(ιXη − ιY ξ).
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Generalized Complex Geometry

Figure : Hitchin

DEFINITION [Hitchin]: An almost generalized complex structure
is a bundle map J : T ⊕ T ∗ → T ⊕ T ∗ with

J2 = −1,

and
(J·, ·) = −(·, J·).

An almost generalized complex structure is integrable if the spaces
of sections of its two eigenspaces are closed under the Courant
bracket.
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2D SMAE and Generalized Complex Geometry

! DEFINITION A Monge-Ampère equation ∆ω = 0 has a
divergent type if the corresponded form can be chosen closed :
ω′ = ω + µΩ.

! PROPOSITION (B.Banos)
Let ∆ω = 0 be a Monge-Ampère divergent type equation on
R2 with closed ω (which might be non-effective). The
generalized almost-complex structure defined by

Jω =

(

Aω Ω−1

−Ω(1 + A2
ω·, ·) −A∗

ω

)

is integrable.
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Hitchin pairs (after M.Crainic)

A Hitchin pair is a pair of bivectors π and Π, Π− non-degenerate,
satisfying

{

[Π,Π] = [π,π]

[Π,π] = 0.
(6)

PROPOSITION There is a 1-1 correspondence between
Generalized complex structure

J =

(

A πA

σ −A∗

)

with σ non degenerate and Hitchin pairs of bivector (π,Π). In this
correspondence











σ = Π−1

A = π ◦ Π−1

πA = −(1 + A2)Π

Isутр
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Hitchin pair of bivectors in 4D

Π is non-degenerate ⇒ two 2-forms ω and Ω, not necessarily closed
and ω(·, ·) = Ω(A·, ·).
A generalized lagrangian surface: closed under A, or equivalently,
bilagrangian: ω|L = Ω|L = 0.
Locally, L is defined by two functions u and v satisfying a first order
system:
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Jacobi systems

{

a + b ∂u
∂x + c ∂u

∂y + d ∂v
∂x + e ∂v

∂y + f det Ju,v = 0

A + B ∂u
∂x + C ∂u

∂y + D ∂v
∂x + E ∂v

∂y + E det Ju,v = 0

Ju,v =

(

∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

)

Such a system generalizes both MAE and Cauchy-Riemann systems
and is called a Jacobi system.
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Invariants for effective 3-forms

! To each effective 3-form ω ∈ Ω3
ε(R

6), we assign the following
geometric invariants:

! the Lychagin-R. metric defined by

gω(X ,Y ) =
(ιXω) ∧ (ιYω) ∧ Ω

Ω3
,

! the Hitchin tensor defined by

gω = Ω(Aω·, ·),

! The Hitchin pfaffian defined by

pf (ω) =
1

6
trA2

ω.
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∆ω = 0 ω ε(qω) pf (ω)

1 hess(f ) = 1 dq1∧dq2∧dq3+ν ·dp1∧dp2∧dp3 (3, 3) ν4

2 ∆f − hess(f ) = 0 dp1 ∧ dq2 ∧ dq3 − dp2 ∧ dq1 ∧ dq3 (0, 6) −ν4

+dp3∧dq1∧dq2−ν2·dp1∧dp2∧dp3

3 #f + hess(f ) = 0 dp1 ∧ dq2 ∧ dq3 + dp2 ∧ dq1 ∧ dq3 (4, 2) −ν4

+dp3∧dq1∧dq2+ν2·dp1∧dp2∧dp3

4 ∆f = 0 dp1∧dq2∧dq3−dp2∧dq1∧dq3+
dp3 ∧ dq1 ∧ dq2

(0, 3) 0

5 #f = 0 dp1∧dq2∧dq3+dp2∧dq1∧dq3+
dp3 ∧ dq1 ∧ dq2

(2, 1) 0

6 ∆q2,q3
f = 0 dp3 ∧ dq1 ∧ dq2 − dp2 ∧ dq1 ∧ dq3 (0, 1) 0

7 #q2,q3
f = 0 dp3 ∧ dq1 ∧ dq2 + dp2 ∧ dq1 ∧ dq3 (1, 0) 0

8 ∂2f
∂q2

1

= 0 dp1 ∧ dq2 ∧ dq3 (0, 0) 0

9 0 (0, 0) 0

Table : Classification of effective 3-formes in dimension 6
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3D Generalized Calabi-Yau structures

! A generalized almost Calabi-Yau structure on a
6D-manifold X is a 5-uple (g ,Ω,A,α,β) where

! g is a (pseudo) metric on X ,
! Ω is a symplectic on X ,
! A is a smooth section X → TX ⊗ T ∗X such that A2 = ±Id

and such that
g(U ,V ) = Ω(AU ,V )

for all tangent vectors U ,V ,
! α and β are (eventually complex) decomposable 3-forms whose

associated distributions are the distributions of A eigenvectors
and such that

α ∧ β
Ω3

is constant.

! A generalized Calabi-Yau structure (g ,Ω,K ,α,β) is integrable
if α and β are closed.
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Generalized CY and MA

Each nondegenerate Monge-Ampère structure (Ω,ω0) defines a
generalized almost Calabi-Yau structure (qω ,Ω,Aω,α,β) with

ω =
ω0

4
√

|λ(ω0)|
.



The generalized Calabi-Yau structure associated with the equation

∆(f )− hess(f ) = 0

is the canonical Calabi-Yau structure of C3























































g = −
3
∑

j=1

dxj .dxj + dyj .dyj

A =
3
∑

j=1

∂
∂yj

⊗ dxj − ∂
∂xj

⊗ dyj

Ω =
3
∑

j=1

dxj ∧ dyj

α = dz1 ∧ dz2 ∧ dz3

β = α



The generalized Calabi-Yau associated with the equation

#(f ) + hess(f ) = 0

is the pseudo Calabi-Yau structure


















































g = dx1.dx1 − dx2.dx2 + dx3.dx3 + dy1.dy1 − dy2.dy2 + dx3.dx3

A = ∂
∂x1

⊗ dy1 − ∂
∂y1

⊗ dx1 +
∂
∂y2

⊗ dx2 − ∂
∂x2

⊗ dy2 − ∂
∂y3

⊗ dx3

+ ∂
∂x3

⊗ dy3

Ω =
3
∑

j=1

dxj ∧ dyj

α = dz1 ∧ dz2 ∧ dz3

β = α



The generalized Calabi-Yau structure associated with the equation

hess(f ) = 1

is the “real” Calabi-Yau structure






















































g =
3
∑

j=1

dxj .dyj

A =
3
∑

j=1

∂
∂xj

⊗ dxj − ∂
∂yj

⊗ dyj

Ω =
3
∑

j=1

dxj ∧ dyj

α = dx1 ∧ dx2 ∧ dx3

β = dy1 ∧ dy2 ∧ dy3



! THEOREM A SMAE ∆ω = 0 on R3 associated to an
effective non-degenerated form ω is locally equivalent to on of
three following equations:

!










hess(f ) = 1

∆f − hess(f ) = 0

#f + hess(f ) = 0

! iff the correspondingly defined generalized Calabi-Yau structure
is integrable and locally flat.
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