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Kihler structure

gaX]i }/) - g/{)ﬂﬁ Figure : Erich Kéihle

» Kahler manifold: (M,J\,g)— a complex manifold with a
compatible hermitian metric g (which is called Kahler) if the
“following condition holds:

d'_w = 0.

.
» Here w (the Kahler form) is a (1,1)— form which is

determined by
\w(X. Y) = (X Y) (1og) hennid

and determines g via L >
g(X,Y) =g(UX,JY) = w(X,JY).




Calabi-Yau structure

' | II\’O X
é() Figure : Calabi and Yau J‘)\é’ /\ 6"\
_ Crn ey dim
Calabi-Yau structure: (M", g, J, Q)— a Calabi-Yau variety if
> ((M", g, J)— a Kahler manifold with a Kahler form w;

» Q—non-zero constant (n,0)—form (holomorphic volume form);

> Oy W/Ev‘@j
N2

hovwhens~ Z
P




| | Lonfact Ceheo, ne 4 K
Calabi Conjecture Ln-gane FLhQon 9 cnTvE Sqrm €
—— ! —classe aﬁ/fw&( Ricct frm g
» Calabi Conjecture:((M", g, J)— a K&hler manifold with a A
Kahler form& ‘\J forim

> Let f be a smooth real function on M satisfying ZQP [’[6‘)
P'C .e.f / el w" z/ w". MZMQK(SM&
M M oo |

> Then there exists a smooth function ¢ such that [,, ¢vol, =0
and v —_,

¢ i W
K::é)}ﬁ— 100¢p—

a positive (1,1)—form (a Kahler form of some metric g').
Y(w + i00¢)" = ef‘wj. (' Solve a@t

» This is a Monge-Ampére equation. all £

1 Complox MAE

¢




(Q\ Figure : Harvey and Lawson

0’& A-—J%'z

» Special Lagrangian equation: C” is enabled with a Kahler
structure g + iw. and the canonical complex volume form a. A
real submanifold L™ in C" is a special lagrangian if

NN cow 1,\4&%
» Agraph L= {(x+i4), x € R”} is special Iagranglan |fF fis

a solution of a MAE: ..W(J(—)’
¢ n=2 Af_o@ﬁ 6_g~m54.=0

¢ n=3: Af —hess(f) =0




HyperKahler Structure

» HyperKihler Structure, 4D: 4D manifold M* is enabled with a
HyperKahler structure (w1, ws,ws) if this triple of symplectic
forms with w;j Aw; =0, i # j and independent of / = J.

» M is a Kahler manifold
(M’Kjf' g), wi(X,Y)=g(hiX,Y)i=1,23, and

e
Ji — wj Wi, (Ia.la k) — (17273)

> If (M,w;,B=1,2,3)— HyperKahler, taking the complex

structure J; and two—form\w/’: wy + i00¢, obtain a

. ‘
Monge-Ampere operator A(¢) : A = 4“, b pel
w’_/\ W = A(P)wr A wr ves
- M‘L'qmuj e
» p = —i0d0log A(¢)— the Ricci form of w'.

A\



Table 1. Cotuyt amt . MU0 ,
O = +T M= % ‘

— C%qu) thtﬂz,f)“ ﬂl/)

A, = - pF (@)
éﬁ,&(/ Af =0 | dgy Adpy — dgo A dpy 1
~ Q//- Of =0 dgi A dpo + dgr A dpy —1
hb\” 2
ot =0 | —dapdn 0
—

- IK,L



Geometric Structures on T*R?. /2'7:_ 74 /RL

Let (Q,w) be a Monge-Ampere structure on X = R*. The field of
endomorphisms A, : X — TX ® T*X is defined by

REMARK The tensor

R
© T Vlpfw) # O

gives

» an almost-complex structure on X if pf(w) > 0.



Geometric Structures on T*R?.

Let (Q,w) be a Monge-Ampere structure on X = R*. The field of
endomorphisms A, : X — TX ® T*X is defined by

REMARK The tensor

o
Vpf (w)]

gives

» an almost-complex structure on X if pf(w) > 0.

» an almost-product structure on X if pf(w) < 0.



THEOREM (Lychagin-R.)

Let w € Q2(R*) be an effective non-degenerate 2-form on (R*, Q).
» The following assertions are equivalent:

> The equation Agy= 0 is locally equivalent to one of two linear

equations: Af =0 ou[df = 0: J
» The tensor J, is integrable; Lo

w

s closed. 4 AR
Dy Live ari QQTW G’Wm) )3’

\ -
» the normalized form



Courant Bracket

Xy e XM, s, i)
Fgt e Y 3

T —tangent bundle of M and I/*— cotangent bundle.

(X+E Y +n) = Z(6(Y) + (X)), G, )

-natural indefinite interior product on T & T*. _
TheCourant bracket on sections of T @ T* is

— 1 @

(X +&Y +1] U-F Lxn — LY‘{':/_ Ed LX) — Ly§).

) Nerl e 5;10/(@ Vry 249 249)-Shact”
°§@rm A7 A/IJ*(AA/IM»([; +on son q@m, whal ?-7

P T Voo




Generalized Complex Geometry

Figure : Hitchin

DEFINITION [Hitchin]: An almost generalized complex structure

isabundlemapJ: T T* = T & T* with
"I 2 Y%
0 & o
M J — _17
and

(J', ) — _(”]])
An almost generalized complex structure is integrable if the spaces

of sections of its two eigenspaces are closed under the Courant
bracket.




20 SMAE and Generalized Complex Geometry
- a

» DEFINITION A Monge-Ampére equation A, = 0 has a
divergent type if the corresponded form can be chosen closed :

W = w + . 740 Q

» PROPOSITION (B.Banos)

Let A, = 0 be a Monge-Ampere divergent type equation on
R? with closed w (which might be non-effective). The
generalized almost-complex structure defined by

is integrable. BQ -~ L '\’;0_ - &Cdfﬂm



4
Hitchin pairs (after M.Crainic) /‘\ wwt/['e'
4

A Hitchin pair is a pair of bivectors 7 and 1, [1— non-degenerate,
satisfying ~

@ mx] # 0 -
(M, 7] =0.

PROPOSITION There is a 1-1 correspondence between
Generalized complex structure

J— (é‘ 3&) - G.c.S5f U

with o non degenerate and Hitchin pairs of bivector (7, [1). In this
correspondence




Hitchin pair of bivectors in 4D

1 is non-degenerate = two 2-forms w and €2, not necessarily closed
and w(-,-) = Q(A-,-).

A generalized lagrangian surface: closed under A, or equivalently,
bilagrangian: w|; = Q| =0.

Locally, L is defined by two functions&and\vJsatisfying a first order
system:

Crony i ¢ ~ kuilzlaiw 1.9 € 8-



Jacobi systems N=L
—

QC'%;? @

a+b%+cg—;+d%+eg—;+fdeuu,v:0

A+B%+C§—}’+D%+E§—§+Edetju,vzo
~— oy ou -
Juv=1\ o &
dx Oy

Such a system generalizes both MAE and Cauchy-Riemann systems
and is called a Jacobi system.

‘m&g. g C. Sy =




Invariants for effective 3-forms

> To each effective 3-form w € Q3(IR®), we assign the following

geometric invariants:
. the’m?%etric defined by

(@) A (yw) AQ

» the Hitchin tensor defined by
8w = Q(Aw°7 ')7
v

» The Hitchin pfaffian defined by 3’&‘] ) Fl/«’;)
i -

1

Vi N



A,=0 w / pf (w)
1] hess(f)=1 |dei AdgoAdqs+v-dpi AdpAdps| (3,3) ] v
2|Af —hess(f) =0 ﬂpl N dgx A\ dgs — dpa A dg; A dgs | (0,6) —v*
' +dps\dg1 Adgo—v?-dpy Adpa Adps
3(00f + hess(f) = 0 |dp1 Adgy A dgs + dpy Adgy Adgs| (4,2) | —v*
N —~— —|—dp3/\dq1/\dQ2—|—V2°dpl/\dpg/\dp3
4" pr AF =0 dp1 Adga A dqs — dpa Adgi Adgs +] (0,3) | O
M— | dpy Adqy A dgo
5 m]‘- Of =10 dp1 Adgx Adgs+ dpa Adgr Adgs + | (2,1) 0
TN\ dps A\ dgi A\ dgo
6 ”\/Aq2 q3f~!= 0 dps A dgi1 A dga — dpa A dgi A dgs | (0,1) 0
7 ,U qu q3f—0 dps A dg1 A dgo + dpa A dgi A dgs | (1,0) 0
8 oy =0 dp1 N dgo A dgs (0,0) 0
9 - 0 (0,0)| O
Table : Classification of effective 3-formes in dimension 6




3D Generalized Calabi-Yau structures A(d 7 a
./1-\/-\/\./\_,—\/\-/'\/-\__,

» A generalized almost Calabi-Yau structure on a
MIS a 5-uple (g {/ Q A ,a, 3) where

> g is a (pseudo) metric on X, '\

» (2 is a symplectic on X,

» Ais a smooth section X — TX ® T*X such that A> = +/d

and such that
g(U, V) = Q(AU, V)

for all tangent vectors U, V,

» « and 3 are (eventually complex) decomposable 3-forms whose
associated distributions are the distributions of A eigenvectors
and such that

alp .
a3 S constant.

» A generalized Calabi-Yau structure (g,Q, K, a, 3) is integrable

E if  and 3 are Closed CG\) Q )9 SF



Generalized CY and MA




The generalized Calabi-Yau structure associated with the equation

[ A — hess(f) =0 ] €

is the canonical Calabi-Yau structure of C3

2

3
g =— dxj.dxj + dy;.dy;

Q=) dxj Ady;

o = dz; N dz N dz3

=@

\



The generalized Calabi-Yau associated with the equation

A0 et 0

is the pseudo Calabi-Yau structure

(g = dxy.dx; — dxo.dxo + dx3.dx3 + dyy.dy; — dys.dys + dxsz.dx3
Az%@dyl—aih®dx1+aim®dx —%@dyg—ﬁim®dX3
+8ix3 ® dys
3
Q=) dxjAdy
j=1
= dz; Ndz N\ dz3

|
Q|

o
G



The generalized Calabi-Yau structure associated with the equation

ﬁess(f) =1

is the “real’” Calabi-Yau structure

)
g = )_dx;.dy;
j=1
3
A=Y g; @ dy— 5@ dy
.:1 Wi
\ J3
Q =) dx; A dy;
=1
a = dxg A dxo A dxs
B = dy1 Adys A dys



» THEOREM A SMAE A, = 0 on R3 associated to an

effective non-degenerated form w is locally equivalent to on of
three following equations:

(hess(f) =1
Aw 7 § Af —hess(f) =0
|Of + hess(f) =0

» iff the correspondingly defined generalized Calabi-Yau structure

is integrable and locally flat. - ——
_— -~

//// RaSakcaiy
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