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Plan:

e First-order integrable Lagrangians.

e Second-order integrable Lagrangians in 2D:
— hydrodynamic form of Euler-Lagrange equations;
— integrability conditions;
— equivalence group;

— link to WDV'V;

— partial classification results.

e Second-order integrable Lagrangians in 3D:
— Lagrangian densities coming from KP hierarchy;

— Lagrangian densities of the form f(ugy, Ugt, Uyt).
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First-order integrable Lagrangians

Consider 3D first-order Lagrangians of the form

/f(ux, Uy, ut) dedydt.
The corresponding Euler-Lagrange equations are second-order PDEs for u(x,y,t):

(fuoc>£v + (fuy)y + (fut)t = 0.

Integrability conditions — Lagrangian densities f with interesting properties.

In 2D, every Euler-Lagrange equation of the form

(fug )z + (fuy )y =0
is automatically integrable (linearisable via hodograph transformation).
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integrable Lagrangians, Comm. Math. Phys. 261, no. 1 (2006) 225-243.
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Second-order integrable Lagrangians

Consider 2D second-order Lagrangians of the form

/f(uxx, Ugy, Uyy ) dxdy.
The corresponding Euler-Lagrange equations are fourth-order PDEs for u(x,y):

(fupe )oz + (fugy oy + (fuyy )yy = 0.

Their integrability theory is nontrivial already in 2D. We will establish a link of
integrable Lagrangian densities f to WDVV prepotentials of the form

L 9
F(t17t27 t37 t4) — §t1t4 + t1t2t3 + W(t27 t37 t4)
Second-order integrable Lagrangians in 3D,
/ f(uza, Ugy, Uxt, Uyy, Uyt, utt) dxdydt,

are also an interesting object of study (no direct link to WDVV yet).



Hydrodynamic form of Euler-Lagrange equation

The Euler-Lagrange equation,

is a fourth-order PDE for u(zx,y). Setting a = ugz, b = uzy, ¢ = uyy we have

bx = Ay, Cxr = b’y? (fa)xa: + (fb)my + (fc)yy = 0.

Introducing an auxiliary variable p via the relations

py=—(fa)es  Pr=(fo)y+(fo)y

we can rewrite the above PDE as a first-order conservative system:

ay = bz, by =ca, (fC)y:(p_fb):Jca py:_<fa>:c-

The integrability conditions can be obtained from the requirement of
diagonalisability of this system, which is equivalent to the vanishing of its

Haantjes tensor. This imposes constraints for the Lagrangian density f(a,b, c).



Integrability conditions

These form a third-order PDE system for the Lagrangian density f(a,b,c):

(favfee = facfve)a = (foefaa — fabfac)e,
(faafee = fic)a = (faaSob — [2})e)
(faafee — [2o)e = (feeSob — fE)ay

(fobfee — [2)b = 2(fabfeec — facSfoe)e,
(fovfaa — )b = 2(focfaa — facSab)a-

This system is in involution, possesses a Lax pair, and its general solution
depends on six arbitrary functions of one variable. Symmetry group:

f
det(CU + D)’

U— (AU+B)(CU+D) Y, f—

a b

b c
belongs to the symplectic group Sp(4,R). Furthermore,

where U = < ) and A, B,C, D are 2 X 2 matrices such that ( g i )

f = Xof + Ai(ac —b%) 4+ Aaa + A3b+ Agc+ Xs.

Thus, density f transforms as a genus two Siegel modular form of weight —1.



WDVYV equations

Let F(u',...,u™) be a function of n independent variables (prepotential) such
that the matrix

Nij = Fytyiyg

1

is constant and non-degenerate (thus, u* is marked variable), and the coefficients

T __ 18

usSud uk

satisfy the associativity condition c}.c €y = CZj ct,. This gives a system of

third-order PDEs for the prepotential F'.

Commuting ‘primary’ flows:

7 7 k

_ _ 18
u%a = CarlUy _'<n

usua)x

where t, are the higher ‘times’. Primary flows are Hamiltonian with the

1S d

Hamiltonian operator n and the Hamiltonian density F7 .

We will need a particular case of the general construction when n = 4 and the
matrix 7 is anti-diagonal:

1

F(ul,u?, w3, ut) = §(u1)2 ut + ultulud + W(u?, w3, u?).



WDVYV equations: continuation
Setting (u', u?,u3,u*) = (P, B,C, A) we obtain
1
F = 5P?A + PBC +W(A, B,C).

In this case WDVV equations reduce to the following system for W:

Waaa =Wige +WasWacc — WaasWaceco — WaacWasace,

Waa = WeBBWacc —WassWpacce,

Waac = WasWecce — WaccWaBe,

2Wapc = WeeBWece —WeBcWacc.

These equations are equivalent to the integrability conditions for Lagrangian

densities f(a,b, c) discussed above.



Integrable Lagrangians and WDVV equations

Recall the first-order conservative form of Euler-Lagrange equation:
ay =bz, by =cz, (fo)y =@ fo)z, Py =—(fa)e
Applying partial Legendre transformation, f(a,b,c) — h(A, B,C), where
A=a, B=b, C=fe, h=cfe—f, ha=—fa, hp = —fo, ho =c, P =p,
we obtain Hamiltonian system
Ay = By, By = (hc)s, Cy=(P+hp)z, Py=(ha)s, (1)

with the Hamiltonian density h(A, B,C) + BP and Hamiltonian operator n% %
where 71 is 4 X 4 antidiagonal matrix. Setting h = W we identify as one of
the primary flows corresponding to the WDV'V prepotential of the form

1
F = 5P?A + PBC + W (A, B,0).

Explicit link between Lagrangian density f(a,b,c) and WDVV prepotential
W (A, B, () is as follows:

a=A, b=DB, c=Wcc, f=CWecec —Wec, fo=-—Wac, fo =—Wpsc, fce=C.



Partial classification results

Lagrangian for integrable geodesic flows on 2-torus:
2 2 2 2
f — uxy(uxas o uyy) + a(ua:a: o uyy) -+ uﬂ?y(BUCIJCB + 'Yuyy)-
Lagrangian governing Newtonian equations with 5th order polynomial integral:

_ .2 2 2 4
f= Uy + Uz pUyy + Uza Uz, + Zum;

Modular Lagrangian:
f=e"mg(uny,uyy),  g(bc) = [Alic/m)] /501 (b, ic/).

Lagrangians in terms of dilogarithms:
f=oaq(uzy) + (e"=® 4+ e"v¥) sinh ugy, q(b) = Lia(—e®) — Liz(e).

. Many other

where Lig is the dilogarithm function: (Liz(x)) = ——ln(lw_x)

integrable Lagrangian densities come from known WDVV prepotentials via the

above link.

10



Lagrangian densities from polynomial prepotentials

Taking polynomial prepotentials F' associated with finite Coxeter groups W we
can compute the corresponding integrable Lagrangian densities f(uzz,Uzy, Uyy)

= f(a, b, c), which will in general be algebraic functions of a, b, c.
Group W(Ay):
F = %t% ta +t1tats + %t% + %t% + 6tatsty + Otats + 24t3t5 + ?tﬁ;
f=(c—48ad® —12ab)*/?.

Swapping t2 and t3 (which is an obvious symmetry of WDVV equations) and
following the same procedure gives a polynomial density f:

1 1 1 216
F = Et% ty +t1tats + §t§ + gtél + 6tatsty + 9t5tT + 24t3t3 + ?tg;

1
f=54a*—6a%c+ 602 — 6b%a.
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Second-order integrable Lagrangians in 3D

Let us consider Lagrangians of the form

/ f(uCCxa u:vya Uyt , uyy, uyt, Utt) d.’lﬁ'dydt

Equivalence group:

f

U — (AU + B)(CU + D)1, s :
AU+ BCU+D) [ = G er + D)

where U is the Hessian matrix of u(z,y,t) and A, B,C, D are 3 X 3 matrices such
A B
that ( c D ) belongs to the symplectic group Sp(6,R). Furthermore,

integrable Lagrangians are invariant under addition of a ‘null-Lagrangian’:

f=Xf+)Y AUs,

where U, denote all possible minors of the Hessian matrix U. Density f
transforms as a genus three Siegel modular form of weight —1. Integrability
conditions in 3D can be obtained by taking travelling wave reductions to 2D and
imposing 2D integrability conditions. This gives a (large) PDE system for f.
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Lagrangian densities coming from KP hierarchy

The following 3D Lagrangian densities describe some higher flows of the KP

hierarchy; dispersive terms are shown in red.

2
2 2 2 1 4 € 2 € .2 € 42

3/2
1 €2 e

2 2 3/2
_ . =2 2 € 2 €
J=uy{ | UatUyt — Uzauy, + Zummt - Euwtuwxa:t
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Lagrangian densities of the form f(uyy, Uz, Uy)

Set ugy = v3, Uxt = V2, Uyt = v1 and consider a spherical triangle with interior
angles A, B, C and side lengths a, b, ¢ such that

tanh vy = cosa, tanhwve = cosb, tanhwvs = cosc.

The spherical law of cosines is:

cosa = cosbcosc+ sinbsinccos A,
cosb = cosacosc+ sinasinccos B,

cosc =cosacosb -+ sinasinbcosC.

The integrability conditions for f imply the following Schlafly-type formula:

W (B—/D) 4 (C /2

sin a sin b sin ¢

df = (A —/2)

Recall that the classical Schlafly formula expresses the differential of the volume

of a spherical polyhedron in terms of its side lengths and dihedral angles.

14



Explicit formula for f(vy,vs,v3)

General solution:

f(vi,v2,v3) = 5 (v1 +v2 +v3) — (Avy + Buz + Cvs)

2rn—A—-B-C A4+B-C A+C-—B B+C-A
1 (A0) - (Ao - (s2o0) -1 (a5

where L denotes the Lobachevsky function, L(s) = — [, Incos§ d¢. The function

f has the meaning of a certain hyperbolic volume.

Integrable Lagrangian densities in terms of Siegel modular forms: work in
progress (with A. Odesskii, M. Pavlov, L. Xue).
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