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Quantum me
hani
s

Hilbert spa
e - L2(Q), where Q = R
n
is the 
lassi
al


on�guration spa
e.

Observables - self-adjoint operators, e.g. the Hamiltonian:

Ĥ =
p̂2

2m
+ V (x̂),

where:

p̂kψ(x) :=
~

i
d
dxk

ψ(x) � momentum operator,

x̂kψ(x) := xkψ(x) � position operator.
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tĤψ(0) .

Jerzy Kijowski Center for Theoreti
al Physi
s PAS Warsaw, PolandGeometri
 quantization and Bä
klund transformations 2/20



Quantum me
hani
s

Hilbert spa
e - L2(Q), where Q = R
n
is the 
lassi
al


on�guration spa
e.

Observables - self-adjoint operators, e.g. the Hamiltonian:
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2m
+ V (x̂),

where:

p̂kψ(x) :=
~

i
d
dxk

ψ(x) � momentum operator,

x̂kψ(x) := xkψ(x) � position operator.

Evolution governed by the S
hrödinger equation:

i~
d

dt
ψ = Ĥψ ⇐⇒ ψ(t) = e−

i
~
tĤψ(0) .

Momentum representation: ψ̃(p) � Fourier transform of ψ(x).

Probability densities: |ψ(x)|2 and |ψ̃(p)|2.
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Geometri
 Quantization

How mu
h of this stru
ture 
an be re
onstru
ted from the 
lassi
al

phase spa
e? (Souriau, Tul
zyjew 1965-68)
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zyjew 1965-68)

In parti
ular: p̂kψ(x) :=
~

i
d
dxk

ψ(x) does not work in


urvilinear 
oordinates (xk) on the 
on�guration spa
e Q!

Is the linear (a�ne) stru
ture of the 
on�guration spa
e Q

ne
essary in quantum me
hani
s?

Is the Lebesque measure d

nx 
arried by the linear stru
ture of

Q ne
essary for the de�nition of the appropriate Hilbert spa
e

stru
ture:

(ϕ|ψ) :=
∫

Q

ϕψ d

nx .
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Classi
al me
hani
s

Phase spa
e: P = T ∗Q = R
2n
; symple
ti
 form ω = dpi ∧ dx i

Observables - fun
tions on P.

Evolution - governed by the Hamiltonian ve
tor �eld XH ,

uniquely assigned to any observable H a

ording to:

ω(XH , ·) = −dH .

Example:

H =
p2

2m
+ V (x) .

Its Hamiltonian ve
tor �eld:

XH = g ij 1

m
pj∂x i −

∂V

∂x i
∂pi .
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Polarization

Position representation ψ(x) versus momentum representation

ψ̃(p): di�erent Lagrangian foliations of P.

Jerzy Kijowski Center for Theoreti
al Physi
s PAS Warsaw, PolandGeometri
 quantization and Bä
klund transformations 5/20



Polarization

Position representation ψ(x) versus momentum representation

ψ̃(p): di�erent Lagrangian foliations of P.

{x = const.} for the position representation.

{p = const.} for the momentum representation.

Jerzy Kijowski Center for Theoreti
al Physi
s PAS Warsaw, PolandGeometri
 quantization and Bä
klund transformations 5/20



Polarization

Position representation ψ(x) versus momentum representation

ψ̃(p): di�erent Lagrangian foliations of P.

{x = const.} for the position representation.

{p = const.} for the momentum representation.

PSfrag repla
ements

Λ

QΛ = P/Λ
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Polarization

Position representation ψ(x) versus momentum representation

ψ̃(p): di�erent Lagrangian foliations of P.

{x = const.} for the position representation.

{p = const.} for the momentum representation.

PSfrag repla
ements

Λ

QΛ = P/Λ

Geometri
ally: quantum states represented by wave fun
tions

de�ned on a generalized 
on�guration spa
e QΛ = P/Λ
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Galilei transformation

Classi
al Galilei transformation:

x ′ = x − Vt ; p′ = p −mV

(V � observer's velo
ity).
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Galilei transformation

Classi
al Galilei transformation:

x ′ = x − Vt ; p′ = p −mV

(V � observer's velo
ity). At t = 0, we have x ′ = x . Nevertheless,

wave fun
tion undergoes the Galilei transformation:

ψ(x) := ψ′(x) · e i
~
S(x)

where S(x) = mVx .
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ity). At t = 0, we have x ′ = x . Nevertheless,

wave fun
tion undergoes the Galilei transformation:

ψ(x) := ψ′(x) · e i
~
S(x)

where S(x) = mVx . Wave fun
tion des
ribes quantum state with

respe
t to a referen
e frame.

Referen
e frame: Lagrangian surfa
e transversal to foliation Λ.
For the observer at rest:

λ = {p = 0} .

For the observer moving with velo
ity V :

λ′ = {p′ = 0} = {p = mV } .
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Galilei transformation

Theorem: A pair of referen
e frames, (λ′, λ) de�nes uniquely a


losed one-form on QΛ. It will be denoted �λ′ − λ�.

Jerzy Kijowski Center for Theoreti
al Physi
s PAS Warsaw, PolandGeometri
 quantization and Bä
klund transformations 7/20



Galilei transformation

Theorem: A pair of referen
e frames, (λ′, λ) de�nes uniquely a


losed one-form on QΛ. It will be denoted �λ′ − λ�.
Closed form is exa
t (due to trivial topology): λ′ − λ = dSλ′,λ.

Jerzy Kijowski Center for Theoreti
al Physi
s PAS Warsaw, PolandGeometri
 quantization and Bä
klund transformations 7/20



Galilei transformation

Theorem: A pair of referen
e frames, (λ′, λ) de�nes uniquely a
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Galilei transformation

Theorem: A pair of referen
e frames, (λ′, λ) de�nes uniquely a


losed one-form on QΛ. It will be denoted �λ′ − λ�.
Closed form is exa
t (due to trivial topology): λ′ − λ = dSλ′,λ.

Resulting phase fa
tor: ψλ′ = e
i
~
Sλ′,λ · ψλ

Global phase never 
ontrolled!

PSfrag repla
ements

Λ

QΛ

λ′

λ

q
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Galilei transformation

Proof: For q ∈ QΛ and κ ∈ q there is a 
anoni
al isomorphism:

Tκq ≃ T ∗
qQΛ

where 〈P |p′〉 := Ω(p
1

, p′) = Ω(p
2

, p′).

PSfrag repla
ements

Λ

QΛ

κ

κ′

q

p′

p
1

p
2

P

Ea
h �ber q is an a�ne spa
e.
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Galilei transformation

Polarization Λ and a transversal referen
e frame λ imply a

symple
tomorphism:

P ≃ T ∗QΛ .

QΛ = P/Λ

P=T
∗
QΛ

- zero se
tion of T
∗
QΛλ - zero se
tion of
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Galilei transformation

Polarization Λ and a transversal referen
e frame λ imply a

symple
tomorphism:

P ≃ T ∗QΛ .

QΛ = P/Λ

P=T
∗
QΛ

- zero se
tion of T
∗
QΛλ - zero se
tion of

Observable Sλ′,λ on P generates a group of symple
tomorphisms:

(x , p) →
(
x , p + t(λ′ − λ)

)
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Hilbert spa
e of half-densities

There is no need for a �privileged� measure on the 
on�guration

spa
e QΛ if we treat wave fun
tions as half-densities and not just

s
alar fun
tions:

(φ|ψ) :=
∫

Q

φψ dnx =

∫

Q

(

φ
√
d

nx
)(

ψ
√
d

nx
)

.

Φ = φ
√
d

nx , Ψ = ψ
√
d

nx
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s
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(φ|ψ) :=
∫

Q

φψ dnx =

∫

Q

(

φ
√
d

nx
)(

ψ
√
d

nx
)

.

Φ = φ
√
d

nx , Ψ = ψ
√
d

nx

L2(QΛ) � Hilbert spa
e of square-integrable half-densities with

s
alar produ
t:

(Φ|Ψ) =

∫

Q

ΦΨ
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Quantization of momenta

Now, quantization of momenta does not require any linear

stru
ture on the 
on�guration spa
e QΛ:
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Quantization of momenta

Now, quantization of momenta does not require any linear

stru
ture on the 
on�guration spa
e QΛ:

If X = X i ∂
∂x i

is a ve
tor �eld on QΛ, then X (x , p) := X i (x)pi
generates a group of symple
tomorphisms of P � a 
anoni
al lift of

the �ow X from QΛ to T ∗QΛ.

Naive quantization rule: p̂kψ(x) :=
~

i
d
dxk

ψ(x) must be repla
ed by:

X̂Ψ(x) :=
~

i
LXΨ(x)

(Lie derivative of a half-form).
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generates a group of symple
tomorphisms of P � a 
anoni
al lift of

the �ow X from QΛ to T ∗QΛ.

Naive quantization rule: p̂kψ(x) :=
~

i
d
dxk

ψ(x) must be repla
ed by:

X̂Ψ(x) :=
~

i
LXΨ(x)

(Lie derivative of a half-form).

Automati
ally self-adjoint if X -
omplete!
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Quantization s
hemes

Quantum state is des
ribed by a wave fun
tion Ψ with

respe
t to a polarization Λ (a �representation�) and a

referen
e frame λ.
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Quantization s
hemes

Quantum state is des
ribed by a wave fun
tion Ψ with

respe
t to a polarization Λ (a �representation�) and a

referen
e frame λ.

Appropriate notation would be ΨΛ,λ.
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Example

Classi
al dynami
s of a free parti
le:

x(t) = x(0) +
1

m
tp(0)

p(t) = p(0)
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1√
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p̃(τ) = − mω2t√
1+ ω2t2

x(t) +
√

1+ ω2t2p(t)
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onst .} and {x̃(τ) = 
onst .} 
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Example

x̃(τ) =
1√

1+ ω2t2
x(t)

p̃(τ) = − mω2t√
1+ ω2t2

x(t) +
√

1+ ω2t2p(t)

PSfrag repla
ements

{x(0) = 
onst .} = {x̃(0) = 
onst .}

{x(t) = 
onst .} = {x̃(τ) = 
onst .}

{p
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o

n

s

t

.}
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{p̃
(0

)
=




o

n

s

t

.}
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λ̃− λ =
mω2t

1+ ω2t2
x(t)

= d{1
2

( mω2t

1+ ω2t2

)
x2}
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Example

Consider a family of quantum states Ψ(τ) = ψ(τ, x̃)
√
dx̃ .

φ(t, x)
√
dx = ψ(

1

ω
ar
tanωt,

x√
1+ ω2t2

)e
i
~

mω2t

2(1+ω2t2)
x2

√
dx

(1+ ω2t2)
1

4
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Example

Consider a family of quantum states Ψ(τ) = ψ(τ, x̃)
√
dx̃ .

φ(t, x)
√
dx = ψ(

1

ω
ar
tanωt

︸ ︷︷ ︸

τ

,
x√

1+ ω2t2
︸ ︷︷ ︸

x̃

)e
i
~

mω2t

2(1+ω2t2)
x2

︸ ︷︷ ︸

S
λ̃,λ

√
dx

(1+ ω2t2)
1

4

︸ ︷︷ ︸√
dx̃

Theorem:

(
φ satis�es the free

S
hrödinger equation.

)

⇐⇒
(
ψ satis�es the S
hrödinger equation

of a harmoni
 os
illator.

)
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Example

Consider a family of quantum states Ψ(τ) = ψ(τ, x̃)
√
dx̃ .

φ(t, x)
√
dx = ψ(

1

ω
ar
tanωt

︸ ︷︷ ︸

τ

,
x√

1+ ω2t2
︸ ︷︷ ︸

x̃

)e
i
~

mω2t

2(1+ω2t2)
x2

︸ ︷︷ ︸

S
λ̃,λ

√
dx

(1+ ω2t2)
1

4

︸ ︷︷ ︸√
dx̃

Theorem:

(
φ satis�es the free

S
hrödinger equation.

)

⇐⇒
(
ψ satis�es the S
hrödinger equation

of a harmoni
 os
illator.

)

Bä
klund transformation via geometri
 quantization!
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How ΨΛ,λ 
hanges if we 
hange Λ and λ?
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implemented by a Hamiltonian ve
tor �eld XH .

If we want to have a polarization-independent des
ription of a

quantum state, we must de�ne a quantum 
ounterpart of this


hange, i.e. a mapping from 
lassi
al to quantum observables:

F(P) ∋ H
quantization s
heme−−−−−−−−−−−−→ Ĥ ∈ Op(H)

(self-adjoint operators!)
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implemented by a Hamiltonian ve
tor �eld XH .

If we want to have a polarization-independent des
ription of a

quantum state, we must de�ne a quantum 
ounterpart of this


hange, i.e. a mapping from 
lassi
al to quantum observables:

F(P) ∋ H
quantization s
heme−−−−−−−−−−−−→ Ĥ ∈ Op(H)

(self-adjoint operators!) GXH
t → e−

i
~
tĤ
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Quantization s
hemes

We already know how to �quantize� some observables:
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We already know how to �quantize� some observables:

Fun
tion on QΛ generate Galilei transformations and,

therefore, must be quantized as multipli
ation operators.

Fun
tion linear in momenta generates a hamiltonian �ow on

P, preserving polarization Λ and the referen
e frame {p = 0}.
Corresponding transport of the wave fun
tion is generated by

the Lie derivative: X̂ = ~

i
LX , automati
ally self-adjoint.
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Quantization s
hemes

We already know how to �quantize� some observables:

Fun
tion on QΛ generate Galilei transformations and,

therefore, must be quantized as multipli
ation operators.

Fun
tion linear in momenta generates a hamiltonian �ow on

P, preserving polarization Λ and the referen
e frame {p = 0}.
Corresponding transport of the wave fun
tion is generated by

the Lie derivative: X̂ = ~

i
LX , automati
ally self-adjoint.

Linearity ???
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Quantization s
hemes

The result of the �
hange of polarization� pro
edure should not

depend upon the way we 
hange it!!!

XH

−XH

XG

−XG

e
i
~
Ĥ e

i
~
Ĝ

X{H,G}

e

(

i
~
{H,G }̂

)

Base: polarizations

Fiber: quantum states

Jerzy Kijowski Center for Theoreti
al Physi
s PAS Warsaw, PolandGeometri
 quantization and Bä
klund transformations 18/20



Quantization s
hemes

The result of the �
hange of polarization� pro
edure should not

depend upon the way we 
hange it!!!

XH

−XH

XG

−XG

e
i
~
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Quantization s
hemes

The result of the �
hange of polarization� pro
edure should not

depend upon the way we 
hange it!!!

XH

−XH

XG

−XG

e
i
~
Ĥ e

i
~
Ĝ

X{H,G}

e

(

i
~
{H,G }̂

)

Base: polarizations

Fiber: quantum states

Path-independen
e requires: [Ĥ , Ĝ ]− {H,G }̂ = c · I.
Modulo �c · I� be
ause only proje
tive representations 
onsidered:

global phase never 
ontrolled!
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Linear Symple
ti
 group

The above dream of many generations 
annot be ful�lled!
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annot be ful�lled!

No universal quantization s
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Non-vanishing 
urvature!

But some mira
les o

ur.

Small mira
le: If P is a linear symple
ti
 spa
e than algebra F2(P)
of �at most quadrati
� observables generates the linear symple
tyi


group Sp(P) whi
h is uniquely, and exa
tly quantized.
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Linear Symple
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 group

The above dream of many generations 
annot be ful�lled!

No universal quantization s
heme!!!

Non-vanishing 
urvature!

But some mira
les o

ur.

Small mira
le: If P is a linear symple
ti
 spa
e than algebra F2(P)
of �at most quadrati
� observables generates the linear symple
tyi


group Sp(P) whi
h is uniquely, and exa
tly quantized.

Remainder: These are proje
tive representations of Sp(P). There
is no unitary representation, unless we pass to the universal


overing: the metaple
ti
 group Mp(P).
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Linear Symple
ti
 group

Any linear Lagrangian foliation Λ of P 
an be used to

represent quantum states.
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represent quantum states.

There is a unique transformation between two su
h

representations (�Fra
tional Fourier transform�, equivalen
e of

all possible quantum dynami
s).

Theorem 1: Observables whi
h are linear with respe
t to momenta

in any of the above representations span the spa
e F(P) of all the
observables.
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Linear Symple
ti
 group

Any linear Lagrangian foliation Λ of P 
an be used to

represent quantum states.

There is a unique transformation between two su
h

representations (�Fra
tional Fourier transform�, equivalen
e of

all possible quantum dynami
s).

Theorem 1: Observables whi
h are linear with respe
t to momenta

in any of the above representations span the spa
e F(P) of all the
observables.

Theorem 2: A unique quantization s
heme F(P) → Op(H)
satisfying X̂ = ~

i
LX is the Weyl quantization.
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