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Example: KdV

Ut = Uggy + BUU; = Dz5(u3 — u§/2)

= (Dagz + 4uDy + 2uz)6(u?/2)

Uy =V, Up =W, Wy=1U —6uv

U 0O -1 O

v| =1 0 —6u|d(uw—v?/2+2u?)

w) 0 6u Dy

U 0 —2u —D; —2v

v| = 2u Dy —12u? — 2w | §(—3u?/2 — w/2)
w) —Di+2v 12u?+2w  8uD; + 4uy

S. P. Tsarev, The Hamzlton property of stationary and inverse
equations of condensed matter mechanics and mathematical
physics, Math. Notes 46 (1989), 569-573



Example: Camassa-Holm equation

Ut — Utpy — Ulggy — 2Ugp Ugpr + 3UU, = 0

my+umg +2u;m =0, Mm—uU+ Uy =0
my = —umg — 2uzm = By 6(H1) = B2 6(Hz)

where 1
By = —(mDg + Dym), Hi= E/mu dz

1
By=D3-D;, Hy= 5 /(w” + uu?)) de.

H1 and H, are viewed as functionals of m and not of u,
with v = (1 — D2)"1m.



Example: Kupershmidt deformation
B. Kupershmidt, KdV6: An integrable system, Phys. Lett. A 372 (2008), 2634-2639

ut:f(tsm:uaux:umz,---)

A1, Ay are compatible Hamiltonian operators
Hy, Hs, ... is a Magri hierarchy of conserved densities
Di(H;) =0, A16(H;) = A26(Hiy1).

ut =f — Ai1(w), Az(w)=0 (1)

The KdV6 equation

(A.Karasu-Kalkanli, A. Karasu, A. Sakovich, S. Sakovich, and
R.Turhan, A new integrable generalization of the
Korteweg-de Vries equation, arXiv:0708.3247)

Ut = Uggy + OUUy — Wy, Wggr + 4uw, +2u,w =0

Theorem (Kupershmidt)

Hi, Ha, ... are conserved densities for (1).



Notation: infinite jet space

The jet space J® with coordinates z;, uf,
Di =08z +3, ugiauj are total derivatives
D; span the Cartan distribution

Ep=3; 0o, + > i Di(tpj)c?u; + ... is an evolutionary field,

Y= ((pl, ..., ™) is a vector function on J*

ef = HZO’ aug(fl)DU
of a vector function f on J*, £s(¢) = Ey(f)

is the linearization

A* =S (-1)Deazl, if A=, ad Doll,
the adjoint C-differential operator



Notation: differential equations
Let Fi(z;, uﬁ,) =0, k=1,... [, be a system of equations
Relations F' = 0, D,(F') = 0 define its infinite
prolongation €& C J*®
Le = Lp|g is the linearization of the equation &
E, is a symmetry of £ if E,(F)|e = Le(p) =0, Sym(E) = ker £¢
@ is its generating function
Vector function S = (S 1 ...,8™) on € is a conserved current if
>, Di(S*)=0o0n &
A conserved current is trivial if
Sz = 2j<i D](T]Z) - Z‘L<] D](TZJ)
Conservation laws of £ are the conserved currents modulo
trivial ones.
Generating function of a conservation law:

¢ = ('l/}l’ s 1¢m) = A*(1)7 where Zi Dl(Sz) = A(F) on J*

25 () =0, CL(€) C ker €5



£*-covering
Cotangent bundle to an equation

the equation £*(€) is given by the system

£*-covering: L*(€) {x(p)=0, F=0

:
8 . .
7* is the natural projection 7*: (w2, p¥) — ()
variables p¥ along the fibers of the covering are odd.
(F,p) is the Lagrangian for £L*(£)
Theorem
There 1s a natural 1-1 correspondence between the
symmetries of € and the conservation laws of L*(E) linear

along the fibers of T*.

@ is a symmetry = £r(¢) = A(F), pa corresponds to A*
(¢, o) is the conservation law



Dictionary

Manifold M PDE €
functions <«+— conservation laws
vector fields <+— symmetries
T*(M) <«— L*¢E)
T(M) +«— L(&)
De Rham complex +— B ' = BV BPMT L
multivectors <«+— variational multivectors
Schouten bracket <+— variational Schouten bracket



Variational multivectors

Definition
Variational multivectors on € are conservation laws on L*(&).

Theorem
A variational bivector on £ can be identified with the
equivalence class of operators A on £ that satisfy the
condition

Le A = AMLE,
with two operators being equivalent if they differ by an

operator of the form I £f.

If A is a bivector and £ is written in evolution form then
A* = —A.



The formula for the Schouten bracket of bivectors

[A1, A2] (%1, 92)
= L4191 (A2(¥2)) — L4y 2 (A2(¥1))
+ Laz 3 (A1(¥2)) — Laz,y-(Ar(Y1))
— A1(B3 (%1, %2)) — A2(B{ (¥1,92)),

where £4.y = Lay) — Aly,
LrA; — ALy = Biy(F,-) on J®,
B} (%1,%2) = B (%1, 92)le-
B! are skew-symmetric and skew-adjoint in each argument.
If € is in evolution form then B (¥1,%2) = £}, ,,(¢¥1)

Definition
A variational bivectors is called Hamultonian if [A, A] =0



Poisson bracket

S1,S2 € CL(E), 91,92 are the generating functions
{851, 82} a = Eyy,)(S2)

Definition

Magr: hierarchy on a bihamiltonian equation £ is the infinite
sequence Sy, Sa, ... of conservation laws of £ such that
A1(%:) = Ax(Viy1).

Proposition

For Magr: hierarchy we have
{Si’ Sj}Al = {Si) Sj}Az = {sz’ E‘PJ} =0, where
i = A1(¥:) = Aa(Yiv1).



Invariance of £*-covering

S1

/’”’\

(oe)
N
vk °

- 5 <
S SN
~__

52

LB=p"0, La=d1, Ba=id+s €y, of =id+s;, L2,

o B* =id+sf g, B =id+ s5 e



Theorem
If £ is equivalent to €% then £1* is equivalent to £2*.

Corollary
L*(€) doesn’t depend on the inclusion € — J*.

A2 :aAlal*

Al :ﬁAzﬁl*

Cotangent bundle to a bundle

B. Kupershmidt, Geometry of jet bundles and the structure of
Lagrangian and Hamailtonian formalisms, Lect. Notes Math. 775,
1980, 162-218



Example: KdV
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Zé - Dt _Dzm -

Fy = up — Uggy — 6uu, =0

Fy

6uD, — 6uy,

o O O

B =
ﬁl

Uy — U
Up — W =0
Wz — Ut + 6UV

D, -1 0
gg = 0 D, -1
—-D;+6v 6u D,

1 0 0)
—Dy —6u —D, 1)



Example: Camassa-Holm equation

Ut — Utpy — UlUggy — 2Ugp Upr + 3UUL, = 0

-A]_ = D{I) A2 p— —Dt - qu

my + umg + 2u;m = 0,

m—Uu-+ Uy =0

! Dz 0 1
A= (Da,—ng 0 A2 =\ 2mD

U= m

+ ug.

0
r + Mg

0

)



Example: Kupershmidt deformation
Let £ be a bihamiltonian equation given by F' =0

Definition
The Kupershmidt deformation £ has the form
F+ Aj(w)=0,  A3(w)=0,

1

where w = (w?, ..., w') are new dependent variables

Theorem
The Kupershmidt deformation £ s a bthamiltonian system.

Proof.

The following two bivectors define a bihamiltonian structures:

A'lz Al _Al 14'2: Az _A2
0 Lriar(w)+as(w) —Lpyar(wyrasw) 0

O



Magri hierarchy for the Kupershmidt deformation

S1, S, ... is a Magri hierarchy for £

1, Pa, ... are the corresponding generating functions
> Di(S}) = (%, F) on J®
J

Ai1(¢;) = As(Yit1) on J™

Theorem
(Yi,—it1), =1, 2, ...1is a Magr: hierarchy for the
Kupershmaidt deformation £



