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Symmetry reductions

Consider an infinitely prolonged system of PDEs

& Fi(x,us) =0, Du«(F)=0, ... (1)
e x = (x!,...,x") are coordinates in U C R” (independent variables);
o u=(ul,...,u™) are coordinates on R™ (dependent variables);

o u! are adapted coordinates along the fibers of J>(n, m) — U.
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Symmetry reductions

Consider an infinitely prolonged system of PDEs

& Fi(x,us) =0, Du«(F)=0, ... (1)
e x = (x!,...,x") are coordinates in U C R” (independent variables);
o u=(ul,...,u™) are coordinates on R™ (dependent variables);

o u! are adapted coordinates along the fibers of J>(n, m) — U.

Let X = E_|¢ be its evolutionary symmetry,
Ecp = Da((pi)auga E@(Fi)le =0. (2)

The corresponding symmetry reduction Ex C € C J(n, m) is

Ex: Fi:O’ @1207 ka(Fi):Ov ka(@/)zov (3)

(retains the same independent variables).
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The invariant reduction mechanism in a nutshell

There is a mechanism of reduction of X-invariant cohomology elements
from € to €x. It is based on the observation

X|gX:0 = ,Cx|gX:0 (4)
and reduces a “horizontal degree” by one,

Lxw =09 = 0:8(19|gx). (5)
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The invariant reduction mechanism in a nutshell

There is a mechanism of reduction of X-invariant cohomology elements
from € to €x. It is based on the observation

X|gX:0 = ,Cx|gX:0 (4)
and reduces a “horizontal degree” by one,
Lxw =09 = 028(19|gx). (5)

The main equation Lxw = 019 is for ¥ on €. Related computations can be
complicated (for example, when X is a higher symmetry).

In some cases, invariant reduction can be done algorithmically. J
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The zero page of Vinogradov's C-spectral sequence on jets

Functions and total derivatives on J*°(n, m):
F(n,m), Dy =0u+u 0. (6)
Elements of the module GA!(n, m) are linear combinations of
0! = du’ — u(;+xkdxk. (7)
We identify elements of the groups Eé”k(n, m) with linear combinations of
p=0: dx A LA dxk; (8)
p>1: OL A NG A dX AL LA die (9)
The differential dy = dx’ A Lp yields

dp,O dp,n—2 1 p,n—1
0—>E€’0(n,m) — == EP"  (n,m) =—= Ef"(n,m) —0
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Variational p-forms

Everything restricts to a (sufficiently regular) system & C J°°(n, m):
F(€), D =Dule, EPKE)=EP*(n,m)le, do=dx' AL ., (10)

de dpn2 dpn 1

0—EP%E) 2. 2 EP"IE) 2= EP"(&) —0  (11)

Denote by Elp’k(ﬁ) the cohomology group at Eé”k(E).

Definition (conservation laws, variational 1-forms, . ..

A variational p-form of € is an element of Elp’"_l(é’,).

= invariant reduction, Lxw = dy?.
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Variational p-forms

Everything restricts to a (sufficiently regular) system & C J°°(n, m):
F(€), D =Dule, EPKE)=EP*(n,m)le, do=dx' AL ., (10)

de dpn2 dpn 1

0—EP%E) 2. 2 EP"IE) 2= EP"(&) —0  (11)

Denote by Elp’k(E) the cohomology group at Eé”k(E).

Definition (conservation laws, variational 1-forms, . ..

A variational p-form of € is an element of Elp’"_l(é’,).

= invariant reduction, Lxw = dy?.
The differential d, = d — dp yields

0,n— 1 2,n—1

dy’ h
00— EP" (&) 21— Ell” ey i Ef" ey2—... (12

Presymplectic structures, ...
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o Reductions of conservation laws of evolution systems can be computed
algorithmically.

@ Variational p-forms of any system & canonically identify with
conservation laws (of internal degree p) of its tangent system T[1]€.

Then reductions of all variational p-forms of evolution systems can be
computed algorithmically.
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o Reductions of conservation laws of evolution systems can be computed
algorithmically.

@ Variational p-forms of any system & canonically identify with
conservation laws (of internal degree p) of its tangent system T[1]€.

Then reductions of all variational p-forms of evolution systems can be
computed algorithmically.

Consider the jet space J°°(n, m; m) with coordinates x*, u’ , g, where g,
are odd of degree 1. Then for the canonical evolutionary field
Eq = qgﬁug’ (13)
one has
q('; = qJeiu — Lq- dv“& (14)
and
qéﬁka =D, (qa) q_nLD kﬁa (15)
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Tangent system

d,File =0 and E4(F') = E;1d,F' = the infinite prolongation T[1]€ of
FF=0, EJF)=0 (16)

is the tangent system.
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Tangent system

d,File =0 and E4(F') = E;1d,F' = the infinite prolongation T[1]€ of

Fl=0, EF)=0 (16)
is the tangent system.
On jets: a form
wzegl/\.../\Gg’p/\f, fGEg’k(n,m), p>0 (17)
corresponds to
/ (_1)p(p—1)/2 i1 ip i1 ip ¢
W= FEg . B0 AN N0 ANE) =q g €

p!

(p contractions) on J°°(n, m; m), while &' = ¢.

The exterior algebra of CAL(€) = CAl(n, m)|¢ identifies with the algebra
F(Z[1]€) of smooth functions on T[1]E.
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Reduction of variational forms of € in terms of T[1]€

The direct sum of
0—=EPY(&)—— ... —=EP" N &) —=EP"(&)—=0  (18)
(p = 0) with differentials (—1)Pd}"® corresponds to

0,0 0,n—2 gon—1
0

0— EJ%(T[1)8) = ... 2— E"(Z[1]€) 2— EJ"(Z[1]E) —= 0
(because dx*qi, = gl dx*, whereas dx* A 0 = —0! A dx¥).

Conservation laws of T[1]€ identify with variational forms of €. J
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Reduction of variational forms of € in terms of T[1]€

The direct sum of

0—=EPY(&)—— ... —=EP" N &) —=EP"(&)—=0  (18)

(p = 0) with differentials (—1)Pd}"® corresponds to

0,0 0,n—2 0,n—1
dy’

0 EXO(Tq1)e) 2 B B0 Y(gye) s EOn([1)E) — >0

(because dx*qi, = gl dx*, whereas dx* A 0 = —0! A dx¥).

Conservation laws of T[1]€ identify with variational forms of €.
Symmetries of & lift to T[1]E: the lift X of X corresponds to Lx. J

weE Eé”"fl(él) represents an X-invariant element of Elp’"fl(c‘l) iff
W' e Eg’"_l(‘l[l]ﬁ) represents an X-invariant element of Ef’"_l(I[l]E),

Lxw = dot? = []xw/ = dO(_]-)pﬂly (19)
0 e EP"2(8).
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In terms of J*°(n, m; m)

Let us denote

Fi=F' Fi = E,(F'), F = (Fo, F1), (20)
o = ¢', 01 =Eq(¥"), &= (p0,%1), (21)

where X = E_|¢. Then X is the restriction of
E(Za' = Da(soé))au& + Da(soll)aqa (22)
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In terms of J*°(n, m; m)

Let us denote

Fo=F.  F=E(F), F=(RkR), (20)
=9,  A=E),  &=(wn), (21)

where X = E_|¢. Then X is the restriction of
E(Z = Da(soé))au& + Da(soll)aqa (22)

For any T[1]€: a conservation law of internal degree p is represented by
W' e Eg’"fl(i[l]éﬁ) such that for some extension @' to J*°(n, m; m) and
some ¢,’-p_1,¢/-p, one has

Ao’ = (1, F) = ($PFg + P F]) d"x = (F ). (23)
Here v; and 1), are left and right characteristics of the conservation law,
vr= (PP = (0P (S1)PPT). (24)
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Simplifications for evolution systems

Let us denote t = x' and consider a system of evolution equations F = 0,
F":u,’;—f’-(x,u,...), i=1,...,m. (25)

Each function on & can be treated as a function on J°°(n, m).
T[1]€ is also an evolution system,

Fi=ui—f.  Fi=q—E(r).
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Simplifications for evolution systems

Let us denote t = x' and consider a system of evolution equations F = 0,
F":u,’;—f’-(x,u,...), i=1,...,m. (25)

Each function on & can be treated as a function on J°°(n, m).
T[1]€ is also an evolution system,

Fi—ul—f,  Fl=q—E(f).
We take ¢ independent of Dy(ul). Then X = E, and
X=Es, ExF)=IF). (26)

As right characteristic v, of a conservation law of internal degree p we can
take the right cosymmetry,

(Ftbr) = do. (27)
the c.l. is X-invariant < the right cosymmetry of Lyw’ vanishes on jets,

Ep(vor) + 15(¢hr) = 0.
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An algorithm for evolution systems

Step 1. Continuing with the right cosymmetry for 1),, find &’ satisfying
o’ = (F,4,). (29)J

We find that due to Ex(F) = I5(F),
doLe, & = (I5(F),vr) + (F, E5(vr)) (30)

o )
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An algorithm for evolution systems

Step 1. Continuing with the right cosymmetry for 1),, find &’ satisfying
doi’ = (F, ). (29)J

We find that due to E5(F) = I5(F),

do L, &' = (I5(F), dr) + (F, E5(4r)) (30)
Step 2. Integrating by parts, find a t.d.o. A satisfying
(), ) — (F, 15)) = doAF. (31)}

The X-invariance = Ej(¢r) + [5(¢r) =0 = (30) takes the form
doLE, &' = doAF. (32)

1
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An algorithm for evolution systems

Step 1. Continuing with the right cosymmetry for 1),, find &’ satisfying J

do@’ = (F,¢r) . (29)
We find that due to Ex(F) = I5(F),
do L@ = (I5(F), vr) + (F, Ex(tr)) - (30)
Step 2. Integrating by parts, find a t.d.o. A satisfying
U(F), ) — (F, [E(6r)) = doAF. (31)J

The X-invariance = Ej(¢r) + [5(¢r) =0 = (30) takes the form
doLE, &' = doAF. (32)

Step 3. Applying the horizontal homotopy formula, find a form V' s.t.
L& — AF = do(~1)P0. (33)
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Nontriviality (a sufficient condition for evolution systems)

An evolution system & can be described as
E=(J®(n—1,m) xR, D). (34)
Choose tg € R and put @} = ¢'|¢—s,. Consider 8;, C J®(n—1,m),

Sto: (10’1'“0 =0, sz(@’;o)zoa SR DX"(SD{.‘O):O: (35)
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Nontriviality (a sufficient condition for evolution systems)

An evolution system & can be described as
E=(J®(n—1,m) xR, D). (34)
Choose tg € R and put @} = ¢'|¢—s,. Consider 8;, C J®(n—1,m),
8t %1, =0, De(pl)=0, ..., Dw(py)=0, ... (35)

Let w represent an X-invariant variational p-form, Lg w = do.

=Y d'ALp,, T=uwl—we€E"(n—1,mm). (36)

i>2
Then Lg,_(T) coincides with
to

0T ST o
BV le=0) = (Phoosg, + ot ) 8" + (B or).
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Nontriviality (a sufficient condition for evolution systems)

1 p— oT _ 1 5T
Py = (zﬁ”’,(—l)” 11[}/13 1)’ wﬂt:to — e (—1)P 1¢/p lemto = 5_q,
Recall that 8, is /-normal if
Doyl =0 = 0=0. )

Suppose that Q € EP" (&) is X-invariant. If for some t; € R the system
St is £-normal and tr|zpjs,, # O, then the reduction © € Elp’"_2(8x) of Q

is nontrivial.

If p > 0, then it suffices to check that

WP R s, #0. (38)
If p =0, then it suffices to check that
(W2, )5, #0- (39)
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Consider the following (1 + 2)-dimensional equation

Up = UZ + Upoc + Uxxy (40)
and its point symmetry and presymplectic operator
—41%0; — 4t(x — y)Ox 4+ (x> = 2xy)Dy + - - - , V =D,. (41)
Here p =2, ¥/ =0, wip_l = gy, and
0o = x> — 2xy + 4t2(u>2( + U + Unxy) +4t(x — y)ux, (42)
P1 = 412(2uxGx + Goox + Grog) + AE(x — ¥)qx - (43)

1. Let us choose the following potential for do@’ = (F, /)

- 1
o= 6 ((qqxxx - 2qqux)dt A dx + (_3qqt + qqxxy + 6Gxgxx + 3qquy
+ gy Gxx)dt A dy — 3gqgxdx A dy).

The potentials are obtained via the Maple implementation here.
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https://github.com/afshevyakov/Computational-Algorithms-for-Invariant-Reduction-of-Variational-Forms

2. As AF in (I5(F), ) — (F, 12(¢r)) = doAF, we take

~ 4t
AF = ?(31'/:1 Gocx T 2tF1 Gy + 3tF150 Gx + 2tF1 5y G — tF1y Gxx

— 3tF1x Gux — tF1x gxy + 3(2tux + x — y)F1 qx> dt A dy

442

+ Y(leqxx - lequ - F qxxx>dt/\dx.
3. Finally, the horizontal homotopy LE@‘*A"/ — AF yields
o~ t
V' = 6 <5tqthx — 4tqxqix — 3tq:Gxx — Btuxxxqqx + 2(1 — 8tUxx)qqxx

- 4‘(2tux +x — )/)qqxxx + 8(2tux +Xx — )/)qqux - 4tq(q5x + q4x+y)
t2
+ 4'th(qxxxx + QXxxy) - 4thX(qXXX + qxxy)) dt + g <5qqxxx - 7Qqux) dx

t
+ 6 (24thqxx + 12tqxqxy + 5tqy G — 12(2tux + X — ¥)qqx — 12tqq0

- 7tqqxxy) dy

The element of E12’1(8x) represented by ¢, is nontrivial.
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Example: the cotangent covering of Pavlov's equation

Consider the cotangent covering of Pavlov's equation

Wit — Wxy — VeWxx + VxWix — 2(Vl'xWX - Vxth) =0, (44)

Vit — Vxy — ViVxx + VxVix = 0, (45)
its conservation law with cosymmetry (vy, wy), and the higher symmetry

X =00, + (Vxxy + Vxxx(Vt + V)%) + Vxx(Vtx + VxVxx) + VXVtXX)aW + -

Denote ul = v, u? = w,

F1:u}—u2, F2:uf—u>1(y—u2u>1(x+u>1(u§,

F3 = u? —u*, F* = u? - uiy - uzu;ozX + uiui — 2(u>2(u§ — u)l(xu4)
The cosymmetry: 10 = (—u}, u3, —u2, ul). The symmetry: ! = p? =0,

©° = Uy, + Upo (U7 + (13)?) + ug (U + upun) + uxud . ©* = De($%).

¢ = 0 is f-normal and 1)° does not vanish on it = nontrivial reduction.
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Let us choose
O =—wtuddt Ndx + (ulvt — 2ud — ot 4 ute?ed — (W2)?ut)de A dy
+ (uluv* — v2u®)dx A dy.
Here &’ = & since p = 0. Applying the algorithm, we find

19—(v3v —|—1v2v2 —|—ivvv —|—lvv Vaxx — == Wixx Vixx + = Vx V.
- X VXXX 2 x Yxx 18 x ViExxx 18 tx Vxxx 18 xx Vixx 2 X Yxxy

1 1, 35, 1 1 13
+ = Wixy — §Vt Vi + %Vx Vixx T = VxVixVxx T = VWiV T 72 ViV Vicx

6 9 6 18
1 11 2 1 1
- gvxxny> dt + (— 2

Vioox T = WiV T 5 Wixx Vxxx T = Wixxx
1

—v;
36 9 3 6
1 1 , >
- §Vx Vixx + §Vtx Vxx — 6Vt Vxxx) dx + (Vt Vi Vxx + §VVX Vxxxy

1 2 17 , 2 1
+ §VVXXVXXy + §Vny Viex 1 %Vx Vxxy + 6 'x Vy Vxxx — E 'x Vxx Vxy

2
+ VeV Vi + 5V Vige — VeV Ve T = Wiy + = VxVixy + 2 Vy Vixx

18 6 2 6

1 1 1
- 6Vxxvty - EVtXVXy - 6Vtvxxy) dy.
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Here ¥|¢, represents the corresponding element of Elo’l(EX).
The restriction of ¥ to the reduced Pavlov equation

Vit — Vxy — ViVxx + VxVix = 0, (46)

Vixy + Vxxx(Vt + V)%) + Vi Vixx + Vxx(Vtx + VXVXX) =0 (47)

represents the corresponding element of its group Elo’1 (nontrivial).
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Towards the descent algorithm

Let € be arbitrary ¢-normal, X = E,

e pz1
(W1, F) = (WP Fo) + (WP F1) = do@,  Ep(F)=®(F).  (48)
Denote
=Pt P(n,m) — E§"(n,m). (49)
Put 75: s(n,m) — Eé’_l’"_l(n, m),
Yo x — Exa@. (50)
For a t.d.o. v: »(n,m) — Eé’_l’k(n, m),

€ €AY (n,m) ® CPINP Y (n,m) @ E*(n,m) &, € EP*(n,m). (51)
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b=uPT Y(O(F)) = (S, )F +d(F).  (52)

(i) There exists a t.d.o. v: »(n, m) — Eé’_l’"_2(n, m) such that

(volp —vp0lp)lex = doo|ex- (53)

(i) The form @, |e, represents an element of Elp’"fz(c‘lx).
(iii) If the equation O o /e|e, = 0 for a t.d.o. O: P(Ex) = F(Ex) has no
nonzero solutions, then &, |¢, € Eé”"72(ﬁx) represents the reduction.
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b=uPT Y(O(F)) = (S, )F +d(F).  (52)

(i) There exists a t.d.o. v: »(n, m) — Eé’_l’"_2(n, m) such that

(volp —vp0lp)lex = doo|ex- (53)

(i) The form @, |e, represents an element of E{”"iz(c‘lx).
(iii) If the equation O o /e|e, = 0 for a t.d.o. O: P(Ex) = F(Ex) has no
nonzero solutions, then &, |¢, € Eé”"72(ﬁx) represents the reduction.

E,(F) = &(F) = Oioley =0, Op = (—Pley Irlex): (54)

! ]
(Ex) —2 P(Ex) @ 3(Ex) —2= P(Ex) —=0; (55)
X-invariance = (¢E‘p_1)¢)|gx =0,

Yle, o0 =doo(—vlex Talex)s (—Vlex Valex) 0 lex = —do 0 vley-
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Example: Laplace equation

Consider the Laplace equation
Uxx + Uy =0 (56)
and its symmetry ¢ = yu, — xu,, and presymplectic structure, p = 2,
q(Gx + Gyy)dx A dy = do(qqxdy — qaydx), ¢f =0, ¢~ =gq. (57)
Here

D=0AN0Ndy —O0NO, ANdx, »=9¢P 1 G—OAGdxAdy, (58)
O = yux — xuy , lp =yDy —xD, =&, (59)

and the order of (volp —ygol,)|e, is2=r+n—1,

volp —vygoly: x = —(¥Xxy + XXox + Xx)0 A dx (60)
= (Yxyy +xxxy +xy)0 A dy + (yxx — xxy)(0y Adx — O Ady). (61)
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The symbol descent

For V" over R and 0: S"Tk(V) @ AK(V*) — S™HkHL(V) @ AkFL(V¥),
S:wRE— ew® (e NE), r>=-—n, (62)
0— =S (V)@NO(V*) —2= .. 2 Srn(V) @ A"(V*) ——> 0,
there is the homotopy h: S™T*(V) @ AK(V*) — S™Hk=1(V) @ Ak=1(V¥),
h:W®§v—>g—g®(ejJ§), k>0, (63)

hod+doh:w&— (n+rw®E. (64)
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The symbol descent

For V" over R and 0: S"Tk(V) @ AK(V*) — S™HkHL(V) @ AkFL(V¥),
S:wRE— ew® (e NE), r>=-—n, (62)
0— =S (V)@NO(V*) —2= .. 2 Srn(V) @ A"(V*) ——> 0,
there is the homotopy h: S™T*(V) @ AK(V*) — S™Hk=1(V) @ Ak=1(V¥),

h:W®§'—>8—W®(ejJ§), k>0, (63)
Oej
hod+doh:w&— (n+rw®E. (64)
Applying it to —(yxxy + XXxx )0 A dx — (¥Xyy + XXxy )0 A dy, we find
1) =3(yxy +xxx)0 - (65)
Now we consider the new operator
1
volp —vgol,—dyo (571> (66)

whose order on Ex is <r+n—2=1.
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The terms of order r +n—2=1involg —vygol, —dpo (%71) are given by
(yXx = XXy )0y A dx = O, Ady) + (yxy +xx) (0x A dx + 0, Ady).
The homotopy h yields
Y0(x) = —2x(xbx + yby). (67)
Finally, one obtains v(x) = %fyl + %fyo,
700 = (rxy +xxx)0 = X(xbx +yby), Wy = (vl +x0x) N 0. (68)
The restriction @, |¢, is the corresponding reduction because

DO/F‘SX:O = O0=0. (69)
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Local approach for point symmetries

Denote 7 = x*. Assume: (1) X is equivalent to Y|¢, Y = 0,, (2) 0,F = 0.
Vector function H: substitute v, =0 to F.

On J°°(n — 1, m), we have the quotient of Ex by Y

&

S: H =0, De(H)=0, ..., Dw(H)=0, ... (70)

Kostya Druzhkov Computational algorithms for invariant reduction 24 /29



Local approach for point symmetries

Denote 7 = x*. Assume: (1) X is equivalent to Y|¢, Y = 0,, (2) 0,F = 0.
Vector function H: substitute v, =0 to F.

On J°°(n — 1, m), we have the quotient of Ex by Y|e,

S: H =0, De(H)=0, ..., Dw(H)=0, ... (70)
The canonical projection Ex — 8§ yields
EP"(8) = B (Ex) (71)

Assume also: (3) both systems € and 8 are ¢-normal.

Then for p > 0,

the canonical homomorphisms EP"~%(8) — EP"?(€x) are isomorphisms.
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Suppose that Q € Elp’"fl(E) is X-invariant. Let ¢, be a (left)
characteristic of the corresponding conservation law of T[1]€.

X is equivalent to Y|zqy)e for Y = 97 on J°(n, m; m).
Choose 19 € R and denote

p:J®(n—1,m;m) — J®(n,mym), T—-1o=u__,=q,.,=0.(72)

Then dj o p* = p* o dp, and the composition Y 1) defines the
homomorphism p*(Y 1) on J*°(n — 1, m; m).

Proposition.

If Ly (¢, F) =0, then (—1)Pp*(Y J¢y) is a characteristic of a conservation
law of T[1]8 € J(n — 1, m; m). The corresponding element of EP"2(8)
maps, via Elp’n_2(8) — Elp’"_z(gx), to the reduction of Q.
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Consider again

uy = U)2< + Uxox T Uxxy (73)
and
—4t%0; — At(x — y)Ox 4+ (x> = 2xy)Dy + - - -, V = Dy. (74)
Introduce the following coordinates in the region t # 0.
1 X—y (x—y)? ¥
T=o HET, VEY, wEudh e (75)

Here 7, %2 = 1, and %3 = v are the new independent variables; i = w.
The symmetry: 0. The change of the odd variables:

gq=5s, qr= —47(7sr +pusy), qx=4rs,, q, = —471s,+s,,
The scalar function F:
F= —167‘2(W“w,—l/2/4—|-W5+WT/4). (76)
(depends on 7).
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Instead, we take

/“—‘_WW—V:erjJr”Z. (77)
Then for the form &’ from Example above, one has
do@' = Gx(qe — 2uxGx — Gox — Gy )dE A dx A dy
=4s, (sMW + 2wys, + %T)dr NduNdu.
Here (0, 4s,) is the corresponding characteristic for
F=0, Ig(s)=0. (78)

Then the infinite prolongation Z[1]8 of H =0, /y(s) = 0 for

V2 )
H:WWV_Z""WM

admits the conservation law with characteristic (0, 4s,,).

Thus, the reduction of the presymplectic structure to Ex is induced by the
presymplectic operator (—1)P4D,,|s = 4D, |s of 8. J
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The Maple implementation of the first algorithm

https://github.com/afshevyakov/Computational-Algorithms-for-Invariant-
Reduction-of-Variational-Forms
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Thank you!
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