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1. Least number of closed orbits of lo-
cally Hamiltonian systems. Let (M?", w)
be a symplectic manifold.

Lot TM?™ — T*M?", (L,(V),W) = —w(V, W)

A vector field V on M?2" is said to be locally
Hamiltonian, if d(L,(V)) = 0. A dynamical
system on M?2"

(1) ©a(t) = Vil (1))

is called locally Hamiltonian, if V4 is a locally
Hamiltonian vector field on M?2" for all t.



Let ;1 M2™ — M?2™ be the flow generated by
a locally Hamiltonian vector field V4. Under
the (weak) assumption V; = V;4 1, the one-
periodic solutions of the locally Hamiltonian
system (1) are in 1-1 correspondence with
the fixed points of the time-one map ;.

1
Call(1)] := [ Lu(V) dt] € B (M, R).
e (L.-Ono. 1995) There exist a one-periodic

Hamiltonian function H € C*°(S1 x M2") and
a closed 1-form 6 € Q1 (M2™) such that



the set of one-periodic solutions of (1) coin-
cides with the set of one-periodic solutions
of the following equation

(2) e = L1510+ dH) ),
Then Cal[(1)] = Cal[(2)] = [0].

A one-periodic solution of (2) is called non-
degenerate, if the associated time-one map
©1 IS nondegenerate at the fixed pont z(0),
or equivalently, det(Id — dp1(x(0))) = 0. A
locally Hamiltonian equation (2) is called non-
degenerate, if all one-periodic solutions of
(2) are nondegenerate.



Denote by P(w, 0, H) the set of all contrac-
tible one-periodic solutions of (2).

Main Theorem (L., 2015) Let (M?2", w)
be a compact symplectic manifold. Assume
that all the contractible one-periodic soluti-
ons of (2) are nondegenerate. Then

P(w, 0, H) > b;(HN.(M?"; [6],Q)).



e § = 0 — the system (and the correspon-
ding symplectomorphism) is Hamiltonian.

e HN.(M?2" [0],Q) = H«(M?",Q).

e the Main Theorem —— the homological
version of the Arnold conjecture proved by
Fukaya-Ono and Liu-Tian.

e the Main Theorem has been proved by LEé-
Ono for compact monotone symplectic ma-
nifolds in 1995. An weaker version of the
Main Theorem has been proved by Ono in
2005.



2. Novikov homology and Novikov-Floer
chain complex (L.-Ono, 1995)

Floer-Novikov homology theory = Floer ho-
mology theory 4+ Novikov homology theory.

e Novikov homology (Novikov, 1982) is an
extension of the Morse homology.

e Let M be compact, 0 € QY (M) s.t.

(i) df = 0 < locally 6 = df,

(ii) Vo € ~1(0) is nondegenerate

<> det(02f/9;0;(x)) # O.

ez c 0 1(0) — ind(x) = z’nd(@zf/az-@j(:c)).



e Let 7 : M — M and kY € C®(M) s.t.
7*(0) = dh?. Assume that ¢ is a Rieman-
nian metric on M. Then 7*(g) is Riemannian
metric on M.

e The Novikov chain complex (CN«(0, Q), oMorse)
consists of

ONL(0,Q) = {L gi-zil ¢; € Q& a; € Crity(dh?)},
8M07“se($) — Z #the(x7 y)
yeCrit(h?)|ind(y)=ind(xz)—1

WV (2.4) is a gradient flow line of kY which
connects = with y.
o (CN*(dfa Q)a aMOT’S@) — (CM*(f7 Q)n 8MOT8€)'



o [/l #0 € HI(M,R) = dimgCN«(6,Q) =
0.

o [ = Hl(M)/ ker[@]

° /\Q - the completion of Q[I] w.r.t. peri-
OdIC map [0] : H1(M) — R.

Nomkov

onmAg2 CN.(6,Q) #{z € 07 1(0)]ind(z) = k}.

b;(HN«(M=",[0])) = rk AgHN*(MQ“, [6]).

e Floer-Novikov chain complexes are infinite
dimensional analogue of the Novikov com-
plex.



Q]\Aj = {[z,D]|z € LM& 8D = z},
H:=7*(H) + hY.

1
A ([x, D)) = _/D”J“/o H(t, z(t)) dt.
Then 7(P(w, H)) = P(w, 0, H).
Let g be a compatible Riemannian metric on

(M?2" w) and J the associated almost com-
plex structure:

w(X,Y)=9(JX,Y).
Connecting orbits @ of A~ are defined by

@ =2 T Cr - X @) =0,



with

lim (s, t) = z7(t),

s—Ttoo

[x—, D~ #ia] = [T, DT].

e Since Ay is unbounded, the Palais-Smale
condition does not hold.

o dimp, CFN«(H)=P(w,0,H).

o If f € C®(M?™) & |df|q0 << 1 =

Crit(f) = C?“it(.Af), 8Jﬁ(uvf) = 0.



Hence the sum of the Betti numbers of the
Floer homology equal the sum of the Betti
numbers of the Morse homology. (The ho-
mological A.C.).

e The main difficulty of the Floer-Novikov
possb.
homology theory: |0|0 > &. Moreover,

the underlying Novikov ring Ay , of the Floer-
Novikov complex varies when we vary 6. Need
a method to control the variation of Ay , and

the variation of “41?(9)'



3. Homotopy invariants of Morse chain
complex and the strong Arnold conjec-
ture.

(The strong Arnold conjecture) If ¢ is a Ha-
miltonian symplectomorphism on a closed
(M?2" w) then

#(Fiz(p)) > min{#(Crit(f))| f € C°(M?")}

(The Morse inequality)
(3)
#Crit(f) 2 3 (0i(M")+q;(M*™)+q;1 (M),



Here ¢;(M?") is the torsion number of H,(M?2"™,7Z)

(the homological Arnold conjecture)
#(Fiz(p)) 2 > (b(M*™M)+q;(M?") +¢;_1(M?™)).

Is the homological A. C. correct?

Yes, if ¢q (M?2" )| J(m2ny = 0.

Is the strong A. C. correct, If ¢q (M2, Do (ar2m) =
07

(i) Yes, if m{(M) =0 (Smale 1962).



(ii) Yes for some non-simply connected ma-
nifolds (L.-Ono, 2015).

Conjecture (L.-Ono, 2015) Suppose
- e (M2, I | o (ar2ny = 0.

- H € C>®(S1 x M?™) is nondegenerate.
Then

#(P(H)) > Mg (M?2")

where Mg (M?2") is the stable Morse num-
bers of M?2™.

e M, (M™) has been introduced by Eliash-
berg and Gromov in 1997.



o f . M x RP — R is called quadratic at infi-
nity if there exists a nondegenerate quadratic
form @ on RP s.t. ||df — dQ]|| is bounded for
a norm on T*(M x RP) which is associated
to a product metric on M x RP.

Mt (M) - :prgln {#Crit(f)|f: M xRP - R

is Morse, . a. i.}

To prove Conjecture 1 (and partial cases of
the strong A.C. if 7y &2 0) we use homotopy
invariants of free f.g. chain complexes .



1. Express a lower bound of the number of
critical points of a Morse function in terms
of homotopy invariants of the refined Morse
chain complex, which is the the Morse chain
complex of the lifted Morse function =«*(f)
on the universal covering of M.

2. EXxpress a lower bound of the number of
critical points of an action functional Ay in
terms of homotopy invariants of the refined
Floer chain complex, which is the the Floer
chain complex of the lifted function «*(H)
on the universal covering of M.



3. Compare homotopy invariants of refined
Morse chain complexes with those of refined
Floer chain complex.

(Sharko, 1980-2010) studied the following
homotopy invariants of free f.g. Z-graded
chain complexes (Cx) with coefficients in a
ring R

Sh(Cy) := min{u(CH| (C.) is free f.g. e (o), 1,

Sh;(Cy) := min{u(CH|(CL) is free f.g. “%° (C)}.

Here u(C) is the minimal number of the ge-
nerators of the free module C.



5. Final remarks and open problems

1. Is the strong Arnold conjecture true?

2. If we do not pose a non-degeneracy condi-
tion on a Hamiltonian symplectic fixed points,
we should expect to have smaller lower bounds
of Lusternik-Schnirelman type for the num-
ber of fixed points.



3. Estimate the k-periodic orbits of Hamil-
tonian equations, where k #= 1 (Conley con-
jecture).

4. Conjecture: Floer chain complex contains
informations of stable homotopy type of the
underlying symplectic manifolds.

THANK YOU!



