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Singularities of PDEs: Two econs_

Let € be a system of PDEs of order < k, let ¥ be a type of singularity, and let &x
be the PDE whose solutions are the solutions of & with ¥-type singularities.

There are two classes of singularities:

(i) Keep (R-)manifolds smooth. Consider a fiber bundle 7 : E — M and W an
n-dimensional (maximal) integral submanifold of Cartan distribution on

J]’f,IEA One is studying singularities of 7r’,§71|W W — JJI\“/I_I(E).

(ii) Allow R-manifolds / equation manifolds themselves to be singular.

Class (i) leads to the first type of reconstruction problem (due to A.M

Vinogradov, 1986):
Given (2,&x), find €.

For which ¥ and € is reconstruction unique?

Today: The questions we have in mind relate to class (ii):
(a) What information about € is encoded by its singularities?

(b) Can we attach invariants to these singularities that distinguish equations?

Jacob Kryczka GDEQ Seminar




Introduction

Reminders:

Prolongation anc

Fix n,m >0 and k > 0.

Analytic PDE of order < k in n variables and m functions: an open subset
U, — C" x H c™,
lo|<k

together with a coherent ideal I}, C Oy, . Equivalently, a closed analytic
subscheme

Zo = (|ZO|7OZO) - J;C((E)»
for X a complex n-manifold and £ — X a holomorphic vector bundle of rank m.
If Zp is cut out by N equations, present it as the zero locus of a bundle map
Fp:JE(E) =V (rankV = N):

Epp —— JE(E)

| |7e

x v vy

Impose regularity conditions so that equation manifolds are smooth.
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Regularity conditions

Let £ : E — M be a vector bundle and F : I'(7) — I'(§) be a nonlinear differential
operator. View it also as a section F' € I'(m%,(§)), of the induced vector bundle
Too (§) over J(m) :

J(F) : J®(m) = J=(€), [s]3°— [F(s)].
Let &€ = E(F) be the differential equation defined by F,
E(F) =ker(J(F)) := {0 € J>(m)|J(F)(0) = 0}. (1)

Locally, F = (Fi,...,Fn) with Fp = Fg(mi,p{,'), then (1) is the infinite
prolongation of the system

=0

Fy = 0.
Let Zg C F(m) be the ideal defined by (1).

The PDE € is regular with respect to F = (Fy,...,Fn) if:

o The ideal Z¢ is generated by D (Fy),1 < £ < N,0 < |I| < oo (differentially
finitely-generated).

o Alis projective. This implies Kl, CA' are both projective.
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A mild generalization: qa

Suppose the equation is locally described by a section
s: J8E) —V
of a vector bundle. Its classical solution locus is
&0 ={s =0} Cc J*(E).

In the transverse case, ¢ is smooth, but we drop this condition.

Guiding principle

Replace the smooth equation manifold by a quasi-smooth equation manifold:

&o=F7Y0) C JYE,~ RZ(F) = & 4 Sing(&).

Quasi-smooth: A space € is quasi—smooth if it has a cotangent compler L¢ in
degrees [—1,0] :

o (Zariski-locally) it is O9™ — O®” in degrees —1,0;

o It is expressible as

& —— A
l lf =Le ~ k™ 2 k.

{0} —— A™.
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Categorical reconstruction

Let X be a smooth projective variety. Consider its bounded derived category of
coherent sheaves:

Db (X) := D*(Coh(X)).

coh

Bondal-Orlov. If Kx is ample or anti-ample, then X is determined up to
isomorphism by D?_, (X).

Q. Can a category attached to a PDE & < J¥ (E™t™ n) determine the equation’s
geometry, and vice versa?

Different spaces may have equivalent categories: a geometric transformation can
become a categorical equivalence.

ived ==
Y

b b
Deon (X) D2on(Y)

Q. Could two PDEs have equivalent categorical geometry even when no point
transformation or classical Bécklund transformation connects them? (S. Igonin)
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Let k£ be algebraically closed. Non-commutative algebraic geometry studies
k-schemes and varieties via

DP(X) := D*(Coh(X)),
as a replacement for the underlying space.
It can reflect structure (e.g orientations) and properties (e.g. smooth, properness)
of a variety.

Q X is smooth and proper <= Perf(X) is smooth and proper.

@ If X is a smooth projective K3 surface (Ox ~ Kx), then D? | (X) is
2-Calabi—Yau.

O If X,Y are smooth projective and D?_, (X) ~ D | (Y), then X is
hyperkahler <= Y is hyperkahler.

@ If X is a complex analytic space, then Perf(X) smooth and proper <= X is
algebraizable.

Q. Can something interesting be said for differential equations?
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How should we study th i

Let Z be a possibly singular space.

Categorical approach

Study the singularities of Z through the behaviour of coherent sheaves on Z.

Serre’s criterion. A noetherian scheme X is regular if and only if every coherent
sheaf E' admits a finite locally free resolution:

O N e e I A= O}
Equivalently, Perf(X) = Db | (X).

For a singular space X this equality fails; Perf(X) C D?  (X).

coh

The failure of coherent sheaves to be perfect detects the singularities of the
underlying space.

GDEQ Seminar
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The category of singularities

Category of singularities is designed to measure the ’excess’:

Db (X
Do) = PeanX)
) Perf(X)
Here:
° Di’oh(X ) consists of bounded coherent complexes;

o Perf(X) consists of complexes locally represented by bounded complexes of
vector bundles.

Thus Dsg(X) discards objects admitting finite locally free resolutions, retaining
only those which give obstructions to smoothness.

For a noetherian scheme of finite type over a field,

Dse(X)=0 <= X is regular.

In other words, excess vanishes if and only if X is regular.

GDEQ Seminar
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Let U be a smooth variety over C and f : U — A(l:.

If f has isolated singularities, the Milnor number

p(f) == dimc Oy /(01 f,...,0nf)
is an invariant of the singularity.

We compare two refined invariants:
@ a cohomological invariant: cohomology of vanishing cycles;

Q a categorical invariant: the Eisenbud—Orlov category of singularities,
equivalently the category of matrix factorizations MF (U, f).
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Eisenbud. Let A be a regular local ring, f € A, and R = A/(f). Then every
minimal R-projective resolution of a finitely generated R-module M becomes
2-periodic after dim A + 1 steps:

= P2 Q- F—->Q—=>Vy—--- = Vg > M.

Tool of matrix factorizations are to give a presentation of this 2-periodic tail.
R regular local ring, f € R nonzero divisor consider

Z(f) := Spec(R/f) — Spec(R).

MF(U, f) = {Q < P : 6001 = 0160 = f}
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Let U be smooth affine, f : U — Al regular, and Up = f~1(0).

The category of singularities is the Verdier quotient

D? 1, (Uo)
Deg(Up) 1= =2~
2(Uo) Perf(Up)

Matrix factorizations MF (U, f) capture the 2-periodic part of the resolution after
the finite vector-bundle resolution.

Let U be a scheme over C, f : U — Al flat, and assume the only critical value of f
is 0. Then Perf(X) < Db , (X) = Dsg(Uo) ~ MF(U, f):

MF(U, f) — Dsg(Uo), (El, Eo, 50, 51) — coker 50

is an equivalence of triangulated categories.

Idea: MF(U, f) controls all singularities of hypersurface Up C U. The statement
adapts when f has more critical values, and to f = (f1,..., fr).
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Many objects in mathematics have a notion of smoothness and of singularity. A
singular support records the location of singularities and also remembers in which
direction they occur.

Ix.0 Wavefronts of generalized functions.
Ix.1 Sheaves on manifolds.

I'x.2 Linear PDEs.

I7x.3 Nonlinear PDEs: characteristic varieties.

Ix.4 Derived characteristic variety: cohomological support of the tangent complex
of a PDE.

Our aim: pass from Ex.3 to Ex.4 in the mildest possible way.

I2x.5 Arinkin—Gaitsgory support of coherent sheaves: measures how far a coherent
complex is from being a perfect complex.

Rough idea: if a space Z is singular, we can detect/observe its singularities by
studying sheaves on it, together with their singular supports.
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The category of singularities detects failure of regularity. Can we refine this
information?

Singular support theory. For a quasi-smooth derived space Z, one associates a
classical space of singular directions

Sing(Z).
For a coherent object F, its singular support
SS(F) C Sing(Z2)

records the directions in which F fails to be perfect.

Analogy

o Wavefront sets record where a distribution is singular and in which cotangent
directions.

o Singular support of coherent complexes records where and in which singular
directions their homological behaviour fails to be regular.
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Let Z be quasi-smooth and let A C Sing(Z) be a conical closed subset.

Consider the category
IndCohy (Z),

the category of ind-coherent sheaves on Z whose singular support is contained in
A:
SS(F) C A.

Why IndCoh? For singular spaces, Coh and QCoh have different homological
behaviour.
IndCoh(Z) := Ind(Coh(Z)).

Krause: If Z is smooth, IndCoh(Z) is the category of injective complexes.
Z smooth: Perf(Z) = Coh(Z), hence IndCoh(Z) = QCoh(2).

(Z,A) — IndCohy (Z).

We want to understand the geometry of Z through this category.

Slogan: the more singular Z, the farther IndCoh(Z) is from QCoh(Z).

Jacob Kryczka GDEQ Seminar
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Towards singularity categoris

Can we study a differential equation through the category of its
singularities?

Plan of the talk.

© Homological algebra: cdgas, Koszul complexes, cotangent complexes, and
homotopical jet functors.

Q@ Quasi-smooth PDEs: singular schemes and homotopy-prolongation.

@ Singularity categories of PDEs: basic properties, examples, and open
questions.

Based on:

o Derived Moduli Spaces of Non-linear PDEs: Singular Propagations,
Kryczka—Sheshmani—Yau, Adv. Math. 2026.

o Derived Moduli Spaces of Non-linear PDEs: Variational Bicomplex and the
BV Formalism, Kryczka—Sheshmani—Yau, Moduli (Compos. Math.) 2026.
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A commutative differential-graded C-algebra is a triple
A% = (A% pa,da),
where Af = @D, A® with A® € Mody,, with multiplications
pa At @y AT — AT Vi g,
and unit element 14 € A% (degree zero) with k-linear differential:
da:A* = AT dyoda =0.
The differential d4 is a graded derivation with respect to multiplication:
da(a-ab)=da(a) -ab+(—1)"Wa . da(b).

A dg-algebra A® is discrete if A* ~ 0, for all i # 0.
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To any commutative dg-algebra A® we have its cohomology algebra:

H™(A%) = D H'(A"),  HY(A%) = ker(dy) fim(d ).
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To any commutative dg-algebra A® we have its cohomology algebra:

H™(A%) = D H'(A"),  HY(A%) = ker(dy) fim(d ).

The cohomology ring H*(A®) is a graded commutative k-algebra.
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To any commutative dg-algebra A® we have its cohomology algebra:

H™(A%) = D H'(A"),  HY(A%) = ker(dy) fim(d ).

The cohomology ring H*(A®) is a graded commutative k-algebra.
Morphisms: f: A® = (A%,-4,d4) — B® = (B, .5,dp) preserve differentials and
multiplication:

foda=dpof:A" = B!, f(a-ab)=f(a) g f(b) € B.
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To any commutative dg-algebra A® we have its cohomology algebra:

H(A%) = @ H(A%),  H'(A%) = kex(d}y) /im(d}y ).

The cohomology ring H*(A®) is a graded commutative k-algebra.
Morphisms: f: A® = (A%,-4,d4) — B® = (B, .5,dp) preserve differentials and
multiplication:

foda=dpof:A" = B!, f(a-ab)=f(a) g f(b) € B.

Quasi-isomorphisms: A morphism f: A®* — B® is a quasi-isomorphism
(weak-equivalence) if it induces an isomorphism H*(A®) =2 H*(B®).
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Cdga’s
To any commutative dg-algebra A® we have its cohomology algebra:

H(A%) = @ H(A%),  H'(A%) = kex(d}y) /im(d}y ).

The cohomology ring H*(A®) is a graded commutative k-algebra.
Morphisms: f: A® = (A%,-4,d4) — B® = (B, .5,dp) preserve differentials and
multiplication:

foda=dpof:A" = B!, f(a-ab)=f(a) g f(b) € B.

Quasi-isomorphisms: A morphism f: A®* — B® is a quasi-isomorphism
(weak-equivalence) if it induces an isomorphism H*(A®) = H*(B®).

Definition

A derived C-scheme is a pair X = (X, O%) where X is a topological space and O% is a
sheaf of cdga’s such that:
to(X) = (X, H'(0%))

is a usual scheme/variety (classical truncation) and H*(O%) are quasi-coherent
H°(0%)-modules.

A affine is Spec(A*®), so to(Spec(A®) ~ Spec(H?(A*)).
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Let A® be a commutative dg-algebra over k.
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Differential-graded mode

Let A® be a commutative dg-algebra over k.

A differential-graded A®-module M* is a complex of k-modules
M® = (M?*,dys) with a multiplcation:

(A@k M). — M*,

compatible with differentials.
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Let A® be a commutative dg-algebra over k.

A differential-graded A®-module M* is a complex of k-modules
M® = (M?*,dys) with a multiplcation:

(A®k M). — M*,

compatible with differentials.
Explicitly, for all ¢, j there are k-bilinear maps

vi A x MI — MU,
such that 1 4m = m and

(a-4 b)m = a(bm), dy(am) = da(a)ym + (=1)3°8@ady, (m).
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Let A® be a commutative dg-algebra over k.

A differential-graded A®-module M* is a complex of k-modules
M® = (M?*,dys) with a multiplcation:

(A®k M). — M*,

compatible with differentials.
Explicitly, for all ¢, j there are k-bilinear maps

vi A x MI — MU,
such that 1 4m = m and

(a-4 b)m = a(bm), dy(am) = da(a)ym + (=1)3°8@ady, (m).

A morphism f: M® — N*® is A®-linear and compatible with differentials.
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Let A® be a commutative dg-algebra over k.

A differential-graded A®-module M* is a complex of k-modules
M® = (M?*,dys) with a multiplcation:

(A@k M). — M*,

compatible with differentials.
Explicitly, for all ¢, j there are k-bilinear maps

vi A x MI — MU,
such that 1 4m = m and

(a-ab)ym =a(bm), dp(am)=da(a)m+ (—1)98(0) gy (m).

A morphism f: M® — N*® is A®-linear and compatible with differentials.

A morphism of dg-A®-modules is a quasi-isomorphism if it inducess an
isomorphism in cohomologies: H*(M®) = H*(N*®).
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Cotangent complexes

Let R®* — A® be a morphism in cdgay,.
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Cotangent complexes

Let R®* — A® be a morphism in cdgay,.

The complex of Kahler differentials: 9,14'/R° € DGMod(A®), defined by setting:

Qg./R. =1/1?, T:=ker (AQrA)® — A*)).

Jacob Kryczka GDEQ Seminar
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Cotangent complexes

Let R®* — A® be a morphism in cdgay,.

The complex of Kahler differentials: 9,14'/R° € DGMod(A®), defined by setting:

Qh./R. =1/1?, T:=ker (AQrA)® — A*)).

The cotangent complex of A® is the object:

La/r = (4/p ®oa A)° € DGMod(A°).
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Cotangent complexes

Let R®* — A® be a morphism in cdgay,.

The complex of Kahler differentials: 9,14'/R° € DGMod(A®), defined by setting:

Qh./R. =1/1?, T:=ker (AQrA)® — A*)).

The cotangent complex of A® is the object:

La/r = (4/p ®oa A)° € DGMod(A°).

By construction: HY (]LA»/R) ~Q

1
HO(A")/HO(R)
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Let R®* — A® be a morphism in cdgay,.

The complex of Kahler differentials: 9,14'/R° € DGMod(A®), defined by setting:

Qh./R. =1/1?, T:=ker (AQrA)® — A*)).

The cotangent complex of A® is the object:
La/r = (4/p ®oa A)° € DGMod(A°).
By construction: HO (]LA»/R) ~ Q}JO(A')/HO(R-)’

Any f: A®* — B® induces: A®é L —La— Ly,
Globalize: to any morphism f : X — Y of derived schemes, the relative cotangent
complex is given by the distinguished triangle

Ly,c ®6,, Ox = Lx/c = Lajy = (Ly/c ©5,, Ox)[1].
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Cotangent complexes

Let R®* — A® be a morphism in cdgay,.

The complex of Kahler differentials: Q}4°/R° € DGMod(A®), defined by setting:

Q}4'/R- :=1/I?, I:=ker (A®g A)* — A®)).

The cotangent complex of A® is the object:
La/r = (24/r ®0a A)® € DGMod(A®).
By construction: HO (]LA'/R‘) ~ Q}-IO(A')/HO(R')'

Any f: A®* — B® induces: A®é L —La— Ly,
Globalize: to any morphism f : X — Y of derived schemes, the relative cotangent
complex is given by the distinguished triangle

Ly,c ®6,, Ox = Lx/c = Lajy = (Ly/c ©5,, Ox)[1].

Upshot: In the world of derived algebras (i.e. cdga’s) we can study arbitrary
intersections (higher Tor’s) which have well-behaved tangent complexes.
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A simple example: a der

Let A= Clz] and B = A/(z) = C. Consider the derived self-intersection

B®Y B.

Koszul resolution
Resolve B as an A-module:

KM@:[AJ;A]
Tensoring with B gives
0
B®aKa(z) = [B BN B] )
Hence

C i=0,1,

Tor{!(B, B) =
ori’ (B, B) {0 otherwise.

Jacob Kryczka

Ordinary versus derived
The ordinary tensor product sees only

B®s B=C.
The derived tensor product remembers
B4y B~CeC]
(as a graded vector space).

Moral: The derived intersection
retains the hidden Tor-information.
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Examples

Let L, L’ — M be smooth subvarieties in a smooth variety M.
Lxh L= (LNL, 0L, Or).
Its tangent complex:
TLxg/IL',s =[Tr,s ®TrLr s = Tars)

in degrees 0, 1.

HO(T Lxh Ls = TrnL,s while H! encodes the failure of transversality.

GDEQ Seminar



Remind, homological algebra

Examples

f: X — Al a function on a smooth scheme.
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Examples

f: X — Al a function on a smooth scheme.

Its derived critical locus:

RCrit(f) —— X

| Lo

X %X ey
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Examples

f: X — Al a function on a smooth scheme.

Its derived critical locus:
RCOrit(f) —— X

| Lo

X X, pex
Derived ring of functions modelled by
[-'~/\2TX — Tx —)Ox],

with differential d := i4s given by contraction with df.
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Examples

f: X — Al a function on a smooth scheme.

Its derived critical locus:
RCOrit(f) —— X

| Lo

X X, pex
Derived ring of functions modelled by

[-'~/\2TX —)Tx—>OX],

with differential d := i4s given by contraction with df.
HO(Ogcrie()) ~ Ox/(01f -+ Onf).
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Examples

f: X — Al a function on a smooth scheme.

Its derived critical locus:
RCOrit(f) —— X

| Lo

X X, pex
Derived ring of functions modelled by
[+ A2Tx —» Tx — Ox],
with differential d := i4s given by contraction with df.

HO(Orcuit(r)) = Ox/(01f - Onf).
Note. In general RCrit(f) and Z(f) do not coincide.
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Examples

f: X — Al a function on a smooth scheme.

Its derived critical locus:
RCOrit(f) —— X

| Lo

X X, pex
Derived ring of functions modelled by
[+ A2Tx —» Tx — Ox],
with differential d := i4s given by contraction with df.
HO(Ogcrie()) ~ Ox/(01f -+ Onf).

Note. In general RCrit(f) and Z(f) do not coincide.

Even in these cases, tangent complexes can have non-trivial structure (e.g.

Z(f - A[zzw] — A[lt], f(z,y) = zy (Compute C ®<1c[t] Clz, y], via a Koszul resolution
of C over C[t]).
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Examples

Let E — M be a vector bundle. Fix s : M — E a global section (s € HO(M, E)).

Consider:
RZ(s) — M
|
M 0_M> E

Derived zero locus: take usual scheme-theoretic zero locus iz : Z(s) < M and the
pull-back of dg-algebra of functions on total space of E:

M x% M = (Z(s),i;'Sym®* (EV[1]),s").

s”: the operator of contraction with s.
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Koszul cdga’s

R : a commutative algebra over k, with f = (f1,..., fr) € R.
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Koszul cdga’s

R : a commutative algebra over k, with f = (f1,..., fr) € R.
Ke(R,H): (A*(RE").d) -

0—= ATR®T 5 ATTIROT o 5 A2R®T 5 RO 0.

dler A Aeg) = D (=D (fi)es AvoAég Ao Ay
1<i<j
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Koszul cdga’s

R : a commutative algebra over k, with f = (f1,..

Ko(R,f) : (A*(R®7), d) :

., fr) €R.

0— A"RO" 5 ATTIR®T .0 5 A2ZROT 5 RO 0.
dler A Aeg) = D (=D (fi)es AvoAég Ao Ay
1<i<j
Properties:
QO Ko(R,f) is a commutative dg-R-algebra.
Q Ke(R,f)~[R ER R]in R— Mod i.e Ke(R, f) = R/(f) if and only if f is a
non-zero divisor. N
@ ®:=1 K.(R, f’L) — K.(R; f)-
@ If (g1,...,9m) generates the same ideal as f, then
Ko(R,f) = Ko(R; )
ie. Hi(Ke(R;f) 2 Hy(Ke(R, g)).
© Augmented: there is a map Ke¢(R;f) — R/(f1,..., fr) such that

Ho(Ke(R;f)) ~ R/(f).

Jacob Kryczka GDEQ Seminar




Introduction

Koszul cdga’s

R : a commutative algebra over k, with f = (f1,...

Ko(R,f) : (A*(R®7), d) :

7f7‘) GR

0— A"RO" 5 ATTIR®T .0 5 A2ZROT 5 RO 0.
dler A Aeg) = D (=D (fi)es AvoAég Ao Ay
1<i<j
Properties:
QO Ko(R,f) is a commutative dg-R-algebra.
Q Ke(R,f)~[R ER R]in R— Mod i.e Ke(R, f) = R/(f) if and only if f is a
non-zero divisor. N
@ ®:=1 K.(R, f’L) — K.(R; f)-
@ If (g1,...,9m) generates the same ideal as f, then
Ko(R,f) = Ko(R;g)
ie. Hi(Ke(R;f) 2 Hy(Ke(R, g)).
© Augmented: there is a map Ke¢(R;f) — R/(f1,..., fr) such that

Ho(Ke(R;f)) ~ R/(f).

Suggests: Ko are functions on derived enhancement of the classical space

Spec(R/(f))-
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Reminders: homological algebra

Quasi—smoothness

A sequence (f1,..., fn) of elements of A determines a homomorphism
C[Tl,‘..,TN] — A, given by T; — fi,i=1,...,N.
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Reminders: homological algebra

Quasi—smoothness

A sequence (f1,..., fn) of elements of A determines a homomorphism
C[Tl,‘..,TN] — A, given by T; — fi,i=1,...,N.

Koszul complex: the derived tensor product,

Ka((f)) = AQEr, 1, T, Tal /(Ths o T
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Quasi—smoothness

A sequence (f1,..., fn) of elements of A determines a homomorphism
C[Tl,...,TN] — A, given by T; — fi,i=1,...,N.

Koszul complex: the derived tensor product,

Ka((f)) = AQEr, 1, T, Tal /(Ths o T

Derived geometrically, the Koszul complex can be seen as the dg-ring of functions on a
certain derived sub-scheme of Spec(A).

Let Ao be a simplicial ring or cdga.
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Quasi—smoothness

A sequence (f1,..., fn) of elements of A determines a homomorphism
C[Tl,...,TN] — A, given by T; — fi,i=1,...,N.

Koszul complex: the derived tensor product,

Ka((f)) = AQEr, 1, T, Tal /(Ths o T

Derived geometrically, the Koszul complex can be seen as the dg-ring of functions on a
certain derived sub-scheme of Spec(A).

Let Ao be a simplicial ring or cdga.
Fix (f) := (f1,---, fa) € Ae, i.e. a collection of points of the underlying space of
Ae, and consider the homotopy-pushout:

CTy,...,Ty) ——— A,

| | 2

ClT1, ..., Tul {TY —— Au//(]).

Fact. mg (Ao//<f>) ~ 770(‘4')/<f>'
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Reminders: homological algebra

Quasi—smoothness 11

A closed immersion of derived schemes: i : X — Z means the underlying classical
map of schemes X = to(X) — t9(Z) is a closed immersion.
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Quasi—smoothness 11

A closed immersion of derived schemes: i : X — Z means the underlying classical
map of schemes X = to(X) — t9(Z) is a closed immersion.

A quasi-smooth closed immersion is a morphism of the form

Spec(A*//(f1,..., fn)) = Spec(A®).

GDEQ Seminar



Quasi—smoothness 11

A closed immersion of derived schemes: i : X — Z means the underlying classical
map of schemes X = to(X) — t9(Z) is a closed immersion.

A quasi-smooth closed immersion is a morphism of the form

Spec(A*//(f1,..., fn)) = Spec(A®).

All quasi-smooth closed immersions are affine-locally of this form.
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A closed immersion of derived schemes: i : X — Z means the underlying classical
map of schemes X = to(X) — t9(Z) is a closed immersion.

Definition

A quasi-smooth closed immersion is a morphism of the form

Spec(A®//(f1,..., fn)) < Spec(A®).

All quasi-smooth closed immersions are affine-locally of this form.

o A quasi-smooth map between classical schemes is the same as a local
complete intersection map of schemes.

o A quasi-smooth closed immersion between classical schemes is the same as a
(Koszul) regular immersion: Spec(A/I) < Spec(A) with A smooth and I an
ideal in A generated by Koszul regular sequence (ai,...,ar) € A".
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Quasi—smoothness 11

A closed immersion of derived schemes: i : X — Z means the underlying classical
map of schemes X = to(X) — t9(Z) is a closed immersion.

Definition

A quasi-smooth closed immersion is a morphism of the form

Spec(A®//(f1,..., fn)) < Spec(A®).

All quasi-smooth closed immersions are affine-locally of this form.

o A quasi-smooth map between classical schemes is the same as a local
complete intersection map of schemes.

o A quasi-smooth closed immersion between classical schemes is the same as a
(Koszul) regular immersion: Spec(A/I) < Spec(A) with A smooth and I an
ideal in A generated by Koszul regular sequence (ai,...,ar) € A".

These notions allow us to study differential equations which are zero-loci of
not-necessarily regular sequences of functions on (dg)-jet schemes.
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Reminders: homological algebra

Homotopical jet functors

Fix k£ € N.
The /-jet functor of A® € cdgac:
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Reminders: homological algebra

Homotopical jet functors I

Fix k£ € N.
The /-jet functor of A® € cdgac:

LJ*(A®) : edga, — Spc
sending R*® to an co-groupoid Maps(A®, R* ®& Clz]/(z"T1)).
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Homotopical jet functors I

Fix k£ € N.
The /-jet functor of A® € cdgag:

LJ*(A®) : edga, — Spc
sending R*® to an co-groupoid Maps(A®, R* ®& Clz]/(z"T1)).

Usual intuition: This gives R®-valued families of truncated Taylor expansions of
elements of A®.
Tt is corepresented by an object LI*(A®) in cdga.
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Homotopical jet functors I

Fix k£ € N.
The /-jet functor of A® € cdgag:

LJ*(A®) : edga, — Spc
sending R*® to an co-groupoid Maps(A®, R* ®& Clz]/(z"T1)).

Usual intuition: This gives R®-valued families of truncated Taylor expansions of
elements of A®.
Tt is corepresented by an object LI*(A®) in cdga.

o LJ* is a left-adjoint,
o If X is a smooth classical scheme of finite type so is LI*(X).
o In particular, mo (LJ* (A)) ~ Vi (mo(A)).

L3*(Cl1, ..., xq)) ~ J*(Clz1, ..., 24)) = C[2{7||o] < K]. (3)

This is the standard k-jet C-scheme, whose elements are differential polynomials.
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Homotopical jet functors I

For every k < £ < oo, there are canonical jet-projection maps LJ*(X) — LJ*(X).
Dually, we obtain 7} , : LT (As) — LI*(As).

By general properties of cotangent sequences: we have an induced map

L
Lrgrcae)/c ®Lgr(ae) Lrataac 7 Lrgean o

If i : X — Z is a quasi—smooth closed immersion, then for any k£ € N,

LIT*G) : LT*(X) — LT*(Z),

is quasi—smooth closed immersion.
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Reminders: homological algebra

Useful result

Let A*//(f1,..., fr) be a Koszul cdga of functions. Then,

LIF(A//(f1,- oo fr)) S LIRA% /(L 51,

is an equivalence.
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Idea of proof

Since LJ*(X) ~ J*(X) for a classical C-scheme X we have that
LI*(C[Ty,..., Tn]) ~ J*(C[T1, ..., Ty]) ~C[T, 7D, ..., T®],
and thus
o, 1O, 0] L0, p 7k (a,)
LT*((2)) = l l
JH(C) ———— LI*(Ae//(f))
Via abstract nonsense: this diagram is also a homotopy push-out!
LT*() - CIT, T{V] — LT*(Au),

is given by T; — f; and Ti(j) »—)fi(j), for,i=1,...,n,5=1,... k.
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Reminders: homological algebra

Example

Let A = C[z]/(x2) be the classical non-reduced point. Its first jet algebra is
JHA) = Clz, M1/ (22, 202M).
The derived jet is the Koszul cdga

LJY(A) = Clz, M/ /(2?, 222V) = K, (9:2, 230:3(1)).
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Reminders: homo ra

Example

Let A = C[z]/(x2) be the classical non-reduced point. Its first jet algebra is
JHA) = Clz, M1/ (22, 202M).
The derived jet is the Koszul cdga

LJY(A) = Clz, M/ /(2?, 222V) = K, (9:2, me(l)).

The sequence (22, 2zz(1) is not regular: in R/(z2) one has z - (2zz(1)) = 0.
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Reminders: homo ra

Example

Let A = C[z]/(x2) be the classical non-reduced point. Its first jet algebra is
JHA) = Clz, M1/ (22, 202M).
The derived jet is the Koszul cdga
LJY(A) = Clz,2M]//(?, 222M)) = Ko (22, 222D).
The sequence (22, 2zz(1) is not regular: in R/(z2) one has z - (2zz(1)) = 0.
Koszul homology:

no(LJ(A)) = JL(A), 71 (LJY(A)) = Hy(Ke) ~ Clz(™M].
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Example

Let A = C[z]/(x2) be the classical non-reduced point. Its first jet algebra is
JHA) = Clz, M1/ (22, 202M).
The derived jet is the Koszul cdga
LJY(A) = Clz,2M]//(?, 222M)) = Ko (22, 222D).
The sequence (22, 2zz(1) is not regular: in R/(z2) one has z - (2zz(1)) = 0.
Koszul homology:

no(LJ(A)) = JL(A), 71 (LJY(A)) = Hy(Ke) ~ Clz(™M].

Hence LJ'(A) is not classical.
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© Quasi-smooth PDEs
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Systems of NLPDEs

A system of NV differential equations for a vector-valued function u = (u
of variables z = (z1,

’um)
c,@y) st
ok lo]
Fl(xu,ax,...,a—z%,...,6mu)20
Zy = 4)
2 a* alel
FN(‘”?u,a_;a "73711:7-"7 awau)zo‘
. . lo] o
Derivatives u& = 2%

52— for a =1,..., m: multi-index notation
o
= (o1,...0n) € N with length |o| := 01 +

co 4 on < k (order).

Simplifying assumption: The orders of each Fiy, A=1,..., N are the same.
e Zj, is the zero locus of (4) in /i-jet space  JEE 3 (2%, u®,u?) i.e.
dim:n+m(":k)

Oz, = O',;‘.%E/Tk;,with I, = span{(4)}.

Remark 1. The structure sheaf OJ;“((E) is the k’th-jet sheaf J*(EV)
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In local charts

Consider ¢y : Z = {F(z,u,u[s)) =0} = JE(E)
k - 9 - 9 k
Ty J5% E = span{v := &' — + 1 }, and TpZy, = {v € TyJS E|TF(v) = 0}.

Oz, 7 Qug

A linear system for the coefficients of v:

~ OF i I
PP QRS > oo 0 =o.

i=1 1<a<m,1<o<ord(F) = @

The geometric symbol A, of 7, is the family of vector spaces:

(Nk)z =T, 7 ﬂTJ k

1 ~T relative tangents).
B/ B, Ti—1lzy’ (rel: angents)

Coordinates

For Zj, = {F = 0}, then Nk = 31 <o <o o =ord(r) Bz (0)ig = 0.
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Singularit
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Symbols and Characteristic 0_

Consider relative differentials of dg of holomorphic functions g € O I E ie.

d(g) € QigE/JﬁglE ~ ojg(E[gl, ooy Enlk, with (z;€) € T*X.

Put OZT = OJ;(E/IT.

Order 7 symbol: N C a0z, [£1, ..., &n]rd(u®), generated by classes dF mod I
of F' € I.

Symbol: the associated graded module generated by N;.

Characteristic module: graded quotient M := @, Oz, [£1,...,&n]/No.

« Alternatively, look at conormal I./I? of Z,, as sub-sheaf of Qb}r( 5 ®Oz,. Then,

My = QIZT/ZT—1'

From Z*° = F"Z := Z, C Jx(E),

Oprz ®0,, 4, Q;T_lz/x = Qprg/x = Q},.Z/Fr_lz — 0. (5)

Applying Oz Qo(rrz) (—):

Oz ®o Q}w—1z/x = 0z00R0 pr , Vpr 7/ x — @zoo®oFTZQ}:rZ/Fr—1Z — 0.

Fr—1lz
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Quasi-smooth PDEs

Let E — X be a vector bundle and J% (E) the k-jet bundle.

A quasi-smooth algebraic PDI of order < £ is a quasi-smooth closed immersion

tg : &€= LIL(E).

In particular, to(€) < J% (E) is PDE in the usual sense, with a closed embedding
to(E) — E. The same definition works for analytic PDEs.

o If € is quasi-smooth algebraic with analytification £*", then 2" is
quasi-smooth analytic.
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(Zariski-)Local presentations

Proposition (K-SY)

Let ¢ : & = LJI*(X) be a quasi-smooth closed-immersion where X = Spec(A,) for a
simplicial C-algebra. Then, we can always write

€ ~ Specc (LT"(A:)//(G)), G :=(91,--,9¢),
for a finite sequence of elements in LJ"(A,), such that

0r = LI"(A,) ®%[T1,.4.,Tc] C,

via the map Ta — ga,A=1,...,c.

& —— LI*(X)

b

{0} —— A%

is a homotopy Cartesian diagram.
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’Higher’ information

mo(Og) ~ wg(Oij(X))/(gl,...,gc).

In general m—((’)g) are higher cohomologies of the Koszul sequence for the
functions (g1, ..., gc)-
Namely, )

mi(08) = H (K} 714, (@)

Thus, derived PDEs &€ carry higher cohomological information in the
7o (O )-modules m;(Og).

If A=Clzy,... ,a:d]/<f>, is a complete intersection algebra, so that fi,..., fc is a
regular sequence in C[z1, ..., 4], then

T (LTF(A)) = H* (K*(f1, . fer £, £,

where fﬁlj) = (fl(j),fz(j),..., C(j)), where j =1,...,k.
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Singular schemes of quasi-s

Definition

The singularity scheme of € is

Sing y (€) := Specoto(s) (Sym™ (H(Te))).

Via 7 : Sing(€) — & the fibers 77! (z) over z in € are the vector spaces H~!(Lg ;)
specifying how singular € is at z.

If € ~ € is classical, then Sing (€) = @.

Support condition: a conical subset A C Sing(&).
Complexes of coherent sheaves F' on € with support in A:

Cohy (€).
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Let M be a smooth manifold, E,V — M vector bundles, and
F:.J8(E)—V
a system of r = rk(V') PDEs. Write
Zo := F~1(0), & :=RZ(F).

The derived zero locus is quasi-smooth, with cotangent complex

Le ~ |: *yV —>7r “Q (E)} , degrees [—1,0].
Since
dF
H(Tg) _coker( Tk, (E)|Z0 — V|ZO)

we obtain the fibrewise description

Sing(€)g = ker (ngV VY o) — TG*JII\“/I(E)) .

Interpretation

The fibre consists of linear relations among the differentials of the defining PDEs
at a solution . It is measuring the failure of dFy : TpJ%,(E)|z, — Vi (0) to be
surjective.
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Algebraic versus analytic sin

Analytification preserves tor-amplitude, hence flatness.

Let € be an algebraic quasi-smooth PDE of order < k with quasi-smooth
analytification €*". Then

Sing 5 (£)?" ~ Sing xan (€%").

Idea: Property (Lz)** — L%, an equiv. in Perf(Z2") implies:
o (Symy, (Tz))™ = Symg__, (T5ha).

o (Symp,, (H'(Lz)™ = Symy (H'(Li)).

So we may pass freely between the algebraic and analytic pictures when
computing singular schemes.
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Prolongation and formal integrability

Outline

@ Prolongation and formal integrability
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Recollections: prolongation/ pro_

Forgetting derivatives gives a jet-tower:

k42
Thtt— _ _
e g ML gkl S JRE S JN'E - S E o X

Considering Zj, = {F(z,u(z),dJu(z) = 0} — J% E, two main operations:
o Projection: The r-fold projection, p,(Zy) := ﬂ,’j_r(Zk) - J;“(_TE.

o Prolongation: pry(Zg) = J%(Zx) XL Ik B) J;C(‘HE,

Put p* = 7llz, 1 Zp = X = Ziyr = pr,(Zi) = Jx (o) NJETTE C LT

Remark 1. Neither p,(Zk_,) nor Zj, are smooth in general (not relevant for us).
Remark 2. More simply ppZ; C Zi_1 and pry(Zy) 2 Zj41(not equality!).
Remark 3. They are not inverse operations: take Zp C J;“(E prolong Zj 4, C J§{+T
and project back to J ;“( E, we only get prZy C Zj (not equality!).
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Homotopy-prolongation

The homotopy-prolongation of ¢ : &€ — J §( (E) is the homotopy Cartesian diagram

RPri (&) — LJ*+1(E)

| !

LJ (&) ﬂi LJY(LJ*(E)),

using natural transformation L7*+1 (=) — LJ?! (ij(_)),

Proposition

If € — J;“( (E) is a quasi-smooth PDE of order < k, then
RPryi (&) — J*TH(E)
is a quasi-smooth closed immersion of order < k 4+ 1. Moreover,

to(RPr1(&)) ~ LJt(€) X 71 1% (B) JEFL(E).

Trpr, () =~ cone(Tg & TryiLore) — T rg)[—1].
15 RZ(g1,- -+ 9e, D191, - - -, Dnge) © LIETY(A) where D; are the i-th total
derivatives.
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Derived 1-formal integrii

Definition (Tentative, (after Laumon, Moret-Bailly’ 2000))

Let ¢ : & — J&(E) be a quasi-smooth PDE of order < k. It is |-formally
integrable if it is an effective epimorphism (surjection on 7).

Roughly, to(p) : to(RPr1(&)) — to(€) is a surjective submersion of analytic
manifolds. ~ ~
For every classical point 6 of RPr; (&) with p(6) = 0:
@ dto(p)g : Tzto(RPr1(€)) — Tpto(€) is surjective;
o HY-surjectivity: no classical infinitesimal deformation of a solution jet is lost
when passing to the prolongation.

For £ > 0, define the ¢-th homotopy-prolongation by
RPr;(€) := RPr1 (RPr;_q(E)).
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Six

Definition (Tentative, (after Laumon, Moret-Bailly’ 2000))

Let ¢ : & — J&(E) be a quasi-smooth PDE of order < k. It is |-formally
integrable if it is an effective epimorphism (surjection on 7).

Roughly, to(p) : to(RPr1(&)) — to(€) is a surjective submersion of analytic
manifolds. ~ ~
For every classical point 6 of RPr; (&) with p(6) = 0:

@ dto(p)g : Tzto(RPr1(€)) — Tpto(€) is surjective;

o HY-surjectivity: no classical infinitesimal deformation of a solution jet is lost
when passing to the prolongation.

For £ > 0, define the ¢-th homotopy-prolongation by
RPr;(€) := RPr1 (RPr;_q(E)).

Questions

o What are the obstructions to homotopy-prolongation?

o Is there a quasi-smooth Cartan—K&hler theorem?
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Recollections: the codiﬁ'

Let f: X — Y be a morphism of complex analytic manifolds.
Denote by 7 : T*X — X the cotangent bundle with coordinates (z; ).
Recall the ‘microlocal’ correspondence:

X 4 X xy Ty 5 Ty (6)

Explicitly, fq(z; (f(2);€)) = (z; f*¢) and fr (z; (f(2);€)) = (f(z);€).

Arinkin-Gaitsgory gave an ‘H!-version’, in terms of singularity schemes.
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Relations and the singula

There is a canonical map
p:RPri(€) — &.

We have a correspondence
Sing(RPr1(€)) L X x¢ Sing(€) £=» Sing(€). (7

This may be used to relate support conditions.
We have the fundamental triangle

Le/x ®6, Orpr(g) = Lapr (8),/x — Lepr g)7e = (Leyx ®6, Orpry(e))[1]-
The singular codifferential is

Sing(p) : Sing(€) xg RPr1(€) — Sing(RPr1(€)).

The singular codifferential Sing(p) is a closed embedding. l
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Idea of the proof

For each point 0 of RPri(€) the map

(dpg)* : H™ " (Lg (o)) — H ™" (Lrpry (e),0)

is injective. This follows from the cotangent fiber sequence above and the
quasi-smoothness of €.
Dually, this means that

H(Tgpy, &)) = H' (p*Tg)

is surjective.

GDEQ Seminar



Singularity categori

Outline

@ Singularity categories
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Ind-coherent sheaves and su

For a quasi-smooth space X, set

IndCoh(X) := Ind(Coh(X)).

If X ~ X is smooth, then

IndCoh(X) ~ QCoh(X).

For a closed C*-conic subset A C Sing(X), define

IndCohp (X) := {F € IndCoh(X) : SingSupp(F) C A}.
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Singularity category of a PD

Let € be a quasi-smooth PDE of order < k. There are well-defined IndCoh(€) and
Sing(€).

Fix a conical subset A C Sing(€). Let €*" be the analytification. The singularity
category of the differential equation is

8ing, (€) := IndCohp (E27).

Jacob Kryczka GDEQ Seminar



Reminder

Prolongation and mal integr:

Singularity cate

Singularity category of a PD

Let € be a quasi-smooth PDE of order < k. There are well-defined IndCoh(€) and
Sing(€).

Fix a conical subset A C Sing(€). Let €*" be the analytification. The singularity
category of the differential equation is

8ing, (€) := IndCohp (E27).

* In reality, we form a quotient by QCoh, but for our purposes this is enough!
There is a canonical functor

p* : 8ing, (€) — Sing, (1) (RPr1(E)).
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. = Summary

Two different (but related) geometric constructions.

Classical PDE theory For a PDE £ C J¥(E), linearisation and the principal
symbol determine its characteristic variety:

Char(4g) C T*X.

It describes characteristic covectors governing the propagation of singularities of
solutions of the linearised equation.

Singularity theory of quasi-smooth spaces

For a quasi-smooth derived equation € (refining the usual zero-locus) we had
Sing(€).

We can study a varying family of support conditions {A C Sing(&€)} which
describe the directions in which coherent objects fail to be perfect.

Question

Can the singularity geometry of a PDE be related to its classical characteristic
geometry?

Can prolongation induce a natural transformation between these two types of
characteristic data?
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Extracting invariants from si

Compute categorical invariants.
One useful invariant is periodic cyclic homology:

H P, (IndCohy (2)).

Microlocal Feigin—Tsygan principle (Schefers). In the appropriate
quasi-smooth setting,

| HP, (IndCohy (2)) ~ H,(Z), |

microlocal homology.

Work in progress

Compute H P, (IndCohA(Ea“)) and interpret the homology theory in terms of
horizontal cohomologies of tg(&).
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All done

Thank you for your attention!
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