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Singularities of PDEs: Two reconstruction problems

Let E be a system of PDEs of order ≤ k, let Σ be a type of singularity, and let EΣ

be the PDE whose solutions are the solutions of E with Σ-type singularities.

There are two classes of singularities:

(i) Keep (R-)manifolds smooth. Consider a fiber bundle π : E →M and W an
n-dimensional (maximal) integral submanifold of Cartan distribution on

Jk
ME. One is studying singularities of πk

k−1|W : W → Jk−1
M (E).

(ii) Allow R-manifolds / equation manifolds themselves to be singular.

Class (i) leads to the first type of reconstruction problem (due to A.M
Vinogradov, 1986):

Given (Σ,EΣ), find E.

For which Σ and E is reconstruction unique?

Today: The questions we have in mind relate to class (ii):

(a) What information about E is encoded by its singularities?

(b) Can we attach invariants to these singularities that distinguish equations?
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Set-up
Fix n,m > 0 and k ≥ 0.

Analytic PDE of order ≤ k in n variables and m functions: an open subset

Uk ↪→ Cn ×
∏︂

|σ|≤k

Cm,

together with a coherent ideal Ik ⊂ OUk
. Equivalently, a closed analytic

subscheme
Z0 =

(︁
|Z0|,OZ0

)︁
↪→ Jk

X(E),

for X a complex n-manifold and E → X a holomorphic vector bundle of rank m.

If Z0 is cut out by N equations, present it as the zero locus of a bundle map
FP : Jk

X(E)→ V (rankV = N):

EFP
Jk
X(E)

X V.

ι

FP

0V

Impose regularity conditions so that equation manifolds are smooth.

Question

What happens if we relax this and allow the equation manifold itself to be singular?

Jacob Kryczka GDEQ Seminar
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Regularity conditions
Let ξ : E →M be a vector bundle and F : Γ(π)→ Γ(ξ) be a nonlinear differential
operator. View it also as a section F ∈ Γ(π∗

∞(ξ)), of the induced vector bundle
π∞(ξ) over J∞(π) :

J(F ) : J∞(π)→ J∞(ξ), [s]∞x ↦→
[︁
F (s)

]︁∞
x
.

Let E = E(F ) be the differential equation defined by F,

E(F ) = ker(J(F )) := {θ ∈ J∞(π)|J(F )(θ) = 0}. (1)

Locally, F = (F1, . . . , FN ) with Fℓ = Fℓ(xi, p
j
σ), then (1) is the infinite

prolongation of the system ⎧⎪⎪⎨⎪⎪⎩
F1 = 0

...

FN = 0.

Let IE ⊂ F(π) be the ideal defined by (1).

Definition

The PDE EF is regular with respect to F = (F1, . . . , FN ) if:

The ideal IE is generated by DI(Fℓ), 1 ≤ ℓ ≤ N, 0 ≤ |I| < ∞ (differentially
finitely-generated).

Λ1 is projective. This implies Λ
1
,CΛ1 are both projective.

Jacob Kryczka GDEQ Seminar
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A mild generalization: quasi-smooth equations
Suppose the equation is locally described by a section

s : Jk(E) −→ V

of a vector bundle. Its classical solution locus is

E0 = {s = 0} ⊂ Jk(E).

In the transverse case, E0 is smooth, but we drop this condition.

Guiding principle

Replace the smooth equation manifold by a quasi-smooth equation manifold:

E0 = F−1(0) ⊂ Jk
ME,⇝ RZ(F ) =: E + Sing(E).

Quasi–smooth: A space E is quasi–smooth if it has a cotangent complex LE in
degrees [−1, 0] :

(Zariski-locally) it is O⊕m → O⊕n in degrees −1, 0;
It is expressible as

E An

{0} Am.

f ⇒ LE ≃ [km
df∨
−−−→ kn].

Jacob Kryczka GDEQ Seminar
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Categorical reconstruction

Let X be a smooth projective variety. Consider its bounded derived category of
coherent sheaves:

Db
coh(X) := Db

(︁
Coh(X)

)︁
.

Bondal–Orlov. If KX is ample or anti-ample, then X is determined up to
isomorphism by Db

coh(X).

Q. Can a category attached to a PDE E ↪→ Jk(En+m, n) determine the equation’s
geometry, and vice versa?

Different spaces may have equivalent categories: a geometric transformation can
become a categorical equivalence.

X Y
derived equivalence

Db
coh(X) Db

coh(Y )

Q. Could two PDEs have equivalent categorical geometry even when no point
transformation or classical Bäcklund transformation connects them? (S. Igonin)
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Further evidence: categories encode geometry

Let k be algebraically closed. Non-commutative algebraic geometry studies
k-schemes and varieties via

Db(X) := Db(Coh(X)),

as a replacement for the underlying space.

It can reflect structure (e.g orientations) and properties (e.g. smooth, properness)
of a variety.

1 X is smooth and proper ⇐⇒ Perf(X) is smooth and proper.

2 If X is a smooth projective K3 surface (OX ≃ KX), then Db
coh(X) is

2-Calabi–Yau.

3 If X,Y are smooth projective and Db
coh(X) ≃ Db

coh(Y ), then X is
hyperkähler ⇐⇒ Y is hyperkähler.

4 If X is a complex analytic space, then Perf(X) smooth and proper ⇐⇒ X is
algebraizable.

Q. Can something interesting be said for differential equations?
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How should we study the singularities of an equation?

Let Z be a possibly singular space.

Categorical approach

Study the singularities of Z through the behaviour of coherent sheaves on Z.

Serre’s criterion. A noetherian scheme X is regular if and only if every coherent
sheaf E admits a finite locally free resolution:

0→ V n → V n−1 → · · · → V 1 → V 0 → E.

Equivalently, Perf(X) = Db
coh(X).

For a singular space X this equality fails; Perf(X) ⊆ Db
coh(X).

The failure of coherent sheaves to be perfect detects the singularities of the
underlying space.

Jacob Kryczka GDEQ Seminar
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The category of singularities

Category of singularities is designed to measure the ’excess’:

Dsg(X) :=
Db

coh(X)

Perf(X)
.

Here:

Db
coh(X) consists of bounded coherent complexes;

Perf(X) consists of complexes locally represented by bounded complexes of
vector bundles.

Thus Dsg(X) discards objects admitting finite locally free resolutions, retaining
only those which give obstructions to smoothness.

Fundamental property

For a noetherian scheme of finite type over a field,

Dsg(X) = 0 ⇐⇒ X is regular.

In other words, excess vanishes if and only if X is regular.

Jacob Kryczka GDEQ Seminar
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Classical invariants of hypersurface singularities

Let U be a smooth variety over C and f : U → A1
C.

If f has isolated singularities, the Milnor number

µ(f) := dimCOU/(∂1f, . . . , ∂nf)

is an invariant of the singularity.

We compare two refined invariants:

1 a cohomological invariant: cohomology of vanishing cycles;

2 a categorical invariant: the Eisenbud–Orlov category of singularities,
equivalently the category of matrix factorizations MF(U, f).

Jacob Kryczka GDEQ Seminar
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Serre and Eisenbud: finite resolutions and 2-periodicity

Eisenbud. Let A be a regular local ring, f ∈ A, and R = A/(f). Then every
minimal R-projective resolution of a finitely generated R-module M becomes
2-periodic after dimA+ 1 steps:

· · · → F → Q→ F → Q→ Vn → · · · → V0 →M.

Tool of matrix factorizations are to give a presentation of this 2-periodic tail.
R regular local ring, f ∈ R nonzero divisor consider
Z(f) := Spec(R/f) ↪→ Spec(R).

MF(U, f) :=

{︃
Q↔ P : δ0δ1 = δ1δ0 = f

}︃
.

Jacob Kryczka GDEQ Seminar
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Category of singularities and Orlov’s theorem

Let U be smooth affine, f : U → A1 regular, and U0 = f−1(0).

The category of singularities is the Verdier quotient

Dsg(U0) :=
Db

coh(U0)

Perf(U0)
.

Matrix factorizations MF(U, f) capture the 2-periodic part of the resolution after
the finite vector-bundle resolution.

Orlov

Let U be a scheme over C, f : U → A1 flat, and assume the only critical value of f
is 0. Then Perf(X) ↪→ Db

coh(X)→ Dsg(U0) ≃ MF(U, f):

MF(U, f) −→ Dsg(U0), (E1, E0, δ0, δ1) ↦−→ coker δ0

is an equivalence of triangulated categories.

Idea: MF(U, f) controls all singularities of hypersurface U0 ⊆ U. The statement
adapts when f has more critical values, and to f = (f1, . . . , fr).
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Singular support: location and direction

Many objects in mathematics have a notion of smoothness and of singularity. A
singular support records the location of singularities and also remembers in which
direction they occur.

Ex.0 Wavefronts of generalized functions.

Ex.1 Sheaves on manifolds.

Ex.2 Linear PDEs.

Ex.3 Nonlinear PDEs: characteristic varieties.

Ex.4 Derived characteristic variety: cohomological support of the tangent complex
of a PDE.

Our aim: pass from Ex.3 to Ex.4 in the mildest possible way.

Ex.5 Arinkin–Gaitsgory support of coherent sheaves: measures how far a coherent
complex is from being a perfect complex.

Rough idea: if a space Z is singular, we can detect/observe its singularities by
studying sheaves on it, together with their singular supports.

Jacob Kryczka GDEQ Seminar
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Singular support: where and in which directions?

The category of singularities detects failure of regularity. Can we refine this
information?

Singular support theory. For a quasi-smooth derived space Z, one associates a
classical space of singular directions

Sing(Z).

For a coherent object F , its singular support

SS(F) ⊆ Sing(Z)

records the directions in which F fails to be perfect.

Analogy

Wavefront sets record where a distribution is singular and in which cotangent
directions.

Singular support of coherent complexes records where and in which singular
directions their homological behaviour fails to be regular.
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Categories of singularities with support conditions

Let Z be quasi-smooth and let Λ ⊆ Sing(Z) be a conical closed subset.

Consider the category

IndCohΛ(Z),

the category of ind-coherent sheaves on Z whose singular support is contained in
Λ:

SS(F) ⊆ Λ.

Why IndCoh? For singular spaces, Coh and QCoh have different homological
behaviour.

IndCoh(Z) := Ind
(︁
Coh(Z)

)︁
.

Krause: If Z is smooth, IndCoh(Z) is the category of injective complexes.
Z smooth: Perf(Z) = Coh(Z), hence IndCoh(Z) = QCoh(Z).

Central object

(Z,Λ) ↦−→ IndCohΛ(Z).

We want to understand the geometry of Z through this category.

Slogan: the more singular Z, the farther IndCoh(Z) is from QCoh(Z).
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Towards singularity categories of differential equations

Can we study a differential equation through the category of its
singularities?

Plan of the talk.

1 Homological algebra: cdgas, Koszul complexes, cotangent complexes, and
homotopical jet functors.

2 Quasi-smooth PDEs: singular schemes and homotopy-prolongation.

3 Singularity categories of PDEs: basic properties, examples, and open
questions.

Based on:

Derived Moduli Spaces of Non-linear PDEs: Singular Propagations,
Kryczka–Sheshmani–Yau, Adv. Math. 2026.

Derived Moduli Spaces of Non-linear PDEs: Variational Bicomplex and the
BV Formalism, Kryczka–Sheshmani–Yau, Moduli (Compos. Math.) 2026.
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Commutative dg-algebras

A commutative differential-graded C-algebra is a triple

A• :=
(︁
A♯, µA, dA

)︁
,

where A♯ =
⨁︁

i A
i with Ai ∈ Modk, with multiplications

µA : Ai ⊗k Aj → Ai+j ,∀i, j,

and unit element 1A ∈ A0 (degree zero) with k-linear differential:

dA : Ai → Ai+1, dA ◦ dA = 0.

The differential dA is a graded derivation with respect to multiplication:

dA(a ·A b) = dA(a) ·A b+ (−1)deg(a)a · dA(b).

A dg-algebra A• is discrete if Ai ≃ 0, for all i ̸= 0.
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Cdga’s
To any commutative dg-algebra A• we have its cohomology algebra:

H∗(A•) :=
⨁︂
i

Hi(A•), Hi(A•) := ker(diA)/im(di−1
A ).

The cohomology ring H∗(A•) is a graded commutative k-algebra.
Morphisms: f : A• = (A♯, ·A, dA)→ B• = (B♯, ·B , dB) preserve differentials and
multiplication:

f ◦ dA = dB ◦ f : Ai → Bi+1, f(a ·A b) = f(a) ·B f(b) ∈ Bi+j .

Quasi-isomorphisms: A morphism f : A• → B• is a quasi-isomorphism
(weak-equivalence) if it induces an isomorphism H∗(A•) ∼= H∗(B•).

Definition

A derived C-scheme is a pair X = (X,O•
X) where X is a topological space and O•

X is a
sheaf of cdga’s such that:

t0(X) = (X,H
0
(O•

X)
)︁

is a usual scheme/variety (classical truncation) and Hi(O•
X) are quasi-coherent

H0(O•
X)-modules.

A affine is Spec(A•), so t0(Spec(A•) ≃ Spec
(︁
H0(A•)

)︁
.

Jacob Kryczka GDEQ Seminar
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Differential–graded modules

Let A• be a commutative dg-algebra over k.

A differential–graded A•-module M• is a complex of k-modules
M• = (M♯, dM ) with a multiplcation:

(A⊗k M)• →M•,

compatible with differentials.
Explicitly, for all i, j there are k-bilinear maps

ν : Ai ×Mj →M i+j ,

such that 1Am = m and

(a ·A b)m = a(bm), dM (am) = dA(a)m+ (−1)deg(a)adM (m).

A morphism f : M• → N• is A•-linear and compatible with differentials.

A morphism of dg-A•-modules is a quasi-isomorphism if it inducess an
isomorphism in cohomologies: H∗(M•) ∼= H∗(N•).
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Explicitly, for all i, j there are k-bilinear maps

ν : Ai ×Mj →M i+j ,

such that 1Am = m and

(a ·A b)m = a(bm), dM (am) = dA(a)m+ (−1)deg(a)adM (m).

A morphism f : M• → N• is A•-linear and compatible with differentials.

A morphism of dg-A•-modules is a quasi-isomorphism if it inducess an
isomorphism in cohomologies: H∗(M•) ∼= H∗(N•).
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Cotangent complexes

Let R• → A• be a morphism in cdgak.

The complex of Kahler differentials: Ω1
A•/R• ∈ DGMod(A•), defined by setting:

Ω1
A•/R• := I/I2, I := ker

(︁
(A⊗R A)• → A•)

)︁
.

The cotangent complex of A• is the object:

LA/R :=
(︁
Ω1

A/R ⊗QA A
)︁• ∈ DGMod(A•).

By construction: H0
(︁
LA·/R·

)︁
≃ Ω1

H0(A·)/H0(R·)
.

Any f : A• → B• induces: A⊗L
B LB → LA → Lf ,

Globalize: to any morphism f : X → Y of derived schemes, the relative cotangent
complex is given by the distinguished triangle

LY/C ⊗L
OY
OX → LX/C → LX/Y →

(︁
LY/C ⊗L

OY
OX

)︁
[1].

Upshot: In the world of derived algebras (i.e. cdga’s) we can study arbitrary
intersections (higher Tor’s) which have well-behaved tangent complexes.

Jacob Kryczka GDEQ Seminar



Introduction
Reminders: homological algebra

Quasi-smooth PDEs
Prolongation and formal integrability

Singularity categories
Summary

Cotangent complexes

Let R• → A• be a morphism in cdgak.

The complex of Kahler differentials: Ω1
A•/R• ∈ DGMod(A•), defined by setting:

Ω1
A•/R• := I/I2, I := ker

(︁
(A⊗R A)• → A•)

)︁
.

The cotangent complex of A• is the object:

LA/R :=
(︁
Ω1

A/R ⊗QA A
)︁• ∈ DGMod(A•).

By construction: H0
(︁
LA·/R·

)︁
≃ Ω1

H0(A·)/H0(R·)
.

Any f : A• → B• induces: A⊗L
B LB → LA → Lf ,

Globalize: to any morphism f : X → Y of derived schemes, the relative cotangent
complex is given by the distinguished triangle

LY/C ⊗L
OY
OX → LX/C → LX/Y →

(︁
LY/C ⊗L

OY
OX

)︁
[1].

Upshot: In the world of derived algebras (i.e. cdga’s) we can study arbitrary
intersections (higher Tor’s) which have well-behaved tangent complexes.

Jacob Kryczka GDEQ Seminar



Introduction
Reminders: homological algebra

Quasi-smooth PDEs
Prolongation and formal integrability

Singularity categories
Summary

Cotangent complexes

Let R• → A• be a morphism in cdgak.

The complex of Kahler differentials: Ω1
A•/R• ∈ DGMod(A•), defined by setting:

Ω1
A•/R• := I/I2, I := ker

(︁
(A⊗R A)• → A•)

)︁
.

The cotangent complex of A• is the object:

LA/R :=
(︁
Ω1

A/R ⊗QA A
)︁• ∈ DGMod(A•).

By construction: H0
(︁
LA·/R·

)︁
≃ Ω1

H0(A·)/H0(R·)
.

Any f : A• → B• induces: A⊗L
B LB → LA → Lf ,

Globalize: to any morphism f : X → Y of derived schemes, the relative cotangent
complex is given by the distinguished triangle

LY/C ⊗L
OY
OX → LX/C → LX/Y →

(︁
LY/C ⊗L

OY
OX

)︁
[1].

Upshot: In the world of derived algebras (i.e. cdga’s) we can study arbitrary
intersections (higher Tor’s) which have well-behaved tangent complexes.

Jacob Kryczka GDEQ Seminar



Introduction
Reminders: homological algebra

Quasi-smooth PDEs
Prolongation and formal integrability

Singularity categories
Summary

Cotangent complexes

Let R• → A• be a morphism in cdgak.

The complex of Kahler differentials: Ω1
A•/R• ∈ DGMod(A•), defined by setting:

Ω1
A•/R• := I/I2, I := ker

(︁
(A⊗R A)• → A•)

)︁
.

The cotangent complex of A• is the object:

LA/R :=
(︁
Ω1

A/R ⊗QA A
)︁• ∈ DGMod(A•).

By construction: H0
(︁
LA·/R·

)︁
≃ Ω1

H0(A·)/H0(R·)
.

Any f : A• → B• induces: A⊗L
B LB → LA → Lf ,

Globalize: to any morphism f : X → Y of derived schemes, the relative cotangent
complex is given by the distinguished triangle

LY/C ⊗L
OY
OX → LX/C → LX/Y →

(︁
LY/C ⊗L

OY
OX

)︁
[1].

Upshot: In the world of derived algebras (i.e. cdga’s) we can study arbitrary
intersections (higher Tor’s) which have well-behaved tangent complexes.

Jacob Kryczka GDEQ Seminar



Introduction
Reminders: homological algebra

Quasi-smooth PDEs
Prolongation and formal integrability

Singularity categories
Summary

Cotangent complexes

Let R• → A• be a morphism in cdgak.

The complex of Kahler differentials: Ω1
A•/R• ∈ DGMod(A•), defined by setting:

Ω1
A•/R• := I/I2, I := ker

(︁
(A⊗R A)• → A•)

)︁
.

The cotangent complex of A• is the object:

LA/R :=
(︁
Ω1

A/R ⊗QA A
)︁• ∈ DGMod(A•).

By construction: H0
(︁
LA·/R·

)︁
≃ Ω1

H0(A·)/H0(R·)
.

Any f : A• → B• induces: A⊗L
B LB → LA → Lf ,

Globalize: to any morphism f : X → Y of derived schemes, the relative cotangent
complex is given by the distinguished triangle

LY/C ⊗L
OY
OX → LX/C → LX/Y →

(︁
LY/C ⊗L

OY
OX

)︁
[1].

Upshot: In the world of derived algebras (i.e. cdga’s) we can study arbitrary
intersections (higher Tor’s) which have well-behaved tangent complexes.

Jacob Kryczka GDEQ Seminar



Introduction
Reminders: homological algebra

Quasi-smooth PDEs
Prolongation and formal integrability

Singularity categories
Summary

Cotangent complexes

Let R• → A• be a morphism in cdgak.

The complex of Kahler differentials: Ω1
A•/R• ∈ DGMod(A•), defined by setting:

Ω1
A•/R• := I/I2, I := ker

(︁
(A⊗R A)• → A•)

)︁
.

The cotangent complex of A• is the object:

LA/R :=
(︁
Ω1

A/R ⊗QA A
)︁• ∈ DGMod(A•).

By construction: H0
(︁
LA·/R·

)︁
≃ Ω1

H0(A·)/H0(R·)
.

Any f : A• → B• induces: A⊗L
B LB → LA → Lf ,

Globalize: to any morphism f : X → Y of derived schemes, the relative cotangent
complex is given by the distinguished triangle

LY/C ⊗L
OY
OX → LX/C → LX/Y →

(︁
LY/C ⊗L

OY
OX

)︁
[1].

Upshot: In the world of derived algebras (i.e. cdga’s) we can study arbitrary
intersections (higher Tor’s) which have well-behaved tangent complexes.

Jacob Kryczka GDEQ Seminar



Introduction
Reminders: homological algebra

Quasi-smooth PDEs
Prolongation and formal integrability

Singularity categories
Summary

A simple example: a derived thickening of the origin

Let A = C[x] and B = A/(x) ∼= C. Consider the derived self-intersection

B ⊗L
A B.

Koszul resolution
Resolve B as an A-module:

KA(x) =
[︂
A

x−−→ A
]︂
.

Tensoring with B gives

B ⊗A KA(x) =
[︂
B

0−−→ B
]︂
.

Hence

TorAi (B,B) =

{︄
C i = 0, 1,

0 otherwise.

Ordinary versus derived
The ordinary tensor product sees only

B ⊗A B ∼= C.

The derived tensor product remembers

B ⊗L
A B ≃ C⊕ C[1]

(as a graded vector space).

Moral: The derived intersection
retains the hidden Tor-information.
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Examples

Let L,L′ ↪→M be smooth subvarieties in a smooth variety M.

L×h
M L′ :=

(︁
L ∩ L′,OL ⊗L

OM
OL′

)︁
.

Its tangent complex:

TL×h
M

L′,s =
[︁
TL,s ⊕ TL′,s → TM,s

]︁
in degrees 0, 1.

H0(TL×h
M

L′,s = TL∩L′,s while H1 encodes the failure of transversality.
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Examples

f : X → A1 a function on a smooth scheme.

Its derived critical locus:
RCrit(f) X

X T ∗X

df

0X

Derived ring of functions modelled by[︁
· · · ∧2 TX → TX → OX

]︁
,

with differential d := idf given by contraction with df.

H0(ORCrit(f)) ≃ OX/(∂1f · · · ∂nf).

Note. In general RCrit(f) and Z(f) do not coincide.
Even in these cases, tangent complexes can have non-trivial structure (e.g.
Z(f : A2

[x,y]
→ A1

[t]
, f(x, y) = xy (Compute C⊗1

C[t] C[x, y], via a Koszul resolution

of C over C[t]).
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Let E →M be a vector bundle. Fix s : M → E a global section (s ∈ H0(M,E)).

Consider:
RZ(s) M

M E

s

0M

Derived zero locus: take usual scheme-theoretic zero locus iZ : Z(s) ↪→M and the
pull-back of dg-algebra of functions on total space of E:

M ×h
E M =

(︁
Z(s), i−1

Z Sym•(E∨[1]), s♭
)︁
.

s♭: the operator of contraction with s.
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Koszul cdga’s
R : a commutative algebra over k, with f = (f1, . . . , fr) ∈ R.

K•(R, f) :
(︁⋀︁•(R⊕r), d

)︁
:

0→ ∧rR⊕r → ∧r−1R⊕r → · · · → ∧2R⊕r → R⊕r → 0.

d(e1 ∧ · · · ∧ ej) =
∑︂

1≤i≤j

(−1)i+1(fi)ei ∧ · · · ∧ êi ∧ · · · ∧ ej .

Properties:

1 K•(R, f) is a commutative dg-R-algebra.

2 K•(R, f) ≃ [R
f−→ R] in R−Mod i.e K•(R, f)

≃−→ R/(f) if and only if f is a
non-zero divisor.⨂︁r

i=1 K•(R, fi)
≃−→ K•(R; f).

3 If (g1, . . . , gm) generates the same ideal as f, then

K•(R, f)
≃−→ K•(R; g)

i.e. H∗(K•(R; f)) ∼= H∗
(︁
K•(R, g)

)︁
.

4 Augmented: there is a map K•(R; f)→ R/(f1, . . . , fr) such that

H0

(︁
K•(R; f)

)︁
≃ R/(f).

Suggests: K• are functions on derived enhancement of the classical space
Spec(R/(f)).
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Quasi–smoothness
A sequence (f1, . . . , fN ) of elements of A determines a homomorphism
C[T1, . . . , TN ]→ A, given by Ti ↦→ fi, i = 1, . . . , N.

Koszul complex: the derived tensor product,

KA(
⟨︁
f
⟩︁
)

≃−→ A⊗L
C[T1,...,Tn] C[T1, . . . , Tn]/

⟨︁
T1, . . . , Tn

⟩︁
.

Remark

Derived geometrically, the Koszul complex can be seen as the dg-ring of functions on a
certain derived sub-scheme of Spec(A).

Let A• be a simplicial ring or cdga.
Fix

⟨︁
f
⟩︁
:= (f1, . . . , fn) ∈ A•, i.e. a collection of points of the underlying space of

A•, and consider the homotopy-pushout:

C[T1, . . . , Tn] A•

C[T1, . . . , Tn]/
⟨︁
T
⟩︁

A•//
⟨︁
f
⟩︁
.

f

(2)

Fact. π0

(︁
A•//

⟨︁
f
⟩︁)︁
≃ π0(A•)/

⟨︁
f
⟩︁
.
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Let A• be a simplicial ring or cdga.
Fix

⟨︁
f
⟩︁
:= (f1, . . . , fn) ∈ A•, i.e. a collection of points of the underlying space of

A•, and consider the homotopy-pushout:

C[T1, . . . , Tn] A•

C[T1, . . . , Tn]/
⟨︁
T
⟩︁

A•//
⟨︁
f
⟩︁
.

f

(2)

Fact. π0

(︁
A•//

⟨︁
f
⟩︁)︁
≃ π0(A•)/

⟨︁
f
⟩︁
.
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Quasi–smoothness II

A closed immersion of derived schemes: i : X→ Z means the underlying classical
map of schemes X = t0(X)→ t0(Z) is a closed immersion.

Definition

A quasi-smooth closed immersion is a morphism of the form
Spec(A•//(f1, . . . , fn)) ↪→ Spec(A•).

All quasi-smooth closed immersions are affine-locally of this form.

A quasi-smooth map between classical schemes is the same as a local
complete intersection map of schemes.

A quasi-smooth closed immersion between classical schemes is the same as a
(Koszul) regular immersion: Spec(A/I) ↪→ Spec(A) with A smooth and I an
ideal in A generated by Koszul regular sequence (a1, . . . , ar) ∈ Ar.

These notions allow us to study differential equations which are zero-loci of
not-necessarily regular sequences of functions on (dg)-jet schemes.
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Homotopical jet functors I

Fix k ∈ N.
The k-jet functor of A• ∈ cdgaC:

LJk(A•) : cdgak → Spc

sending R• to an ∞-groupoid Maps
(︁
A•, R• ⊗L

C C[x]/(xn+1)
)︁
.

Usual intuition: This gives R•-valued families of truncated Taylor expansions of
elements of A•.
It is corepresented by an object LJk(A•) in cdga.

Lemma (K-SY)

LJk is a left-adjoint,

If X is a smooth classical scheme of finite type so is LJk(X).

In particular, π0

(︁
LJk(A)

)︁
≃ J k

(︁
π0(A)

)︁
.

LJk
(︁
C[x1, . . . , xd]

)︁
≃ Jk

(︁
C[x1, . . . , xd]

)︁
= C

[︁
x
(σ)
i ||σ| ≤ k

]︁
. (3)

This is the standard k-jet C-scheme, whose elements are differential polynomials.
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Homotopical jet functors II

Lemma (K-SY)

For every k ≤ ℓ ≤ ∞, there are canonical jet-projection maps LJ ℓ(X) → LJ k(X).

Dually, we obtain π∗
ℓ,k : LJ k(A•) → LJ ℓ(A•).

By general properties of cotangent sequences: we have an induced map

LLJk(A•)/C ⊗
L
LJk(A•)

LLJ ℓ(A•)/C → LLJ ℓ(A•)/C.

Lemma (K-SY)

If i : X→ Z is a quasi–smooth closed immersion, then for any k ∈ N,

LJ k(i) : LJ k(X)→ LJ k(Z),

is quasi–smooth closed immersion.
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Useful result

Theorem (K-SY)

Let A•//(f1, . . . , fr) be a Koszul cdga of functions. Then,

LJk
(︁
A•//(f1, . . . , fr)

)︁ ≃−→ LJk(A•)//(f
(σ)
1 , . . . , f

(σ)
r

)︁
,

is an equivalence.
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Idea of proof

Since LJ k(X) ≃ Jk(X) for a classical C-scheme X we have that

LJ k
(︁
C[T1, . . . , Tn]

)︁
≃ Jk

(︁
C[T1, . . . , Tn]

)︁
≃ C[T, T (1), . . . , T (k)],

and thus

LJ k
(︁
(2)

)︁ ≃−→
C[T, T (1), . . . , T (k)] LJ k(A•)

Jk(C) LJ k(A•//
⟨︁
f
⟩︁
).

LJk(f)

Via abstract nonsense: this diagram is also a homotopy push-out!

LJ k(f) : C[T, T (i)
j ]→ LJ k(A•),

is given by Ti ↦→ fi and T
(j)
i ↦→ f

(j)
i , for , i = 1, . . . , n, j = 1, . . . , k.
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Example

Let A = C[x]/(x2) be the classical non-reduced point. Its first jet algebra is

J1(A) = C[x, x(1)]/(x2, 2xx(1)).

The derived jet is the Koszul cdga

LJ1(A) = C[x, x(1)]//(x2, 2xx(1)) = K•
(︁
x2, 2xx(1)

)︁
.

The sequence (x2, 2xx(1)) is not regular: in R/(x2) one has x · (2xx(1)) = 0.
Koszul homology:

π0(LJ
1(A)) = J1(A), π1(LJ

1(A)) = H1(K•) ≃ C[x(1)].

Hence LJ1(A) is not classical.
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Systems of NLPDEs

A system of N differential equations for a vector-valued function u = (u1, . . . , um)
of variables x = (x1, . . . , xn) is:

Zk :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
F1(x, u,

∂u
∂x

, . . . , ∂ku
∂xk , . . . , ∂|σ|u

∂xσ
) = 0,

...

FN (x, u, ∂u
∂x

, . . . , ∂ku
∂xk , . . . , ∂|σ|u

∂xσ
) = 0.

(4)

Derivatives uα
σ := ∂|σ|uα

∂xσ
, for α = 1, . . . ,m: multi-index notation

σ = (σ1, . . . σn) ∈ Nn with length |σ| := σ1 + · · ·+ σn ≤ k (order).
Simplifying assumption: The orders of each FA, A = 1, . . . , N are the same.
• Zk is the zero locus of (4) in k-jet space Jk

XE
dim = n+m

(︃
n+ k
k

)︃ ∋ (xi, uα, uα
σ ) i.e.

OZk
= OJk

X
E/Ik,with Ik = span{(4)}.

Remark 1. The structure sheaf OJk
X

(E) is the k’th-jet sheaf Jk(E∨).
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In local charts

Consider ιk : Zk = {F (x, u, u[σ]) = 0} ↪→ Jk
X(E) :

TθJ
k
XE = span

{︁
v := ẋi ∂

∂xi
+ u̇α

σ

∂

∂uα
σ

}︁
, and TθZk = {v ∈ TθJ

k
XE|TF (v) = 0}.

A linear system for the coefficients of v:

n∑︂
i=1

∂F

∂xi
(θ) · xi +

∑︂
1≤α≤m,1≤σ≤ord(F )

∂F

∂uα
σ

(θ)u̇α
σ = 0.

The geometric symbol Nk, of Zk is the family of vector spaces:

(Nk)z := TzZk ∩ T
Jk
X

E/Jk−1
X

E,z
≃ Tπk

k−1
|Zk

, (relative tangents).

Coordinates

For Zk = {F = 0}, then Nk =
∑︁

1≤α≤m,|σ|=ord(F )
∂F
∂uα

σ
(θ)u̇α

σ = 0.

Jacob Kryczka GDEQ Seminar



Introduction
Reminders: homological algebra

Quasi-smooth PDEs
Prolongation and formal integrability

Singularity categories
Summary

Symbols and Characteristic Modules, Algebro-geometrically

Consider relative differentials of dg of holomorphic functions g ∈ OJℓ
X

E i.e.

d(g) ∈ Ω1

Jℓ
X

E/Jℓ−1
X

E
≃ OJℓ

X
E [ξ1, . . . , ξn]k, with (x; ξ) ∈ T ∗X.

Put OZr = OJr
X

E/Ir.

Order r symbol: Nr ⊂ ⊕αOZr [ξ1, . . . , ξn]rd(u
α), generated by classes dF mod Ir

of F ∈ Ir.
Symbol: the associated graded module generated by Nr.
Characteristic module: graded quotientM :=

⨁︁
r OZr [ξ1, . . . , ξn]/Nr.

∗ Alternatively, look at conormal Ir/I2r of Zr, as sub-sheaf of Ω1
Jr
X

E ⊗OZr . Then,

Mr ≃ Ω1
Zr/Zr−1

.

From Z∞ ⇒ F rZ := Zr ⊂ Jr
X(E),

OFrZ ⊗O
Fr−1Z

Ω
1
Fr−1Z/X

→ Ω
1
FrZ/X → Ω

1
FrZ/Fr−1Z

→ 0. (5)

Applying OZ∞ ⊗O(FrZ) (−):

OZ∞⊗O
Fr−1Z

Ω
1
Fr−1Z/X

→ OZ∞⊗OFrZ
Ω

1
FrZ/X → OZ∞⊗OFrZ

Ω
1
FrZ/Fr−1Z

→ 0.
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Quasi-smooth PDEs

Let E → X be a vector bundle and Jk
X(E) the k-jet bundle.

Definition

A quasi-smooth algebraic PDE of order ≤ k is a quasi-smooth closed immersion

ιE : E ↪→ LJk
X(E).

In particular, t0(E) ↪→ Jk
X(E) is PDE in the usual sense, with a closed embedding

t0(E) ↪→ E. The same definition works for analytic PDEs.

If E is quasi-smooth algebraic with analytification Ean, then Ean is
quasi-smooth analytic.
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(Zariski-)Local presentations

Proposition (K-SY)

Let ι : E ↪→ LJ k(X) be a quasi–smooth closed-immersion where X = Spec(A•) for a
simplicial C-algebra. Then, we can always write

E ≃ SpecC
(︁
LJ k

(A•)//
⟨︁
G
⟩︁)︁

, G :=
(︁
g1, . . . , gc

)︁
,

for a finite sequence of elements in LJ k(A•), such that

O•
E

∼−→ LJ k
(A•) ⊗L

C[T1,...,Tc]
C,

via the map TA ↦→ gA, A = 1, . . . , c.

E LJ k(X)

{0} Ac
C

ι

g

is a homotopy Cartesian diagram.
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’Higher’ information

π0(O•
E) ≃ π0

(︁
OLJk(X)

)︁
/
(︁
g1, . . . , gc

)︁
.

In general πi(O•
E
) are higher cohomologies of the Koszul sequence for the

functions (g1, . . . , gc).
Namely,

πi(O•
E) = H−i(K•

LJk(A•)
(G)

)︁
.

Thus, derived PDEs E carry higher cohomological information in the
π0(O•

E
)-modules πi(O•

E
).

Lemma

If A = C[x1, . . . , xd]/
⟨︁
f
⟩︁
, is a complete intersection algebra, so that f1, . . . , fc is a

regular sequence in C[x1, . . . , xd], then

π∗
(︁
LJ k(A)

)︁
≃ H∗(︁K•(f1, . . . , fc, f

(1)
A , . . . , f

(k)
A )

)︁
,

where f
(j)
A := (f

(j)
1 , f

(j)
2 , . . . , f

(j)
c ), where j = 1, . . . , k.
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Singular schemes of quasi-smooth PDEs

Definition

The singularity scheme of E is

SingX(E) := SpecOt0(E)

(︁
Sym∗(︁H1(TE)

)︁)︁
.

Via π : Sing(E)→ E the fibers π−1(x) over x in E are the vector spaces H−1(LE,x)
specifying how singular E is at x.

Fact

If E ≃ E is classical, then SingX(E) = ∅.

Support condition: a conical subset Λ ⊆ Sing(E).
Complexes of coherent sheaves F on E with support in Λ:

CohΛ(E).
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Singularity scheme of a quasi-smooth PDE
Let M be a smooth manifold, E, V →M vector bundles, and

F : Jk
M (E) −→ V

a system of r = rk(V ) PDEs. Write

Z0 := F−1(0), E := RZ(F ).

The derived zero locus is quasi-smooth, with cotangent complex

LE ≃
[︃
π∗V ∨ dF∨

−−−−→ π∗ΩJk
M

(E)

]︃
, degrees [−1, 0].

Since

H1(TE) = coker
(︂
TJk

M
(E)|Z0

dF−−−→ π∗V |Z0

)︂
,

we obtain the fibrewise description

Sing(E)θ = ker
(︂
dF∨

θ : V ∨
πk(θ)

−→ T ∗
θ J

k
M (E)

)︂
.

Interpretation

The fibre consists of linear relations among the differentials of the defining PDEs
at a solution θ. It is measuring the failure of dFθ : TθJ

k
M (E)|Z0 → Vπk(θ)

to be
surjective.
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Algebraic versus analytic singularities

Analytification preserves tor-amplitude, hence flatness.

Proposition

Let E be an algebraic quasi-smooth PDE of order ≤ k with quasi-smooth
analytification Ean. Then

SingX(E)an ≃ SingXan (Ean).

Idea: Property (LZ)an → Lan
Zan an equiv. in Perf(Zan) implies:(︁

Sym∗
OZ

(TZ)
)︁an ≃−→ Sym∗

OZan
(Tan

Zan ).(︁
Sym∗

OclZ
(H1(LZ))

)︁an ≃−→ Sym∗
OclZan

(H1(Lan
Zan )).

So we may pass freely between the algebraic and analytic pictures when
computing singular schemes.

Jacob Kryczka GDEQ Seminar



Introduction
Reminders: homological algebra

Quasi-smooth PDEs
Prolongation and formal integrability

Singularity categories
Summary

Outline

1 Introduction

2 Reminders: homological algebra

3 Quasi-smooth PDEs

4 Prolongation and formal integrability

5 Singularity categories

6 Summary

Jacob Kryczka GDEQ Seminar



Introduction
Reminders: homological algebra

Quasi-smooth PDEs
Prolongation and formal integrability

Singularity categories
Summary

Recollections: prolongation/projection

Forgetting derivatives gives a jet-tower:

· · · → Jk+ℓ
X E

πk+ℓ
k+ℓ−1−−−−−→ Jk+ℓ−1

X E → · · · → Jk
XE → Jk−1

X E → · · · → E → X.

Considering Zk = {F (x, u(x), ∂σ
xu(x) = 0} ↪→ Jk

XE, two main operations:

Projection: The r-fold projection, ρr(Zk) := πk
k−r(Zk) ⊆ Jk−r

X E.

Prolongation: pr1(Zk) := J1
X(Zk)×J1

X
(Jk

X
E) J

k+1
X E,

Put pk := πl|Zk
: Zk → X ⇒ Zk+r := prr(Zk) = Jr

X(pk) ∩ Jq+r
X E ⊆ Jq+r

X .

Remark 1. Neither ρr(Zk−r) nor Zk+r are smooth in general (not relevant for us).
Remark 2. More simply ρkZk ⊆ Zk−1 and pr1(Zk) ⊇ Zk+1(not equality!).

Remark 3. They are not inverse operations: take Zk ⊂ Jk
XE prolong Zk+r ⊆ Jk+r

X

and project back to Jk
XE, we only get ρrZk ⊆ Zk (not equality!).
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Homotopy-prolongation
The homotopy-prolongation of ι : E ↪→ Jk

X(E) is the homotopy Cartesian diagram

RPr1(E) LJk+1(E)

LJ1(E) LJ1
(︁
LJk(E)

)︁
,

LJ1(ι)

using natural transformation LJ k+1(−)→ LJ 1
(︁
LJ k(−)

)︁
.

Proposition

If E ↪→ Jk
X(E) is a quasi-smooth PDE of order ≤ k, then

RPr1(E) ↪→ Jk+1(E)

is a quasi-smooth closed immersion of order ≤ k + 1. Moreover,

t0(RPr1(E)) ≃ LJ1t0(E)×J1Jk
X

(E) J
k+1
X (E).

TRPr1(E) ≃ cone
(︁
TE ⊕ TLJ1(LJkE) → TJkE

)︁
[−1].

Ex. RZ
(︁
g1, . . . , gc, D1g1, . . . , Dngc

)︁
⊆ LJ k+1

X (A•) where Di are the i-th total
derivatives.
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Derived 1-formal integrability

Definition (Tentative, (after Laumon, Moret-Bailly’ 2000))

Let ι : E ↪→ Jk
X(E) be a quasi-smooth PDE of order ≤ k. It is 1-formally

integrable if it is an effective epimorphism (surjection on π0).

Roughly, t0(p) : t0(RPr1(E))→ t0(E) is a surjective submersion of analytic
manifolds.
For every classical point ˜︁θ of RPr1(E) with p(˜︁θ) = θ:

1 dt0(p)˜︁θ : T˜︁θt0(RPr1(E))→ Tθt0(E) is surjective;

H0-surjectivity: no classical infinitesimal deformation of a solution jet is lost
when passing to the prolongation.

For ℓ ≥ 0, define the ℓ-th homotopy-prolongation by

RPrℓ(E) := RPr1
(︁
RPrℓ−1(E)

)︁
.

Questions

What are the obstructions to homotopy-prolongation?

Is there a quasi-smooth Cartan–Kähler theorem?
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Recollections: the codifferential

Let f : X → Y be a morphism of complex analytic manifolds.
Denote by π : T ∗X → X the cotangent bundle with coordinates (x; ξ).
Recall the ‘microlocal’ correspondence:

T ∗X
fd←−− X ×Y T ∗Y

fπ−−→ T ∗Y. (6)

Explicitly, fd
(︁
x; (f(x); ξ)

)︁
= (x; f∗ξ) and fπ

(︁
x; (f(x); ξ)

)︁
=

(︁
f(x); ξ

)︁
.

Arinkin–Gaitsgory gave an ‘H1-version’, in terms of singularity schemes.
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Relations and the singular codifferential

There is a canonical map
p : RPr1(E)→ E.

We have a correspondence

Sing(RPr1(E))
pd←−− X ×E Sing(E)

pπ−−→ Sing(E). (7)

This may be used to relate support conditions.
We have the fundamental triangle

LE/X ⊗L
OE
ORPr1(E) → LRPr1(E)/X → LRPr1(E)/E →

(︁
LE/X ⊗L

OE
ORPr1(E)

)︁
[1].

The singular codifferential is

Sing(p) : Sing(E)×E RPr1(E)→ Sing
(︁
RPr1(E)

)︁
.

Lemma

The singular codifferential Sing(p) is a closed embedding.
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Idea of the proof

For each point θ of RPr1(E) the map

(dpθ)
∗ : H−1

(︁
LE,p(θ)

)︁
→ H−1

(︁
LRPr1(E),θ

)︁
is injective. This follows from the cotangent fiber sequence above and the
quasi-smoothness of E.
Dually, this means that

H1(TRPr1(E))→ H1(p∗TE)

is surjective.
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Ind-coherent sheaves and support

For a quasi-smooth space X, set

IndCoh(X) := Ind
(︁
Coh(X)

)︁
.

If X ≃ X is smooth, then

IndCoh(X) ≃ QCoh(X).

For a closed C×-conic subset Λ ⊆ Sing(X), define

IndCohΛ(X) :=
{︁
F ∈ IndCoh(X) : SingSupp(F ) ⊆ Λ

}︁
.
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Singularity category of a PDE

Let E be a quasi-smooth PDE of order ≤ k. There are well-defined IndCoh(E) and
Sing(E).

Definition

Fix a conical subset Λ ⊆ Sing(E). Let Ean be the analytification. The singularity
category of the differential equation is

SingΛ(E) := IndCohΛ(E
an).

* In reality, we form a quotient by QCoh, but for our purposes this is enough!
There is a canonical functor

p∗ : SingΛ(E)→ SingΛ(1)

(︁
RPr1(E)

)︁
.
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Two notions of characteristic directions

Two different (but related) geometric constructions.

Classical PDE theory For a PDE E ⊂ Jk(E), linearisation and the principal
symbol determine its characteristic variety:

Char(ℓE) ⊆ T ∗X.

It describes characteristic covectors governing the propagation of singularities of
solutions of the linearised equation.

Singularity theory of quasi-smooth spaces
For a quasi-smooth derived equation E (refining the usual zero-locus) we had
Sing(E).
We can study a varying family of support conditions {Λ ⊆ Sing(E)} which
describe the directions in which coherent objects fail to be perfect.

Question

Can the singularity geometry of a PDE be related to its classical characteristic
geometry?
Can prolongation induce a natural transformation between these two types of
characteristic data?
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Extracting invariants from singularity categories

Compute categorical invariants.
One useful invariant is periodic cyclic homology:

HP•
(︁
IndCohΛ(Z)

)︁
.

Microlocal Feigin–Tsygan principle (Schefers). In the appropriate
quasi-smooth setting,

HP•
(︁
IndCohΛ(Z)

)︁
≃ HΛ(Z),

microlocal homology.

Work in progress

Compute HP•
(︁
IndCohΛ(E

an)
)︁
and interpret the homology theory in terms of

horizontal cohomologies of t0(E).
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All done

Thank you for your attention!
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