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The Navier-Stokes system

Consider flows of an viscid medium

p(ug + uug) + ps — Cuaa — pgh’ =0,
pe + (pu)a =0, (1)
pT (st + usy) — kTaa — Cu? = 0.

on a naturally-parametrised space curve in the three-dimensional
Euclidean space

M = {X = f(a)’ Yy = g(a)v zZ= h(a)}

in a field of constant gravitational force.



Thermodynamics

A thermodynamic state is a two-dimensional Legendrian manifold
L C R3(p,p,s, T,e€), a maximal integral manifold of the differential

1-form
0 = de — Tds — pp~2dp,

i.e. a manifold such that the first law of thermodynamics H‘L =0
holds.
Following [1], we require that the quadratic differential form

k=d(TY) de—p2d(pT7 1) dp
on the surface L be negative definite,
/{}L <0,

and the entropy s satisfies the inequality s < sy, where the constant
so depends on the nature of a process under consideration.



Thermodynamics

Consider the projection 7: (p, p,s, T,e) — (p,p,s, T). The
restriction of this map on the state surface L is a diffeomorphism

L = w(L), and the surface L C R* is a Lagrangian manifold in the
4-dimensional symplectic space R* equipped with the structure form

Q=d0=dsAdT + p~2dp A dp.

Thus, the thermodynamic state is the Lagrangian submanifold L in
the symplectic space (R*, Q):

{f(p"” "D wd =0 @

glp,p,s, T) =0,

where [f, g] is the Poisson bracket, and the symmetric differential
form « is negative definite on this surface.



Symmetry Lie algebra

We consider a Lie algebra g of point symmetries of the
Navier-Stokes system (1).
Let ¥: g — b be the following Lie algebras homomorphism

U X = X(p)0, + X(s5)0s + X(p)0p + X(T)OT,

where b is a Lie algebra generated by vector fields that act on the
thermodynamic variables p, p, s and T.

The kernel of the homomorphism ¥ is an ideal gn C g (geometric
symmetries).

Let also h¢ be the Lie subalgebra of the algebra b that preserves
thermodynamic state (2).

Theorem

A Lie algebra gsym of symmetries of the Navier-Stokes system £
coincides with

-1
977 (by).



Symmetry Lie algebra

@ h(a) is arbitrary
X1 =0, Xo = 0Op, X3 = 0s
@ h(a) = const
X1 = 04, Xo = 0Op, X3 = 0s,
X4:aar X5:taa+am
Xe =t0r+ad;—p0p—p0,,
X7=a0,+ud, —2p0,+2T Ot
@ h(a)=Xa, A #0
X1 = 0k, Xa = 0Op, X3 = 0s,
Xy = 0,, Xs = t 0, + Oy,
Xe =t0+2a0,+ud, —p0p—3p0,+2T0T,
Xp =t + (282 4 2) 0, + \gt Oy — pdp — p 0,



Symmetry Lie algebra

e h(a) =Xa%, A\ #0
X1 = 04, Xo = 0Op, X3 = 0s,
Xy = sin(1/2Ag t) 05 + v/2Ag cos(v/2Ag t) Dy,
X5 = cos(v/2Ag t) 0, — v/2Agsin(v/2Ag t) Oy,
Xe =a0,+ud,—2p0,+2T0t
e h(a) = M\a™2, \y #0,1,2
X1 = 04, Xz = 0Op, X3 = 0s,
X = t0h = 322500 = 52500 = POp + 3225005 — 35 T O7
(] h(a) = )\16)‘23, AQ 7& 0
X1 = 0%, Xo = Op, X3 = 0O,
Xy =t0; — /\%83—u8u—p8p+p8p—2T8T
@ h(a)=Ina
X1 =0, Xo = Op, X3 = 0O,
Xy = t0t+aa;—p8p—p8p




Symmetry Lie algebra

Let h(a) be an arbitrary function.

The Lie algebra g of point symmetries of the system (1) is
generated by the vector fields

X1 = 0Ok, Xo = Op, X3 = 0.
The pure thermodynamic part b of the system symmetry algebra is
Y1 = 0p, Yo = 0s.

Thus, in this case the system of differential equations £ has the
smallest Lie algebra of point symmetries ¥~1(by).



Lifting curves from the plane

Let a curve in the space be defined as a pair of a plane curve
(x(7),y(7)) and a 'lifting’ function z(7).

T

Let /(1) = [ /x2 + y2 d6 — the length of the plane curve.
0

Then the following relation between natural parameter a and the
parameter T is valid

Zr

ho = e 3)

NCES ey

1. h(a) = const
The first way of lifting a plane curve is to translate the whole curve
along z-axis, i.e. if h(a) = const then z(7) = const.



Lifting curves from the plane

2. h(a) =Xa, A #0

The second way to lift curve is lifting proportional to the length of
the plane part, i.e. if h(a) = A\a then we have the following
differential equitation on the ‘lifting’ function z(7)

(1-22) 22 =22 (x2 +y2),
solving which given 1 — A2 > 0, we get

z(1) = :t\/lAi)\z I(T) + C,

where /(1) — is length of plane projection of curve and C = const.
If A\ = =1, then x(t) = y(t) = const and we have a vertical line.



Lifting curves from the plane

3. h(a) =Xa%>, A #£0
The relation between the ‘lifting’ function z(7) and the length /(7)
of the plane curve is

4\z(1 — 4)\z) — arccos(V4Az) = £4NI(T).




Lifting curves from the plane
5. h(a) = \1e*??
The relation between the ‘lifting’ function z(7) and the length /()
of the plane curve is

1+4/1—)\3z2
1— 2322 - %In— = +Xo/(7).
\/ \/7

1—4/1—)\3z2




Lifting curves from the plane

6. h(a)=1Ina
The relation between the ‘lifting’ function z(7) and the length /(7)
of the plane curve is

vV e¥ —1—arctan/e?? — 1 = £/(1).

0
0 100 200 300 400 500 600 700 800 900
[



Thermodynamic states

Let h(a) be a quadratic function h(a) = Aa?, and let the
thermodynamic state admit a one-dimensional symmetry algebra

Z =y10p +720s +73(p 0, — T 071),

then the Lagrangian surface L can be found from the conditions

Q|r
(1)

which lead to the following PDE system on the internal energy

0,

e (@

Vap €pp + (V2 — 745)€ps + Yacp — 119”2 =0,
(’72 - 745)655 + Yap€ps — V3 €5 = 0.



Thermodynamic states

Theorem

The thermodynamic states admitting a one-dimensional symmetry
algebra for the case h(a) = \a® have the form

F
73 73 P 73

where F is a function that satisfies the following inequalities:

(2F = F"
73

F'>0, F">0, > 0.



Thermodynamic states

Let h(a) = const or h(a) = Aa. The thermodynamic states
admitting a one-dimensional symmetry algebra have the form

24 _q LY g A1 Ao
T=p%s F = p* Z_1)F-=F)-=
AU o=t (1) P 2F) -2

where F = F (s — ;‘—; In p) is a smooth function, F’ is positive and
AF” 4+ A1 (A3 — 20)F' + Ma(Ag — A3)F > 0,
F"(Aa(Ma — A3)F — MMsF') — (F)2 (M4 — A3)? > 0.

The thermodynamic states admitting a two-dimensional
commutative symmetry algebra have the form

p=C(B—1)e"p’ — gz T = Cae™p’ 1,
4

where
453 — 34 184 — Brog B2
_ Qe300 g g MPAT I o 2
183 — a3 fr 183 — a3y Ba



Differential invariants

We consider two group actions on the Navier-Stokes system & —
the prolonged actions of the groups generated by actions of the Lie
algebras gm and gsym.

A function J on the manifold & is a kinematic differential invariant
of order < k if

@ J is a rational function along fibers of the projection
Tk,0 : gk — 50,

@ J is invariant with respect to the prolonged action of the Lie
algebra gn, i.e., for all X € gm,

xW) =0, (5)

where & is the prolongation of the system & to k-jets, and X(¥) is
the k-th prolongation of a vector field X € gp,.

A kinematic invariant is a Navier-Stokes invariant if condition (5)
holds for all X € gsym.



Kinematic invariants

Theorem

@ The kinematic invariants field is generated by first-order basis
differential invariants and by basis invariant derivations. This
field separates regular orbits.

@ The number of independent invariants of pure order k is equal
tob for k > 1.

@ For the general cases of h(a), as well as for h(a) = A\1a™?,
h(a) = A\1e*2? and h(a) = In a, the basis differential invariants
are

a, u, p, S, Uy, Uy pPa, St, Sa,

and the basis invariant derivatives are

d d

dt’ da’



Kinematic invariants

Theorem

@ For the cases h(a) = const, h(a) = \a the basis differential
invariants are

2 S, U, ug + uus,, Pa, Sa, St + us,,

and basis invariant derivatives are

4, ,4 4
at " Yda da

@ For the case h(a) = A\a? the basis differential invariants are
P S, Ua, Ut + uuy — 2>\gav Pa Sa, St + us,,

and basis invariant derivatives are

d N d d
— 4u—, —.
dt da’ da



Navier—Stokes invariants

Let h(a) = Aa, A # 0. If the thermodynamic state admits a
one-dimensional symmetry algebra generated by the vector field

&10p + £20s + E3(t 0 + 2205+ udy — pOp —3p 0, +2TO7)+

A\gt?
& <t8t+ <i+a> 83+/\gt8u—p3p—p8p> :

then the field of Navier—Stokes differential invariants is generated
by the differential invariants

8 —52re seie 2
Np, Ugp 3%, pap3estis
353 + &a

P2 (us + uuy — \g) pPSa St + Uus;
Pala ’ Pa ’ Uy
of the first order and by the invariant derivations

_35531554 d d 523124 d
3tés | — — 3+&4 —
p aia) r da




Navier—Stokes invariants

Let h(a) = Aa®, A # 0.
If the thermodynamic state admits a one-dimensional symmetry
algebra generated by the vector field

glap + 5265 + 53(2 0, +ud, — 2pap + 2T8T),

then the field of Navier—Stokes differential invariants is generated
by the differential invariants

&2 > P S
2 —oga)?, Pa
s+ 265 np, Ua, p(ut + Uu, ga) PE

of the first order and by the invariant derivations

d ., d L d
ar Y4z’ da’
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Thank you for attention.



