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PISTON PROBBLEMS for TSUNAMI WAVES
2-D SHALLOW WATER EQUATION
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= is small
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]_) PISTON PROBBLEMS for TSUNAMI WAVES
2-D SHALLOW WATER EQUATION

d 0

(_"T + div((n+ D(z))u) = 0, _11 + (v, V)u+ gVn = 0.
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LINEARIZATION IN the OPEN OCEAN
on . ~ du 9°n .
— +div({n+ D(z)u) =0, —+gVp=0 = V(c“(z)Vn).
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c(x) = gD(x) is a slow varying function

characteristic size of the source

K = ~characteristic size of the basin smal /\
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The asymptotics near regular points of the front edge and

The leading edge front — nonstandard caustic (the new formulas are working)
The wave field outside the focal points
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Here
y(x,t) is the alternative distance between the point x and the closest point
X(¥(x,t),t) on the front,

W(x,t) is the correspondence angle (coordinate) on the front,

m((1,t)) is the Morse (Maslov) index of this point.
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Asymmetric Sretenskii, Cherkesov, Dotsenko, Sergievskii, Le Mehaute, Wang,
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Caustics: the leading front edge
with strong focal (turning) points X, = 0 + shore D(z) =0



2) 1-D Shallow water: two shores

Nt + ((D(J-‘) + n)u)I =0, wtgn: +uuz=20
Depth  D(a) = D(b) =0 D'(a) #0, D'(b) # 0

Boundary condition at two variable boundaries x(t): N Za(t),t) + xo(t) =0
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3) Bessel functions in nonlinear problems of coastal waves
and billiards with semi-rigid walls

The shallow water equations

m+(V,D(x)u) +e(V,nu) =0, w+gVn+eu,V)u=0, (en(z,t)+ D(z))rp =0

Bottom D(x1,5) = D(p) = a(R* — p°)
The reduction to the wave equation and Laplace-Beltrami type equation
O*N

= (V,gD(z)VN) N = Re(e™'1)(x))

ot?
Hep = —p? < V,gD(z1, %)V >= i, (z1,32) €



Nonstandard Liouville tori 2

2

A2 ={H=a(R2—p) (p2+22) =u? pp = &)
| p

Hp
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Puc. 1: [Ipoekmnusa narpanzkesa
MHOTrooOpasnd A Ha IIOCKOCTh (p, p,) Puc. 2: Ilpoekius TpaekTopmii
raMHJIBTOHOBOI CHCTeMBI Ha ILIOCKOCTh
(21, x5). CruloniHasi OKpyKHOCTh —
rpanuia 6epera (HOTyKeCTKas CTEHKa),
MYHKTHPHASA OKPYKHOCTH — MPOCTasd
KaycTuKa (MArkas cTeHKa )



Billiard with semi-rigid walls _
2-D seiche

2-D Coastal waves
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The first step:

Linearization of free-boundary problem for the water waves —

Wave equation with localized source

Q C R? a domain; Task: find asymptotic solution as pu — 0
0 smooth

wave propagation in 2
from a source localized near xg € Q:

Nee — (V, c2(x)7}n =)
’fl\t:o = V(M_l(x - Xo)), Ne|t=0 = 0

V(y) € C*> decays at oo; u — 0

c?(x) € €% A(x)]oa = 0;

Vc?(x)|aq vanishes nowhere

characteristic size of the source _ -
= is small = ./ —D(x)
& characteristic size of the basin c(x) gD(x)

Oleinik, Radkevich (1969) no “classical” boundary conditions needed:
71|32 + [|¢*(x)Vn)|%, is bounded
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Difficulties of the numerical analysis: free boundary in nonlinear case, there is
no standard boundary conditions in the linear case

Linear asymptotic analysis: non standard caustics appear and interact, they
are: the leading front edge (very strong caustic) and the shoreline



Linear case: shoreline 92 = {D(x) = 0}, the domain © is bounded by 9.

Assumption: Jf? is smooth and the normal derivative to the shore is not
v e b 0D -
(l(_.gf_..llt.ldt(_.z,“l‘l‘|1"(_, = VD|p, #0.

The main defect in the linear model:
it does not describe the splash (run up)

Nonlinear case: the free boundary problem
n(x,t) + D(x) = 0.

— Carrier-Greenspan transform or its asymptotic modification near
the beach



1-D SHALLOW WATER EQUATION OVER
NONUNIFORM BOTTOM WITH THE DEPTH D(x)

n: + a—[v(n + D(x))] =0, v +vv,+gn,=0
-

n(x,t) — free elevation
v(x,t) —  velocity

D(z) = 7%z +O(z?) —  depth
CAUCHY PROBLEM:

e, T —aQ, _
Nt=o = e(x)V( ),  Vlgg =0
1.5 . ll
) =0 ';"*.
" .|
0k J A ‘ 5
05 T+ %[U(T} +7z)] =0, v+ vv, + g, =0




CARRIER-GREENSPAN TRANSFORM
THE LINEAR WAVE EQUATION for N(r, ), U(r, y):

d ]
N, +—(v*yU)=0, U,+gN,=0, g=Ly=]
dy

CONSIDER the SYSTEM
T =
z=y—N(r,y)+;U%ry), t=7+U(1y)

Let it defines one-to-one map from {y > 0,7 € R} to the value
area of the right hand side

THEN

) = Niryy) = 3U%(r0), oft2) = Ulr,)

are the solution to the ORIGINAL NONLINEAR SYSTEM
in a PARAMETRIC FORM

3,
ne + 8—[1'(?? i+ ’TI)] =0, vy +vv +gn, =0



Remark.

The 1-D linear shallow water equation is a Tricomi type equation.
But the methods of studying such equations here do not give anything
reasonable. It is necessary to investigate a nonlinear problem.

o~

Standing waves N = cos(w,t) N,

Parabolic bottom: exact solutions to linear problem

D =Dy((y/B)?—1), w?=2"nmn4+1), N:ALH(%L

here Dy is the maximum depth, 23 is the basin size, N,
L, (z) is the n-th Legendre polynomial .




Shallow water: slopping bottom, Carrier—Greenspan
e+ ((D(x) + nu) =0, wu+gne +uuy =0 Depth D(x) = y(x — a)

Withount loss of generality: g=1, a=0,, g g |

Carrier—Greenspan transform.

t=7+U, s=y—N+U/2, n=N-U"/2, u=U <«

_dam G g ] G wm me  Gems o da e
J = ot0) 1+ np — ug — Qe + Neug, 4J - = e 1 — Ny +U; — NyUr + N;-U, +UU,

|
Theorem (C—G). dv  dn+v?/2] oU ON
=T , gy Sy -

fJ>0 J< ot oxr _ d(7,y) or dy “ 0
then shallow water on  Ol(n+ xz)v] d(t,x) | ON e I[yU]
is equivalent to linearized SW:\ )¢ T O oT dy




Linear and nonlinear interaction with the focal point (shore): jump of
the Maslov index, the Hilbert transform, the profile metamorphosis
and the creation of the “N-wave” (smoothed Dirac-6 function —

smoothed 1/z- Sokhotskiy function)
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Exact solitary-type and smooth shock-type solutions

utt—c?/_\u:O, ceR, ¢>0

A(l + ict/p)

M) = R et /) + [of )7

x| =4/2f+23, ApueR, pu>0

L.Sretenskii, S.F. Dotsenko, B.Yu. Sergievskii and L.V. Cherkasov,
S. Wang, B. Le Mehaute and Chia-Chi Lu, .

A

vheo = T fopjpmpre il =0
i jife
VA i 3/2
u(x,t) = ———=Re— + O : = |x| — ct

S. Yu. Dobrokhotov, B. Tirozzi. Localized solutions of one-dimensional non-
linear shallow-water equations with velocity ¢ = /&, Russian Math. Surveys,
65:1 (2010), 177-179//
A(T +ib)
(z — (7 +b)2 /4)3/2°

N(z,7) =Re

Exact 1-D solution



The smoothed shock waves — ['_ ...

A i
u(xz,t) = — Re :
T V(U tict/u)? + [z?/u?
tlp—0=0 Ut|t=0 = A
e N BT R
> pife
VA v 3/2
u(z,t) = ———— Re— + O ( )
(z,1) ¢y 2ct (¢ +y/u)t/? 3

y = /2% + 23 —ct.

A. V. Aksenov, S. Yu. Dobrokhotov, K. P. Druzhkov, Exact Step-Like Solutions
of One-Dimensional Shallow-Water Equations over a Sloping Bottom, Math,
Notes, 104:6 (2018), 915-921

A

Vy— (r +ib)2/4

Exact 1-D solution N = 4Re







The profile metamorphosis: Reflected wave = Hilbert transform ( influent wave)

ﬂ.

y = 0 is the focal point, the Maslov index jumps

The solutions with ImA = 0 belong
to the spectrum of the Hilbert transform

100




Nonlinear shallow water equations

Nonlinear shallow water equations with sloppy

bottom
dv  Ov On on  0O|(n+ x)v]
— 4+ v—+—=0, — = [,
5t “op Bz ' Bt oz
Transformation:

z=x—1t/2, u=v—t, h=n+ux.

Standard shallow water equations with even

bottom

@+’@+%_0 @+a[hu]
T T g e T T




Linear system

U ON _ ON U]
or Ty ko gy

o f - n—_— S. Yu. Dobrokhotov, S. B. Medvedev, D. S. Minenkov, On Replacements Reducing
TI allS1ol IIldthIl One-Dimensional Systems of Shallow-Water Equations to the Wave Equation
with Sound Speed ¢ = x, Math. Notes, 93:5 (2013), 704-714

t=14+U, z=y—N—-TU—-72/2, h=y+U? wu=-r1

Standard nonlinear shallow water equations

Ou  ou_ Oh_ ~ Oh 0l
5t Yoz 0w " B ° B2

The Jacobian:

a(t, z) ON [ON\’ AN
e el e ) =gyl ]
o7, y) Oy y oy

Yu. A. Chirkunov, 5. Yu. Dobrokhotov, S. B, Medvedev, D. S. Minenkov, Exact
solutions of one-dimensional nonlinear shallow water equations over even and
sloping hottoms, Theoret. and Math, Phys., 178:5 (2014), 278-298

= 0.




Reduced Carrier-Greenspan transformation (simplification):
D(y) = D(z) + n(z, t)p(z), 7 =t, N(y,7) = n(z,t), Uy, 7) = u(z, ),

here p(z) is a cut-off function, p = 1 near 2° :  D(z) = 0 and p = 0 outside
of the neighborhood of the point 2.

The main property: the boundary becomes fixed

Example: exact solitary solution
n(x.t)

015 N(z,7)=Re A(F 4:49)

(z — (7 +1b)2/4)3/2°




Reduced Carrier-Greenspan transformation (simplification):
D) = Dixy -+ nlad)ple), v=1, N7 = nlad), Ul =ulz.1),
here p(z) is a cut-off function, p = 1 near 2° :  D(z) = 0 and p = 0 outside

of the neighborhood of the point .

The first formula defines the passage from independent coordinates z,t to
coordinates independent coordinates y, ¢

The main property: the boundary becomes fixed

The main conjecture: For almost all non-breaking long waves, an approzimate
(asymptotic) solution of the problem can be obtained as follows: first, a linear
problem s solved, and then, in the vicinity of the coastline, the solution is

determined in parametric form using the simplified Carrier-Greenspan transformation.



Important remarks: 1) the proposed change of variable works in 1-D and
2-D cases:

2) the proposed conjecture means that a) amplitudes of considered waves are
small enough and b) the change D(y) = D(x)+n(x,t)p(x) defines the transition
to the variables y, t which transfers the original nonlinear system with a sufficiently
large nonlinearity (in the vicinity of the shore) to a nonlinear system with a
sufficiently small nonlinearity. The linear part of reduced system is no more but
the linearized system of shallow water equations with a fived boundary. Our
hypothesis means that in a reduced system, nonlinear terms play the role of
corrections and can be discarded in the main approximation.

Our global aim is a rigorous proof of this conjecture.



Algorithm for constructing an approximation solutions
n+(V,(D(@) +nu) =0, u+(u,Vju+gVn=0, te€][0,T],
N ep =10 @), ul_,=u),
(z,t) € U x [0,T] n(x,t) + D(X)|zeo0, =0 VD(z) #£0

Step 1. Construct a solution N(y,t), U(y,t), (y,t) € Qy x [0, T]
(exact or approximate) of the “naive” linearization of the original problem

Ni(y,t) + (Vy, D(y)U(y,t)) = 0, U(y,t) + gV N(y,t) =0, (y,t) € Qo x [0,T],
N |t:0 =n9(y), U ’t:[): u®(y), ye .

Step 2. Specify an approximation solution n(x, t), u(z,t) of the original problem
by parametric formulas

0=y N 2RO = Nt u=U

the boundary 0€%: y € 0




The main ideas of proof

An artificial small parameter ¢ : n — 1, u — cu

ne +(V,D(x)u) +&(V,nu) =0, w+gVn+eu,Viu=0, te€l0,T],

D(x) +en(xz,t,e) >0 for x € Q(t,g), D(x)+en(x,t,e) =0 for x € INtL,e).

- (2

L +eb(, V) =0, te[0,T], o]|,_,=v"?,

oo (b o). wosa- (T8



Definition 1. By a solution of original problem we mean an admissible pair (£2,1)) such that
(for the numbers € > 0 for which it is defined) it satisfies the initial conditions (§2,v)|i=g =
(QO) O and the function (x,t,€) satisfies the original equations.

Definition 2. We say that pairs (Qq, 1) and (Qa, 1) of this kind coincide with accuracy
up to O(e™) and write (Qq,11) = (Qa,102) mod O(e™) if there is a family of diffeomorphisms
f(+,€) that differ from the identity diffeomorphism? by O(c™) and such that f(2;) = €y and
P — (i) = O(e™). (We use a similar terminology also for the case in which the objects
under consideration depend on the parameter t € [0,T].)

Definition 3. By an asymptotic solution of the original problem up to O(c") we mean an
admissible pair (§2,1) such that (for those € > 0 for which this pair is defined) it satisfies
the initial conditions (€2, 9)]—0 = (2@, ) mod O(e") and the function (x,t,<) gives the
discrepancy O(e™) when substituted into the original equations.



The original equation in new variables and
the problem with the fix boundary

L.V + EB(\ILVF,,\IJ.E) = U, (z.t) € ﬁo X [O.T]. \Dlt —) = \I’(O) s ﬁo,

The change of variables

- ( 0 Vo D(y))

gvy 6}5
_ 0 0
V= (\7{)""5;71) 1Vy, a 5 —EJQ(j0+€jl) y'

B(V,V, V¥, ¢)

(Jo+ed) =1

E

N,

Y

To(To +eJ1) VU — (U, (Jo+ eJ1)'V)U —

(jz(jo-l-sjl)lN n (V,D(y)U) — ((Jo + 1)V, (D (G(y,gN))—l—aN)U>)

Lp(z,t,e) +eb(Y(z,t,€), Vip(z,t,€)) = L, V(y,t,¢) +eB(¥(y,t,€), V,¥(y,t,€),€)



The standard perturbation theory

j=0 j=0

o0
§ J
B(\DV\I’E) ~ E Bj(\:[;gj...?\ljj,vylp{]j...jvy\Pj)7
=0
L, =0, Tplimo = T,
‘C’quj — _Bj—l(\IJO: =minig lpj—laqu]()a EXY qujj—l)a lI’O'I‘/:O — LIJE’O)a .] — 17 27 s 22

Proposition 3. Letjﬂ be a smooth vector function on the cylinder Qy x [0, T], and let ug be a
smooth function on €o. Then there exists a smooth solution of the Cauchy problem Lyu = v,
Uli—o = ug in a cylinder Qy x [0,T], and this solution is unique.



The linear inhomogeneous equations

T7t+<V~D( ) )Zfl(:c t) ut+9V77:f2($~t);
n ‘f 0 n%(z), u ’tzoz ul®(z)

or

ne —(V,gD(x)Vn) = fir — (V, D(x) f2), 7 ‘t = (Uja Tt ‘t:G: 1= (VjDU{UU



The wave behavior near the shore.
The shore 1s a nonstandard caustic:
no standard boundary conditions

Linear approximation

The Fock quantization of canonical transforms and the modified
Maslov canonical operator for wave’s constructions near beach

+ UNIFORMIZATION: passage to 3-D problem

The Nazaikinskil’s part



About applications



1) Generalization of semiclassical approximation

and ray expansions Nonlinear zone:

Carrier-Greenspan transform +
Sours N

Fock quantization

ubrush + reflection

Time-space caustic ‘ shore: ¢(x)=0

Shallerm watar - Wellsam Matbsmatics 11,1

source
Baltymetry | Sstraging - Fonts | S0urce Feaneiers | Time BEDOry  Shans mes nEe

) Front—moving caustic
strong focal point

Linear zone: s

——
: : LU
modified Maslov canonical operator

CAUSTICS ARE EVERY WHERE! i




(a) (b) (c)



2) Bessel functions in nonlinear problems of coastal waves
and billiards with semi-rigid walls

The shallow water equations

m+(V,D(x)u) +e(V,nu) =0, w+gVn+eu,V)u=0, (en(z,t)+ D(z))rp =0

Bottom D(x1,5) = D(p) = a(R* — p°)
The reduction to the wave equation and Laplace-Beltrami type equation
O*N .
o (V,gD(z)VN) N = Re(e*"1)(x))

Hep = —p? < V,gD(z1, %)V >= i, (z1,32) €
From linear to nonlinear solutions

o(y)VD(y)

M\

n= N(y,t) u=U(y,1)

-
J



Nonstandard Liouville tori 2

2

A2 ={H=a(R2—p) (p2+22) =u? pp = &)
| p

Hp

Y

Puc. 1: [Ipoekmnusa narpanzkesa
MHOTrooOpasnd A Ha IIOCKOCTh (p, p,) Puc. 2: Ilpoekius TpaekTopmii
raMHJIBTOHOBOI CHCTeMBI Ha ILIOCKOCTh
(21, x5). CruloniHasi OKpyKHOCTh —
rpanuia 6epera (HOTyKeCTKas CTEHKa),
MYHKTHPHASA OKPYKHOCTH — MPOCTasd
KaycTuKa (MArkas cTeHKa )



Linear asymptotics p«+0 < p <R

p=2(=1)"Ae™ /2 | U (p)| 2 ¥ (p)
T) ~ Jo| ——
w() (4a(R? — p?)(p*(ac? + w?) — ac*R?))"* ( H )

1 5, 2R2_ 2N il 2
\If(p)zm( acQarccos(aC( p2£2) 'Ow)—l—

_22R2_2_R22 222
+\/acz+w2arccos( ac| r) il pw)—’/r act |, p=.R

R20?



1e

—1/86 im 1/4
i u~ o Aem o2/ | B (p)|" 3 (_q)(p))
(4a(R2 = p)(pH(act + ) —actR)T W )| p = pla),
¢ = ¢(x)
4
(% (% (m/ ac? + w? — Vac? arccos (2“02(R2§p2)_p2“’2) -
a prw
2/3
—vac? + w? arccos (_gacz(Rz_p;%;fzw2+zp2w2) ))) i P2 P
; 2+/ac2(p2— R2)(ac?(— R2+p2)+p2w?
(% (ﬁ (\/ac2 arctanh ( v pzacz(éz_pé)_prg)) £ ) -+
2/3
24/ (ac?2+w?)(p?—R?)(ac?(— R?2+p? 2w?2
vac? 4+ w? arctanh ( v 20,02(—§2+p2))£R2502+2:212)+p ) ))) ¢ D o B

\

Linear asymptotics O<p<R-9
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3) Some verification for 1-D standing waves:

time-periodic nonlinear long waves in extended basins



Shallow water: two shores

Ny + ((D({) + -r])-u.)I =0, us+gny+uu, =20
Depth  D(a) = D(b)=0 D'(a) 20, D'(b) #0
Boundary condition at two variable boundaries x(t): M Be(t)s 1) + 2a(E) =0

04l

T 04l




Motivation: Seiches — standing waves

A seiche is a standing wave One- and two-naddes seiches
in an enclosed or partially
enclosed body of water.

The Ba | kal Lﬁkﬂnﬁ:ﬂi@hQSpex M YETbLIPEXY3MTOBOW CEWNLUW C MEPY

MPOCTPaHCTBEHHBIE pacnpeaeneHns
aMNAKTYA ceill ¢ neproaamin
(278; 151; 84 1 67 Muk)
a - MNepuon T=278 mnH
b - Mepuoa T=151MuH a b
¢ - Mepvon T=84 mun
d - Mepuoa T=67 mnH
10 Pacnpe/ieneHns ypoBHs BAONb CPeaHEN NMHUM Ans
nepBbiX YeTbipex MO CeilLun No pesynbTatam MoAENMpPoBaHNa
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Experimental device (no tray)

Awnana3oH yacToTt 0.1-5Ty

[uanasoH aMnnuTya 0.03-7.5
CM

YrnoBsle cMeLeHns <8

Koachduumenr

HBN"HGHHPIK 20,

WCKaXEHWI

TouxocTs uamepenns  3x10° ¢
nepwoaa

Aonyctuman macca 50 kr
COCYAa C XMOKOCTLIO

TOYHOCTL M3MepeHns
NPOCTPAHCTBEHHBIX
XapaKTepucTHK

BONHOBLIX ABMXEeHMA 1 MM

The electromechanical vibration stand provides vertical oscillation of the basin



Shallow water: two shores

Ny + ((D({) + -r])-u.)I =0, us+gny+uu, =20
Depth  D(a)=D(b)=0 D'(a) #0, D'(b)#0
Boundary condition at two variable boundaries x(t): M Eall)s L) + 2ald) =10

Reduced Carrier—Greenspan transform with cutting function p:
D(y) = D(x) +n(z,t)p(x), 7=t, N(y,7)=n(z1t), Uy, T1)=u(z,1)

The leadina term is defined from linearized shallow water with 2 fixed boundaries:
N, +(Dy)U)y, =0, U+ N,=0, yelabl, E*=|N|®>+|yU|*<

Finally: X =Y — eN1 ]_fj,(z’jy ?7(515} t) — N(y,t)? u(a:?t) = U(y, t)

vvvvvvv

04 - 04 -

3-nodes - oal 4-nodes
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Parabolic bottom: exact solutions to linear problem

7

here Dy is the maximum depth, 23 is the basin size,

D= Do((y/B)’ - 1), o =22nm+1), N(y) = Ln(%)

L, (z) is the n-th Legendre polynomial .

N = Re(e’i“"”tNT? (y))



The basin with the parabolic bottom

The sizes: 50x4x50 cm

[ = 35.6 cm — qymHA
CBOOOHOII
IIOBEPXHOCTH JKIJKOCTH
(3epkaio)

h = 3.3 cm — riryOnHA
JKHIKOCTH

40

X, €M

¥=0.01(x—25)* (cm)
CrutonHas KpuBas —
pacUeTHBII MpoHIIb
ITHa

Toukn — onudpoBka
doto




Standing wave with small amplitudes
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Standing waves with large amltudes




The wave behavior near the shore.
The shore 1s a nonstandard caustic:
no standard boundary conditions

Linear approximation

The Fock quantization of canonical transforms and the modified
Maslov canonical operator for wave’s constructions near beach

+ UNIFORMIZATION: passage to 3-D problem

The Nazaikinskil’s part



UNIFORMIZATION

Example

Bessel function

A ={p{+p;=1 pixs— por1 =0}



i t o o
v(t) = cos(Qt)v'Y + Bln(@t)y(l) +/ sin(Q(t T))g(fr) dr,
9 0 9
Q — pl/2
| Te
[l < 01+ Tl + 5~ sup lg()]
7€(0,T]

| « || is the norm in the space L*(M)
OTv(t

sup [|p+2 00
te(0,T ot

lwllsrs < Cs(| Pwl]s + [Jwllo)

| =00, Bf=0,12;:;:;

Jw]lks < Clr—1ysCk—2)5 -+ - - Co(|| P*wlo + [|P* 1 wllo + - - + [Jwllo)

du(t) .
sup || —lgg ooy, J=0,1 2.,
t€[0,T ot d




(a) (b) (c)



Linearized shallow water: two shores

No boundary conditions,
N

Finite energy condition: = D(y)

Nr + (D()U)y =0, Ur+ Ny=0 Depth D(a) = D(b) = 0

'< ) #0, DI(b) # 0

Asymptotics. Phase: S(x,y) = /

Quantization: w,, = Tb)( +n)(1+0(n

Ny(y, 7) = ccos(wnT + 19)Jo(wnS(a, y)) ( 5@y

02 [

y=a wo y=b

L N(y, T/3)
. — Dy
)

3-nodes (n=3)

4-nodes (n=4)




Carrier-Greenspan transformation for standing waves and
experimental studies

Nonlinear Shallow water equations:

m+ ((D(z) + n)u)m =0, ut+gn+uu,=0 D=v(x—2", u|==0.

Carrier-Greenspan transformation:

The linear equation with nonlinear boundary condition

N:+(@yU)y =0, Ur+N,=0, U(Y(r),7)=0, Y(r)=b+ N(Y(r),7),
INIP + [lvy UlI* < o0

e
L

| X
1
|

A

il 15¢cm



Shallow water: slopping bottom, formal asymptotics

Formal series: Ny, 8) = {5Nf“(€) + EQNSU(E) y i
Leading term: N{“(E) = cos(woT) Jo(2w(e)\/Y) Wi = L) 2
U{”(E) = sin(wqT) ﬁ J1(2w(e)\/y)

Corrected frequency 5
to avoid resonances: w(c) — W =+ e7Wa ke

Boundary condition: U, (b,7) =0
Us(b,7) = —Usy(b, 7)N1(b, 7) =1 sin(2wo7)

First correction: Ny = cacos(2wr) Jo(dw /y)  ca = —5To(2wo) I (2wo) (J 1(4’11»’0))—1
Boundary for Us: U3 (b, 7) = & sin(3weT) + &3 sin(weT) — 2waJ (2wy) sin(wgT)
defines phase shift we = &3/2J% (2wg)

Wo. | £

Second correction: N3 = c3 cos(3woT) Jo(6wo+/y) €3 = J16wo)

Etc...



Shallow water: slopping bottom, the leading term

Formal series: Nl 78 = EN;ME) + {-:QN;U(E) + ...,
The Leading term N{”(e) = cos(woT) Jo(2w(e)/y) Wo = bn/2
for linearized system: Ulw(s) — sin(woT) % J1(2w(6)\/§)

Reduced C—G transform: substitute 7(¢,y,c) =t + O(g) into N(y,1), U(y,7)

And get the Leading term for shallow water —

parametrically defined via y € [0, 1]: B =g — &Ny (Y E)+ 0(52)
1@, 1) = eNP(,1) + O(),  ulz,t) = eU(y, 1) + O(e

____________ N(y, T/2)
- N(y, T/3)

D(y)=y — N(y,0)

T002 o H:

3-nodes

[ N\

T 004 0.04




Experimental setup: parametric resonance

- Gravity waves on the free surface
" in rectangular vessel
(length = 60sm, width = 14 sm)
with slopping bottom (D:X = 4,5sm : 55 c1)

Surface waves are induced

by vertical oscillations of vessel

with parametric resonance
(Oscillations period = waves period / 2)

Video 30 and 120 frames per sec,
editing in ImageJ



------ === Experimental data, period = 0.638

Experiment: comparison

K ]
.

2ak of nonlinear wave, J=0

- : 4
2] \ Amplitude = 0,46 cm, eps=0,26<1,

\\\\\\\\\\

Nonlinear wave, 5-node period =0.63




Shallow water: two shores

Ny + ((D({) + -r])-u.)I =0, us+gny+uu, =20
Depth  D(a)=D(b)=0 D'(a) #0, D'(b)#0
Boundary condition at two variable boundaries x(t): M Eall)s L) + 2ald) =10

Reduced Carrier—Greenspan transform with cutting function p:
D(y) = D(x) +n(z,t)p(x), 7=t, N(y,7)=n(z1t), Uy, T1)=u(z,1)

The leadina term is defined from linearized shallow water with 2 fixed boundaries:
N, +(Dy)U)y, =0, U+ N,=0, yelabl, E*=|N|®>+|yU|*<

Finally: X =Y — eN1 ]_fj,(z’jy ?7(515} t) — N(y,t)? u(a:?t) = U(y, t)

vvvvvvv

04 - 04 -

3-nodes - oal 4-nodes
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The basin with the parabolic bottom

The sizes: 50x4x50 cm

[ = 35.6 cm — qymHA
CBOOOHOII
IIOBEPXHOCTH JKIJKOCTH
(3epkaio)

h = 3.3 cm — riryOnHA
JKHIKOCTH

40

X, €M

¥=0.01(x—25)* (cm)
CrutonHas KpuBas —
pacUeTHBII MpoHIIb
ITHa

Toukn — onudpoBka
doto




Standing waves with small amplitudes
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Standing wave with small amplitudes
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S. Yu. Dobrokhotov, D. S. Minenkov, and V. E. Nazaikinskii, On Asymptotic
Solutions of the Cauchy Problem for a Nonlinear System of Shallow Water
Equations in a Basin with Gently Sloping Banks, Russian Journal of Mathematical
Physics, Vol. 29, No. 1, 2022, pp. 28-36

The question for future: the solutions of the linearized problem depends
on additional small parameter i characterizing the wavelength. The
question is at what ratio between and the resulting formulas will
work?
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