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CENTRAL PROJECTION. EUCLIDEAN CASE

We give formula for the central projection πF : M → S2 of a

parametrized surface M = {A = (x(u, v), y(u, v), z(u, v))} ⊂ R3

into the sphere

S2 = {A, ~OA
2

= r2
0 }

with respect to the point F = (r , 0, 0). It maps a point A ∈ M to

the second point of intersection (AF ) ∩ S2of the ray (AF ) with the

sphere S2.
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Formula for central projection

Identifying a point A = (x , y , z) with the position vector
~OA = (x , y , z), we have

πF : M 3 A 7→ Ā = F − f (A)(A− F ) = f (A)A + (1− f (A))F

where the function f (A) is the positive solution of the quadratic

equation

(A− F )2f 2 − 2F · (A− F )f + F 2 − r2
0 = 0.

If F ∈ S2, i.e. r0 = r , the equation becomes linear and

f (A) =
2F · (A− F )

(A− F )2
=

2r(x − r)

(x − r)2 + y2 + z2

πF : (x , y , z) 7→ Ā = (r , 0, 0)− 2r(x−r)
R2 (x − r , y , z)

= r
R2 (−(x − r)2 + y2 + z2, 2(x − r)y , 2(x − r)z),

where R2 := (A− F )2 = (x − r)2 + y2 + z2.
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Relation between metrics on M and S2

We calculate the metric gS2 = (dĀ)2 of the sphere S2 in

coordinates u, v , where Ā(u, v) = πFA(u, v). We have

dĀ = −d(f (A− F )) = −df (A− F )− fdA,

gS2 = (dĀ)2 = f 2(dA)2 + fdfd(R2) + R2df 2

= f 2(dA)2 + df (d(R2f ))
= f 2(dA)2 + 2rdxdf .
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Cases when the central projection is a conformal map

Corollary

The central projection πF : M → S2 is a conformal map if and

only if dx = 0 i.e. M is a part of the plane orthogonal to

i = (1, 0, 0) or a part of the plane x = r or a part of the sphere

f := 2r(x−r)
R2 = r

λ that is

(x − (r + λ))2 + y2 + z2 = r2 + λ2

for some λ 6= 0.
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Rotation lemma

Let R ∈ SO3 be a rotation around the center of the sphere S2. It

preserves the sphere S2 and transform the point F into F ′ = RF .
We denote by πRF : M → RS2 = S2 the central projection of the

surface into the sphere RS2.

ROTATION LEMMA The central projections πF : M → S2 and

πRF : M → RS2 are related by

πRF = πF ◦ R−1 : M → S2.

In other words, the rotation of the sphere by R is equivalent to the

rotation on the surface M by the inverse transformation R−1.

(We identify a point A ∈ S2 with the point RA ∈ RS2. )

Proof. We set fF (A) = (A−F )·F
(A−F )2 . Then fRF (A) = fF (R−1A) and

πRF (A) = R−1(RF + fRF (A− RF ) = F + fF (R−1A)(R−1A− F )

= πF (R−1A).
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Central projection of a plane to sphere

Let Σ = Π = Πρ
n = {A, n · A = ρ} is the plane with normal vector

n = (cosϕ, sinϕ, 0) where ρ = dist(Π,O) and coordinates (y , z).
Then

Πρ
n = {A = ρn + (sinϕy ,− cosϕy , z) =

(ρ cosϕ+ sinϕy , ρ sinϕ− cosϕy , z)}

The central projection is

πF : A 7→ Ā = F − f (A)(A− F ) = F − 2F · (A− F )

(A− F )2
(A− F ).
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When the central projection of a plane is a conformal map?

The induces metric gS2 of the sphere S2 w.r.t. the local coordinates

y , z s.t. Ā(y , z) = πFA(y , z) is

gS2 = dĀ2 = f 2dA2 − 2r sinϕdydf

where dA2 = dy2 + dz2 is the metric of the plane Πn
ρ

f = −2F ·(A−F )
(A−F )2 = −2r(sinϕy+β)

R2 ,

R2 = |A− F |2 := (y − sinϕ)2 + z2 + (ρ− sinϕ)2, β = ρ cosϕ− r

and

df =
2r

R4
[{ρ2−2r2+y2+z2+2y(r−2ρ cosϕ}dy−2z(β+sinϕy)dz ]

It is a conformal map i� the plane is frontal ( i.e. orthogonal to the

frontal direction , i.e. ϕ = 0.
A small rotation R = RαO of eye (which is equivalent to a rotation

R−1 of the external space in opposite direction) produces

(approximately) a conformal transformation of the eye sphere.
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Problem of conformal invariant perception of contours
(problem of stability) as the main problem of conformal
geometry of curves

Importance of conformal group in vision (Ho�man, 1989 )

The main problem of di�erential geometry of curves in a

homogeneous manifold M = G/H is to construct the full system of

G -invariants of a curve C ⊂ M which determines it up to a

transformation from G . For Euclidean plane E 2 = SE (2)/SO2, a

solution given by Frenet associates with a curve γ the natural

equation K = K (s) where s is the natural parameter (arc-length)
and K (s) = |z̈(s)| (the curvature = acceleration of the path z(s)).
For conformal geometry S2 = SO1,3/Conf (E 2) of sphere similar
solution is known ( A. Fialkov, J. Haantjes, R. Sharp, F.Brustall

and D. Calderbank.) The natural equation of a curve γ ⊂ S2 is

K = K (s) where s is a "conformal parameter "along a curve γ
(de�ned up to a fractional linear transformations) and K is the

conformal curvature which depends on 5-jet of γ.
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CONFORMAL GEOMETRY OF SPHERE

Let (V = R1,3, g) be the Minkowski vector space, V 0 the light

cone of isotropic vectors and

S2 := PV 0 = {[p] := Rp, p ∈ V0} ' S2

the celestial sphere. The metric g induces a conformal structure

[g0] in S2 and the connected Lorentz group G = SO(V ) ' SO1,3

acts transitively on S2 as the group of conformal transformations

(the M�obius group).
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Gauss decomposition of conformal Lie algebra and
conformal group

The gradation

V = V−1 + V0 + V1 = Rp + E 2 + Rq,

g(p, p) = g(q, q) = g(Rp + Rq,E 2) = 0, g(p, q) = 1 de�nes a

gradation of the Lie algebra

g = so(V ) = g−1 + g0 + g1 = p ∧ E + so(E ) + q ∧ E .

It de�nes the Gauss decomposition of the conformal group

G = SO(V ) = G−1 · G0 · G+.

S2 = G/B = G/G0 · G+, G+ ' Sim(E 2) = R+ · SO2 · R2.
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Sphere S2 as Riemannian sphere C ∪ {∞}

In terms of the holomorphic coordinate z ∈ S2 ' C ∪ {∞},

SO(V ) = SL2(C)/(±1) 3 ±A = ±
(
a b
c d

)
: z 7→ az + b

cz + d
.

The Lie algebra sl2(C) = {(b + az + cz2)∂z}. The gradation is

sl2(C) = g−1 + g0 + g1 = {b∂z}+ {a∂z}+ {cz2∂z}.

The (local) Gauss decomposition is

G = SL2(C) = G− · G0 · G+

=

(
1 b
0 1

)
,

(
a 0
0 d

)(
1 0
c 1

)
Note that S2 = G/B = SL2(C)/G 0 · G+ where B = G 0 · G 1 is the

Borel subgroup of upper triangular matrices.

Äìèòðèé Àëåêñååâñêèé Íåéðîãåîìåòðèÿ. Ìàòåìàòè÷åñêèå ìîäåëè çðèòåëüíîé ñèñòåìû.II



Tits model of the conformal sphere

Since NG (B) = B, the conformal sphere S2 can be identi�ed with

the set of all Borel subgroups in G = SO(V ) = SL2(C)

In terms of real coordinates x , y of the sphere,where z = x + iy ,
the generators of G are

generators of G 0: (dilatation)E = r∂r = x∂x + y∂y ,
(rotation) R = x∂y − y∂x ,

generators of G− : (translations) ∂x , ∂y ,
generators of G+: (special �elds)

Y 1 = (x2− y2)∂x + 2xy∂y = 2xE − r2∂x = 2xr∂r − r2∂x ,
Y 2 = 2xy∂x − (x2− y2)∂y = 2yE − r2∂y = 2xr∂r − r2∂y .
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Cartan connection associated with a conformal structure

Di�erential geometry teaches that the most important object

associated with a conformal geometry is the (normal) Cartan

connection (a principal bundle with an absolute parallelism ). In the

case of conformal sphere, the Cartan connection is the principal

bundle

π : SO1,3 → S2 = SO1,3/Sim(E 2) = G/G0 · G+

of second order frames with the absolute parallelism , de�ned by

the Maurer-Cartan form µ : TSO1,3 → so1,3.
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Îñíîâíàÿ ïðîáëåìà

Êàêóþ ëîêàëüíóþ èíôîðìàöèþ äåòåêòèðóþò íåéðîíû è êàê îíè

åå ïåðåðàáîòûâàþò?

Âèäèìûé ìèð ñîñòîèò èç ïîâåðõíîñòåé è êðèâûõ, êîòîðûå

äâèæóòñÿ âî âðåìåíè.

Ýëåìåíò ïîâåðõíîñòè 1-ãî ïîðÿäêà - êàñàòåëüíàÿ ïëîñêîñòü.

Îíà ïàðàìåòðèçóåòñÿ òî÷êàìè P2 ò.å. øèðîòîé (slant) è

äîëãîòîé (tilt).

Ïîëîæåíèå òâåðäîãî òåëà ñ òî÷íîñòüþ äî ïàðàëëåëüíûõ

ïåðåíîñîâ ïàðàìåòðèçóåòñÿ òî÷êàìè SO3, íàïðèìåð , óãëàìè

Ýéëåðà (óãëàìè ïîâîðîòà îòíîñèòåëüíî îñåé z − x ′ − z ′′ èëè
óãëàìè Tait-Bryant (óãëàìè ïîâîðîòà îòíîñèòåëüíî x − y ′ − z ′).
(Rosenberg, Cowan, Visual Representation of 3D objects in ñortex.)
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Âîïðîñ: çà÷åì ãëàç âðàùàåòñÿ îòíîñèòåëüíî òðåõ îñåé, êîãäà

äîñòàòî÷íî äâóõ?

Êëåòêè ðàñïîçíàþùèå êàñàòåëüíûå ïëîñêîñòè è âðàùåíèå

òâåðäîãî òåëà íàõîäÿòñÿ â îáëàñòè CIP - caudal intraparental area

â òåìåííîé äîëå (parental lobe). Òàì ðàâíîìåðíî ðàñïðåäåëåíû

êëåòêè êîòîðûå ìåðÿþò îäèí, äâà èëè òðè óãëà Ýéëåðà.
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Â ðàííåì çðåíèè èçìåðÿþòñÿ èíôèíèòåçèìàëüíûå

õàðàêòåðèñòèêè êðèâûõ - k-äæåòû jkx y ∈ Jk(C ,R) = Jk(R,R)
èëè, ëó÷øå, k-äæåòû ëîêàëüíûõ ñëîåíèé. Êðîìå íàïðàâëåíèÿ,

âàæíîé õàðàêòåðèñòèêîé ÿâëÿåòñÿ ïðîñòðàíñòâåííàÿ ÷àñòîòà.

Çàìåòèì, ÷òî 1-äæåò êðèâîé îïèñûâàåòñÿ â òåðìèíàõ 1-äæåòîâ

ôóíêöèé.
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Ïðîñòûå êëåòêè

Ïðîñòûå êëåòêè ðàáîòàþò êàê ëèíåéíûå ôèëüòðû Ãàáîðà èëè,

áîëåå îáùå, êàê ôèëüòðû ñ ðåöåïòèâíûì ïðîôèëåì âèäà

G (x , y) = b + ke
−( (x′)2

σ2(x′)
+ (y′)2

σ2(y′)
)

ãäå

x ′ = (x − x0 sin θ − (y − y0)) cos θ

y ′ = (x − x0 cos θ − (y − y0)) sin θ.

Àáñîëþòíîå çíà÷åíèå ôóíêöè I íå âàæíî, ò.ê. â ñåò÷àòêå
âû÷èñëÿåòñÿ ñðåäíÿÿ îñâåùåííîñòü è INPUT ôóíêöèåé

ÿâëÿåòñÿ îòêëîíåíèå îò ñðåäíåé îñâåùåííîñòè (Ãëåçåð, Çðåíèå

è ìûøëåíèå).
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Äèôåðåíöèàëüíàÿ ìîäåëü ñëîæíûõ êëåòîê (M.Hansard
and R.Horaud,2011)

Since the radius r of an eye S2 is very big with respect to the

diameter of RF of V1 cells near fovea and the curvature K = 1
r2 of

the induces physical metric g on S2 is small, we may assume that

the metric is �at. We can choose a holomorphic coordinate

z = ρe iϕ in retina centered at any point such that g = dzdz̄ .
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Then ∂z is the covariant derivative w.r.t. Levi-Civita connection

and we can represent the k-jet of the Gauss function

G = Gσ
0 = 1√

2πσ
e−

zz̄
2σ2 at the origin as sum of symmetric forms G j

of degree j = 0, · · · , k as follows

jk0 G = G 0 + G 1 + G 2 + · · ·+ G k

G 0 = G (0), G 1 = dG |0 = Gzdz + Gz̄dz̄ = − G

2σ2
(z̄dz + zdz̄),

G 2 = Gzzdz
2 + 2Gzz̄dzdz̄ + Gz̄ z̄dz̄dz̄

=
G

4σ4
(z̄2dz2 + z2dz̄2) +

G

σ2
(

1

2σ2
r2 − 1)dzdz̄ , etc
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Di�erential model

Evaluated symmetric forms G j on a parallel unit vector �eld

Vθ := cos θ∂x + sin θ∂y =
1

2
(e iθ∂z + e−iθ∂z̄)

we get functions Gj := Gj(Vθ, · · · ,Vθ). M.Hansard and R. Horaud

proposed to consider them as RP of simple cells. In particular,

G1 = (G1)σ,θ(z , z̄) = − G

4σ2
(z̄e iθ+ze−iθ) = − G

2σ2
(x cos θ+y sin θ)

Up to higher order in |z |, this function coincides with the odd

Gabor function. Gabσ,θ = − G
2σ2 sin(x cos θ + y sin θ). Also

∂∂̄G = Gzz̄(σ, θ) give the Marr �lter.
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Model of complex cell by Hansard and Horand

Let S1(z , σ, θ) = Gσθ
1 ∗ I (z) be the response by the �rst order

simple cell with parameters σ, θ. It will be large if there is a contour
through z in direction perpendicular to Vθ = (cos θ, sin θ). A model

of a complex cell , constructed from simple cells is de�ned

(following the idea by Hubel and Wiesel) by the non linear formula

C (z , σ, θ) := maxt,|t|<t0
|S1(z + tv , σ, θ)|.

Then

S1(x + tv , σ, θ) ≈
k∑

i=1

Pi (t)Si (z , σ, θ)

where Pi (t) are some polynomials.
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Functionals associated with conformal vector �elds

We describe the receptive pro�les X · G where

G = Gσ
0 = 1√

2πσ
e−

r2

2σ2 and X is one of the basic conformal vector

�elds ∂z , z∂z , z
2∂z .

z = x + iy = re iθ.

G = Gσ = 1√
2πσ

e−
r2

2σ2

∂zG = − z̄
2σ2G ,

∂z̄G = − z
2σ2G ,

z∂zG = z̄∂z̄G = − r2

2σ2G

z2∂zG = − r2

2σ2 zG = − r3

2σ2 e
iθG
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Ïåðâè÷íàÿ çðèòåëüíàÿ êîðà VI. Ïîëå ïèíâèëîâ, ïðîñòûå
è ñëîæíûå êëåòêè, ãèïåðêîëîíêè

Ïåðâè÷íàÿ çðèòåëüíàÿ êîðà ýòî ïîâåðõíîñòü òîëùèíû

≈ 1, 5− 2mm ñîñòîÿùàÿ èç 6 ñëîåâ. Êàæäûé ñëîé îáðàçîâàí

êîëîíêàìè êëåòîê, èìåþùèõ ïðèáëèçèòåëüíî îäíî è òî æå

ðåöåïòèâíîå ïîëå.
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Retinotopic map to VI
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D.Hubel è T. Wiesel:

1. Êëåòêè äåëÿòñÿ íà ïðîñòûå è ñëîæíûå. Ïðîñòûå êëåòêè

ðàáîòàþò êàê ôèëüòðû Ãàáîðà Gab(z0, σ, θ) è ðåãèñòðèðóþò

êîíòóðû, ïðîõîäÿùèå ÷åðåç òî÷êó z0 â íàïðàâëåíèè θ ( c
òî÷íîñòüþ äî 10-20 ãðàäóñîâ). (2-äæåò êîíòóðà).

2.Âñå ïðîñòûå êëåòêè íåñèíãóëÿðíîé êîëîíêè èìåþò

îäèíàêîâóþ îðèåíòàöèþ θ íî ðàçíûé ìàñøòàáíûé ìíîæèòåëü

σ (âåëè÷èíó îòêëèêà). (= ïðîñòðàíñòâåííàÿ ÷àñòîòà)

Ñèíãóëÿðíàÿ êîëîíêà (pinwheel) ñîñòîèò èç ïðîñòûõ êëåòîê ñî

âñåâîçìîæíûìè îðèåíòàöèÿìè. Â VI èìååòñÿ ïîëå Γ
íàïðàâëåíèé ñ áîëüøèì ÷èñëîì îñîáûõ òî÷åê (ïèíâèëîâ).
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Pinwheels
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Pinwheels and horizontal connections
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Ïðîáëåìà ôîðìèðîâàíèÿ è ýâîëþöèè ïîëÿ ïèíâèëîâ

Äèíàìè÷åñêèå ìîäåëè âîçíèêíîâåíèÿ è ýâîëþöèè ïîëÿ

íàïðàâëåíèé ñ íàáëþäàåìûì óíèâåðñàëüíûèì ðàñïðåäåëåíèåì

îñîáåííîñòåé ïðåäëîæåíû F.Wolf c ñîàâòîðàìè.

Äâà ëîêàëüíûõ ïàðàìåòðà êîðû : îðèåíòàöèÿ θ è âåëè÷èíà

îòêëèêà ρ êàê ôóíêöèè ïîëîæåíèÿ x = (x1, x2) íåéðîíà â êîðå
VI îáúåäèíÿþòñÿ â êîìïëåêñíóþ ôóíêöèþ z = z(x) = ρe2iθ,

êîòîðàÿ óäîâëåòâîðÿåò óðàâíåíèþ Swift-Hohenberg'a

∂tz = (r − (k2
c −∆)2)z + N3(z , z , z)

ãäå r -ïàðàìåòð áèôóðêàöèè, N3 -êóáè÷åñêàÿ íåëèíåéíîñòü.

Îïåðàòîð Swift-Hohenberg'a - ïðîñòåéøèé E (2) èíâàðèàíòíûé
îïåðàòîð, êîòîðûé ïðèâîäèò ê áèôóðêàöèè Turing'îâà òèïà

ïðîñòðàíñòâåííûõ îáðàçîâ. Êà÷åñòâåííàÿ êàðòèíà íå ìåíÿåòñÿ,

åñëè çàìåíèòü åãî ñâåðòêîé ñ ìåêñèêàíñêîé øëÿïîé.

Äìèòðèé Àëåêñååâñêèé Íåéðîãåîìåòðèÿ. Ìàòåìàòè÷åñêèå ìîäåëè çðèòåëüíîé ñèñòåìû.II



Pinwheels and hexagonal lattice
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Ìîäåëü Petitot

W. Ho�man (1989) "Visual cortex is a contact bundle"

Îòîæäåñòâëÿÿ ïðîñòûå êëåòêè êîëîíêè, êîòîðûå äåòåêòèðóþò

îäèíàêîâóþ îðèåíòàöèþ (íàïðàâëåíèå) θ. Ïåòèòî çàìåòèë, ÷òî

ïðîñòðàíñòâî ïðîñòûõ êëåòîê ìîæíî îòîæäåñòâèòü ñ

ïîâåðõíîñòüþ, ïîëó÷åííîé èç ïîâåðõíîñòè êîðû ðàçäóòèåì

(blow up) â îñîáûõ êîëîíêàõ (ïèíâèëàõ). Â àïïðêñèìàöèè, ÷òî

âñå êîëîíêè îñîáûå, ïîëó÷àåòñÿ â êà÷åñòâå ìîäåëè êîðû

òðåõìåðíîå êîíòàêòíîå ïðîñòðàíñòâî M = PT ∗R ñ

êîîðäèíàòàìè (z = (x , y), θ) è êîíòàêòíîé ñòðóêòóðîé

H = ker(cos θdy − sin θdx) êîòîðîå îòîæäåñòâëÿåòñÿ ñ

ïðîñòðàíñòâîì 1-äæåòîâ

J1(R,R) = {(x , y), p = tg θ}, H = ker(dy − pdx).
Ñîãëàñíî Ïåòèòî, êîðà VI îñóùåñòâëÿåò Ëåæàíäðîâ ëèôò

êîíòóðà γ ⊂ R äî ãîðèçîíòàëüíîé êðèâîé â PT ∗R .

Äìèòðèé Àëåêñååâñêèé Íåéðîãåîìåòðèÿ. Ìàòåìàòè÷åñêèå ìîäåëè çðèòåëüíîé ñèñòåìû.II



Ïðîáëåìà ïðîäîëæåíèÿ êîíòóðîâ

Îïòè÷åñêèå èëëþçèè (ñì. íàïðèìåð, èëëþçèè Kaniza)

ïîêàçûâàþò, ÷òî ìîçã ÷àñòî ïðîäîëæàåò êîíòóðû çà ïðåäåëû,

êîòîðûå íå âèäíû ãëàçàìè.

Èìååòñÿ äâå ïðîñòåéøèå ìîäåëè òàêîãî ïðîäîëæíåíèÿ: êàê

ãåîäåçè÷åñêèå ñóáðèìàíîâîé ìåòðèêè íà ãîðèçîíòàëüíîì

ðàñïðåäåëåíèè è êàê ýêñòðåìàëè ôóíêöèîíàëà ýëàñòèêè,

ïðåäëîæåííîãî Ä. Ìàìôîðäîì.
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Ìîäåëü Petitot-Citti-Sarti

Âîçáóæäåíèå ïðîñòîé êëåòêè çàâèñèò íå òîëüêî îò

ïðåäïî÷òèòåëüíîé îðèåíòàöèè θ, íî è îò ìàñøòàáíîãî

ìíîæèòåëÿ σ (âåëè÷èíû îòêëèêà). Ïîýòîìó åñòåñòâåííî â

êà÷åñòâå ïðîñòðàíñòüâà ïðîñòûõ êëåòîê ðàññìîòðåòü

ðàññëîåíèå R+ × PT ∗R = T ∗R (ñèìïëåêòèçàöèþ PT ∗R) ñ
åñòåñòâåííîé ñèìïëåêòè÷åñêîé ñòðóêòóðîé. Ýòî ïðîñòðàíñòâî

ìîæíî îòîæäåñòâèòü ñ ìíîãîîáðàçèåì êîíôîðìíûõ ðåïåðîâ íà

ñåò÷àòêå R îòíîñèòåëüíî êîíôîðìíîé ñòðóêòóðû R ⊂ S2 è ñ

ãðóïïîé êîíôîðìíûõ ïðåîáðàçîâàíèé ïëîñêîñòè

Conf (E 2) = R+ · SO2 · R2.

Äìèòðèé Àëåêñååâñêèé Íåéðîãåîìåòðèÿ. Ìàòåìàòè÷åñêèå ìîäåëè çðèòåëüíîé ñèñòåìû.II



Ïðîáëåìà ëîêàëüíûõ âíóòðåííèõ ïàðàìåòðîâ êîðû VI

Êëåòêè êîðû VI èçáèðàòåëüíî ðåàãèðóþò íå òîëüêî íà

ïîëîæåíèå z0 ñâåòîâîãî ïÿòíà, íà íàïðàâëåíèå (îðèåíòàöèþ)

êîíòóðà θ, íî è íà ìíîãèå äðóãèå ëîêàëüíûå õàðàêòåðèñòèêè. Ê

òàêèì ïàðàìåòðàì îòíîñÿòñÿ ïðîñòðàíñòâåííàÿ ÷àñòîòà p,
âðåìåííàÿ ÷àñòîòà ν, îêóëÿðíàÿ äîìèíàíòíîñòü(ocular

dominance), òðåõìåðíîå ïðîñòðàíñâî ïàðàìåòðîâ

öâåòà,ðàçëè÷íûå õàðàêòåðèñòèêè ñâÿçàííûå ñ äâèæóùèìèñÿ

îáúåêòàìè (âåëè÷èíà è íàïðàâëåíèå ñêîðîñòè), õàðàêòåðèñòèêè,

ñâÿçàííûå ñî ñòåðåîñêîïè÷åñêèì âîñïðèÿòèåì, êðèâèçíà

êîíòóðà, êîíåö êîíòóðà è ò.ä. Ïîýòîìó àäåêâàòíàÿ ìîäåëü êîðû

äîëæíà îïèñûâàòüñÿ ðàññëîåíèåì ñî ñëîåì áîëüøîé

ðàçìåðíîñòè (ðàâíîé ÷èñëó âíóòðåííèõ ïàðàìåòðîâ) íàä

ïîâåðõíîñòüþ ñåò÷àòêè (ò.å. ñôåðû).

Äìèòðèé Àëåêñååâñêèé Íåéðîãåîìåòðèÿ. Ìàòåìàòè÷åñêèå ìîäåëè çðèòåëüíîé ñèñòåìû.II



Èäåÿ îïèñàíèÿ êîðû êàê ðàññëîåííîãî ïðîñòðàíñòâà áûëà

âûñêàçàíà óæå â ðàáîòàõ Õþáåëÿ è Âèçåëÿ, êîòîðûå óêàçàëè íà

íåîáõîäèìîñòü ââåäåíèÿ äîïîëíèòåëüíûõ "engrafted

variables"("Ïðèâèòûõ èëè èìïëàíèðîâàííûõ ïåðåìåííûõ"):

"What the cortex does is to map not just two but many variables

on its two-dimensional surface. It does so by specifying as the basic

parameters the two valiables that specify the visual �eld

coordinates (distance out and up or down from the fovea) and on

this map it engrafts other variables such as orientation and eye

preference, by �ner subdivisions".

Äìèòðèé Àëåêñååâñêèé Íåéðîãåîìåòðèÿ. Ìàòåìàòè÷åñêèå ìîäåëè çðèòåëüíîé ñèñòåìû.II



Èäåÿ ãèïåðêîëîíîê (Hubel-Wiesel)

Ðàññìàòðèâàÿ êëåòêè êîðû VI êàê äåòåêòîðû îðèåíòàöèè è

ãëàçîäîìèíèíòíîñòè, Õþáåëü è Âèçåëü ïðåäïîëîæèëè, ÷òî

êîëîíêè îðèåíòàöèè ãðóïïèðóþòñÿ â ãèïåðêîëîíêè (1− 2mm2),

êîòîðûå ñîäåðæàò ëîêàëüíóþ èíôîðìàöèþ î êîíòóðå. Îíè

îïðåäåëÿþòñÿ êàê íàáîð íåñèíãóëÿðíûõ êîëîíîê, êîòîðûå

ñîäåðæàò ïðîñòûå êëåòêè ñ ëþáûì íàïðàâëåíèåì.

Ãèïîòåçà. Áëàãîäàðÿ ôèêñàöèîííûì äâèæåíèÿì ãëàçà

ëîêàëüíûé êîíòóð äâèãàåòñÿ ïî ñîâìåñòíîìó RF ãèïåðêîëîíêè

è äåòåêòèðóåòñÿ íåêîòîðîé êîëîíêîé.

Äìèòðèé Àëåêñååâñêèé Íåéðîãåîìåòðèÿ. Ìàòåìàòè÷åñêèå ìîäåëè çðèòåëüíîé ñèñòåìû.II



Ñôåðè÷åñêàÿ ìîäåëü ãèïåðêîëîíêè Paul Bresslo� è Jack
Cowan, 2002, Visual cortex as a crystal

Êîðà VI îáëàäàåò êâàçè-êðèñòàëëè÷åñêîé ñòðóêòóðîé, ãäå

ïèíâèëû ÿâëÿþòñÿ óçëàìè ðåøåòêè, à ãèïåðêîëîíêè ÿâëÿþòñÿ

ôóíäàìåíòàëüíûìè îáëàñòÿìè. Êëåòêè êîðû äåòåêòèðóþò

îðèåíòàöèþ θ è ïðîñòðàíñòâåííóþ ÷àñòîòó p. Öåíòðû ïèíâèëîâ

õàðàêòåðèçóþòñÿ ìàêñèìàëüíîé è ìèíèìàëüíîé

ïðîñòðàíñòâåííîé ÷àñòîòîé. Ðàññìàòðèâàÿ êàê âíóòðåííèå

ïàðàìåòðû îðèåíòàöèþ θ è ïðîñòðàíñòâåííóþ ÷àñòîòó p,
Bresslo� è Cowan ïðåäëîæèëè ìîäåëü ãèïåðêîëîíêè êàê

2-ñôåðû S2 ñî ñôåðè÷åñêèìè êîîðäèíàòàìè θ (øèðîòà) è

ϕ = π p/pL
pH/pL

(äîëãîòà) àññîöèèðîâàííóþ ñ äâóìÿ ïèíâèëàìè: N
ñ ìàêñèìàëüíûì çíà÷åíèåì pH è S ñ ìèíèìàëüíûì çíà÷åíèåì

pL ïðîñòðàíñòâåííîé ÷àñòîòû.

Íà ïîëþñàõ N, S ,ñîîòâåòñòâóþùèõ äâóì ïèíâèëàì, îðèåíòàöèÿ

íå îïðåäåëåíà, ò.ê. èìåþòñÿ êëåòêè ëþáîé îðèåíòàöèè.
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Ðàñïîñòðàíåíèå âîçáóæäåíèÿ â ãèïåðêîëîíêå

Ðàñïîñòðàíåíèå âîçáóæäåíèÿ â ãèïåðêîëîíêå S2 îïèñûâàåòñÿ

óðàâíåíèåì Wilsona-Cowan'a

∂tu(θ, ϕ, t) = −u(θ, ϕ, t)+

∫ π

0

∫ π

0
W (θ, ϕ|θ′, ϕ′)σ(u(θ′, ϕ′, t))dν+h(θ, ϕ)

ãäå W ïëîòíîñòü âçàèìîäåéñòâèÿ ìåæäó äâóìÿ

ãèïåðêîëîíêàìè, σ - ñèãìîèäàëüíàÿ ôóíêöèÿ , h ñòèìóë îò

ÍÊÒ.

Ïðåäïîëàãàåòñÿ, ÷òî âåñîâàÿ ôóíêöèÿ W ∈ C∞(S2 × S2)
SO3-èíâàðèàíòíà, ò.å. ðàçëàãàåòñÿ ïî ñôåðè÷åñêèì

ãàðìîíèêàì, íàïðèìåð, åñòü ôóíêöèÿ ðàññòîÿíèÿ.
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Ïðîáëåìà êîíôîðìíîé èíâàðèàíòíîñòè

Ìîçã êîìïåíñèðóåò êîíôîðìíûå ïðåîáðàçîâàíèÿ îáðàçà íà

cåò÷àòêå, âûçâàííûå ôèêñàöèîííûìè äâèæåíèÿìè ãëàçà è

âîñïðèíèìàåò íåïîäâèæíûå îáðàçû êàê íåïîäâèæíûå. Äðóãèìè

ñëîâàìè, îí ðåøàåò çàäà÷ó îïèñàíèÿ êðèâîé íà êîíôîðìíîé

ñôåðå ñ òî÷íîñòüþ äî êîíôîðìíûõ ïðåîáðàçîâàíèöé.

Èìååòñÿ äâà ïîäõîäà ê ýòîé çàäà÷å:

1. Âû÷èñëåíèå èíôèíèòåçèìàëüíûõ êîíôîðìíûõ èíâàðèàíòîâ

êðèâîé (ãðóáî ãîâîðÿ, êîíôîðìíîé êðèâèçíû êàê ôóíêöèè

ïðîåêòèâíîãî ïàðàìåòðà ). Ýòî òðåáóåò âû÷èñëåíèÿ

ïðîèçâîäíûõ INPUT ôóíêöèè äî ïÿòîãî ïîðÿäêà.

Äìèòðèé Àëåêñååâñêèé Íåéðîãåîìåòðèÿ. Ìàòåìàòè÷åñêèå ìîäåëè çðèòåëüíîé ñèñòåìû.II



Îðáèòàëüíûé ïîäõîä

2. Âòîðîé ïîäõîä îñíîâàí íà ñëåäóþùåì çàìå÷àíèè: åñëè

ðàñïîëîæèòü äåòåêòîðû âäîëü îðáèòû ãðóïïû ïðåîáðàçîâàíèé

G , òî ñóììàðíàÿ èíôîðìàöèÿ, êîòðóþ îíè ïåðåäàþò â îáùèé

öåíòð, áóäåò èíâàðèàíòíà îòíîñèòåëüíî ãðóïïû G .
Íàïðèìåð, åñëè G = SO2 åñòü ãðóïïà âðàùåíèé ïëîñêîñòè, òî

èíôîðìàöèÿ, êîòîðóþ íåêîòîðûé öåíòð ïîëó÷àåò îò ñèñòåìû

íàáëþäàòåëåé, ðàñïîëîæåííàÿ âäîëü îêðóæíîñòè, áóäåò

èíâàðèàíòíà îòíîñèòåëüíî âðàùåíèé.

Äìèòðèé Àëåêñååâñêèé Íåéðîãåîìåòðèÿ. Ìàòåìàòè÷åñêèå ìîäåëè çðèòåëüíîé ñèñòåìû.II



Êîíôîðìíóþ ñôåðó ìîæíî ðàññìàòðèâàòü êàê ñôåðó Ðèìàíà

S2 = C ∪∞ c äðîáíî-äèíåéíûì äåéñòâèåì ãðóïïû SL2(C), ò.å.
êàê îäíîðîäíîå ïðîñòðàíñòâî S2 = SL2(C )/G0 · G+ ãäå

SL2(C) = G− · G0 · G+ åñòü Ãàóññîâî ðàçëîæåíèå â ïðîèçâåäåíèå

íèæíèõ òðåóãîëüíûõ, äèàãîíàëüíûõ è âåðõíèõ òðåóãîëüíûõ

ìàòðèö. Òî÷êó ñôåðû ìîæíî îòîæäåñòâèòü ñî ñòàöèîíàðíîé

ïîäãðóïïîé (ìîäåëü Òèòñà).

Äìèòðèé Àëåêñååâñêèé Íåéðîãåîìåòðèÿ. Ìàòåìàòè÷åñêèå ìîäåëè çðèòåëüíîé ñèñòåìû.II



Ñîãëàñíî ìîäåëè Ïåòèòî-×èòòè-Ñàðòè ïðîñòûå êëåòêè VI

ïàðàìåòðèçóþòñÿ ëîêàëüíî ãðóïïîé

G0 · G− ' Conf (E 2) = CO2 · R2.

Ïðåäïîëîæèì, ÷òî ïðîñòûå êëåòêè ãèïåðêîëîíêè ëîêàëüíî

ïàðàìåòðèçóþòñÿ ãðóïïîé G0 · G+ ' Conf (E 2), ò .å.
ñòàöèîíàðíîé ïîäãðóïïîé ýòîé òî÷êè. Ðàçíèöà ñ ìîäåëüþ

Petitot-Citti-Sarti ñîñòîèò â òîì, ÷òî âìåñòî êîîðäèíàò

z = (x , y) öåíòðà êîëîíêè ðàññìàòðèâàåòñÿ ïàðàìåòðû

grad σ = (x ′, y ′) çàâèñÿùèå îò äæåòà âòîðîãî ïîðÿäêà

(ãðàäèåíò èçìåíåíèÿ ìàñøòàáíîãî ìíîæèòåëÿ).
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Òîãäà èíôîðìàöèÿ, êîòîðóþ ïðîñòûå êëåòêè ïîñûëàþò íà

ñëåäóþùèé óðîâåíü ,(íàïðèìåð ñëîæíûì êëåòêàì) áóäåò

èíâàðèàíòíà îòíîñèòåëüíî ÷åòûðåõìåðíîé ñòàöèîíàðíîé

ïîäãðóïïû G0 · C+ ãðóïïû Ìåáèóñà GL2(C).
Ãåîìåòðè÷åñêè ìû ïîëó÷èì ëîêàëüíî ãëàâíîå ðàññëîåíèå

ðåïåðîâ 2-ãî ïîðÿäêà ñî ñâÿçíîñòüþ Êàðòàíà

GL2(C)→ S2 = GL2(C))/G0 · G+.

Íà ñëåäóþùåì óðîâíå äîñòèãàåòñÿ èíâàðèàíòíîñòü

îòíîñèòåëüíî ãðóïïû ïàðàëëåëüíûõ ïåðåíîñîâ G− ' R2.
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Èçâåñòíî, ÷òî ðåàêöèÿ ïðîñòûõ êëåòîê íå èíâàðèàíòíà

îòíîñèòåëüíî ñäâèãîâ è èíâàðèàíòíîñòü îòíîñèòåëüíî ñäâèãîâ

ïîÿâëÿåòñÿ òîëüêî íà óðîâíå ñëîæíûõ êëåòîê.

(M. Hansard, R. Heraud, A di�erentail model of complex cells,

2011).

Îòìåòèì ÷òî ïðîñòûå êëåòêè ãèïåðêîëîíêè ïàðàìåòðèçóþòñÿ

òî÷êàìè ãðóïïû G0 · G+ = CO2 · R2. Èãíîðèðóÿ ãðàäèåíòíûå

ïàðàìåòðû ñîîòâåòñòâóþùèå ïîäãðóïïå G+, ìû ïîëó÷èì

ïàðàìåòðèçàöèþ ïðîñòûõ êëåòîê ãðóïïîé

G0 = CO2 = R+ × SO2 ' S2 \ {N,S}, ÷òî ñîãëàñóåòñÿ ñ

ìîäåëüþ Bresslo�-Cowan.
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