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CENTRAL PROJECTION. EUCLIDEAN CASE

We give formula for the central projection ¢ : M — S2 of a
parametrized surface M = {A = (x(u, v), y(u, v), z(u,v))} C R3
into the sphere

S2— (A OA° = 12}

with respect to the point F = (r,0,0). It maps a point A€ M to
the second point of intersection (AF) N S2of the ray (AF) with the
sphere S2.
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Formula for central projection

Identifying a point A = (x,y, z) with the position vector
OA = (x,y,z), we have

TFM3A— A=F —f(A)(A—F)=f(AA+(1-f(A)F
where the function f(A) is the positive solution of the quadratic
equation

(A= F)* 2 —2F (A—F)f + F2 -2 =0.
If FeS? ie rp=r, the equation becomes linear and

_2F-(A-F) 2r(x—r)
FlA) = (A—F)2  (x—r)24+y2+22

WF:(XaYaZ)H A:(r,0,0)—%(x—r,y,z)

= RZ(—(X—r)2+y2+z2,2(x—r)y,2(x—r)z),
where R? := (A— F)2 = (x — r)? + y? + 2.



Relation between metrics on M and S?

We calculate the metric gs> = (dA)? of the sphere S? in
coordinates u, v, where A(u,v) = mpA(u, v). We have

dA=—d(f(A—F)) = —df(A— F) — fdA,
gs2 = (dA)? = f2(dA)? + fdfd(R?) + R2df?

= f2(dA)? + df (d(R?f))
= £2(dA)? + 2rdxdf .
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Cases when the central projection is a conformal map

Corollary

The central projection mr : M — S? is a conformal map if and
only if dx =0 i.e. M is a part of the plane orthogonal to
i =(1,0,0) or a part of the plane x = r or a part of the sphere
fi= 2000 — & that is

(x=(r+ M) +y>+22=r*4+)°

for some \ # 0.
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Rotation lemma

Let R € SO;3 be a rotation around the center of the sphere S2. It
preserves the sphere S2 and transform the point F into F/ = RF.
We denote by mrr : M — RS? = S? the central projection of the
surface into the sphere RS2,

ROTATION LEMMA The central projections 7g : M — S2 and
7RF : M — RS? are related by

TR =TFo R71: M — S2.

In other words, the rotation of the sphere by R is equivalent to the
rotation on the surface M by the inverse transformation R™1.
(We identify a point A € S? with the point RA € RS?.)

Proof. We set fg(A) = ((’i‘ ';))2 Then fre(A) = fr(R71A) and

7rRe(A) = RYRF 4 fre(A— RF) = F + fe(R*A)(RT*A - F)

-1
=mr(R™A).
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Central projection of a plane to sphere

Let ¥ =M =15 ={A, n- A= p} is the plane with normal vector
n = (cos p, sin ¢, 0) where p = dist(I1, O) and coordinates (y, z).
Then

M ={A=pn+ (sinpy, —cospy,z) =

(pcos + siny, psinp — cospy, z)}
The central projection is

2F - (A - F)

TF: A A=F —f(AA—F)=F — (A—F)2

(A—F).
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When the central projection of a plane is a conformal map?

The induces metric gs> of the sphere 52 w.r.t. the local coordinates
y,zst. Aly,z) =7rA(y, z) is
gs2 = dA? = f2dA% — 2rsin pdydf

where dA? = dy? + dz? is the metric of the plane ny

F— _2F~(A—F) _2r(sin py+8)
- (A_F)2 R2 bl

R?=|A—F]?:=(y —sinp)>+ 22+ (p—sinp)?, B=pcosp—r

and
df = 2L ({22712 + 2242y (r—2p cos p}dy—22(B+sin py) de]
= mallr y y(r—2pcosypjdy vy

It is a conformal map iff the plane is frontal ( i.e. orthogonal to the
frontal direction , i.e. ¢ = 0.

A small rotation R = R of eye (which is equivalent to a rotation
R~! of the external space in opposite direction) produces
(approximately) a conformal transformation of the eye sphere:
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Problem of conformal invariant perception of contours

(problem of stability) as the main problem of conformal

geometry of curves

Importance of conformal group in vision (Hoffman, 1989 )

The main problem of differential geometry of curves in a
homogeneous manifold M = G/H is to construct the full system of
G-invariants of a curve C C M which determines it up to a
transformation from G. For Euclidean plane £2 = SE(2)/S0, a
solution given by Frenet associates with a curve -y the natural
equation K = K(s) where s is the natural parameter (arc-length)
and K(s) = |Z(s)| (the curvature = acceleration of the path z(s)).
For conformal geometry $2 = SOy 3/ Conf(E?) of sphere similar
solution is known ( A. Fialkov, J. Haantjes, R. Sharp, F.Brustall
and D. Calderbank.) The natural equation of a curve vy C S? is

K = K(s) where s is a "conformal parameter "along a curve ~
(defined up to a fractional linear transformations) and K is the
conformal curvature which depends on 5-jet of .
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CONFORMAL GEOMETRY OF SPHERE

Let (V = RY3, g) be the Minkowski vector space, VO the light
cone of isotropic vectors and

$2:=PV° ={[p] =Rp, pec W} ~S?

the celestial sphere. The metric g induces a conformal structure
[¢°] in S2 and the connected Lorentz group G = SO(V) ~ SO; 3
acts transitively on S? as the group of conformal transformations
(the Mé&bius group).
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Gauss decomposition of conformal Lie algebra and

conformal group

The gradation
V=V_i+Vo+Vi=Rp+E>+Rq,

g(p.p) = g(q.q9) = g(Rp+Rq, E?) = 0, g(p, q) = 1 defines a
gradation of the Lie algebra

g=s0(V)=g_1+go+g1=pANE+s0(E)+qgANE.
It defines the Gauss decomposition of the conformal group

G=5S0(V)=G_1 Gy-Gy.
S2=G/B=G/Gy Gy, Gy ~ Sim(E2) = R* - SO, - R2,
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Sphere S? as Riemannian sphere C U {oo}

In terms of the holomorphic coordinate z € S? ~ C U {00},

SO(V) = SLy(C)/(£1) > +A =+ (a b) N

d) 7 a+d
The Lie algebra slp(C) = {(b + az + cz?)9,}. The gradation is

slp(C) = g7t + g% + ¢* = {b0.} + {ad.} + {c°0.}.
The (local) Gauss decomposition is

G = SL,(C) = G_- Gy Gy
- (o 1) (6o

Note that S2 = G/B = SL(C)/G® - G where B = GY - G is the
Borel subgroup of upper triangular matrices.
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Tits model of the conformal sphere

Since Ng(B) = B, the conformal sphere S can be identified with
the set of all Borel subgroups in G = SO(V) = SL»(C)

In terms of real coordinates x, y of the sphere,where z = x + iy,
the generators of G are
generators of G°: (dilatation)E = rd, = xdx + yd,,
(rotation) R = xd, — y0x,
generators of G~ : (translations) dy, 0,
generators of GT: (special fields)
Y1 = (x2—y2)o,+ 2xy0, = 2xE — r20y = 2xrd, — r?dy,
Y2 = 2xy0y — (x2 — y?)0, = 2yE — r?0, = 2xrd, — r?d,.
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Cartan connection associated with a conformal structure

Differential geometry teaches that the most important object
associated with a conformal geometry is the (normal) Cartan
connection (a principal bundle with an absolute parallelism ). In the
case of conformal sphere, the Cartan connection is the principal
bundle

7:5013 — S% = SOy 3/Sim(E?) = G/ Gy - G4

of second order frames with the absolute parallelism , defined by
the Maurer-Cartan form p: TSO; 3 — s013.
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OcHoBHas npobnema

Kakyto foKanbHY0 nHOPMaLNIo AETEKTUPYIOT HEPOHBI 1 KaK OHM
ee nepepaboTbiBatoT?

Bnanmbiii Mup cocTonT U3 NnOBEpXHOCTEN N KPUBbIX, KOTOPbIE
OBUKYTCS BO BPEMEHMN.

DNeMeHT NoBepXHOCTM 1-ro nopsigka - KacaTeabHas MJAOCKOCTb.
Ona napameTpusyetcs Toukamu P? T.e. wmpoToii (slant) u
ponroToii (tilt).

MonoxeHne TBEPAOrO Tea C TOYHOCTHIO [0 NapanienbHbiX
nepeHocoB napameTpusyercs Toukamu SO3, Hanpumep , yraamu
Slinepa (yrnamu nosopoTta oTHocuTensHo oceli z — x' — z’ nan
yrnamu Tait-Bryant (yrnamu nosopota otHocutensHo x — y' — Z').
(Rosenberg, Cowan, Visual Representation of 3D objects in cortex.)
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Bonpoc: 3auyem rnas BpaliaeTca OTHOCUTENbHO Tpex OcCel, Koraa
LOCTaTOYHO AByx”?

KneTku pacnosHarouime KacaTefibHbIE MIOCKOCTN 1 BpaLLeHune
TBepaoro Tena HaxoaaTca B obnactu CIP - caudal intraparental area
B TemeHHOI gone (parental lobe). Tam paBHomepHO pacnpeaenenbi
KNETKU KOTOPbIE MEPSIIOT OAWH, ABa MM Tpu yrna diinepa.
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B panHem 3peHnn nsmepsaoTca nHbUHUTEIUMANbHbIE
xapakTepucTukn kpussix - k-gxetsl jXy € JK(C,R) = JX(R,R)
nam, nydwe, k-axKeTbl TOKaNbHbIX cnoeHunii. Kpome Hanpaeneus,
BaXKHOI XapaKTEPMCTUKOI SABAAETCA MPOCTPAHCTBEHHAA 4acToTa.
3ameTum, 4TO 1-AKET KPNBOA ONUCLIBAETCS B TEPMUHAX 1-AKETOB

byHKLNIA.
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[TpocTble kKneTkn

MpocTbie kneTkn paboTatoT Kak nuHelinble dounbTpel [abopa nnu,
Bonee obuye, Kak pUALTPLI C peuenTuBHbIM npodunem suga

CO %
(0-2(x’) + 0.2(y/))

G(x,y) =b+ke

rae
x'=(x—xpsinf — (y — yp)) cos @
y' = (x—x0cos8 — (y — yp))sin 6.

AbcontoTHoe 3HaveHne cdyHkuy | He BaXKHO, T.K. B CeTYaTKe
BblUMCAseTCA cpepHas oceewernHocTb u INPUT dyrkuymeli
SABNSIETCA OTKJIOHeHNe OT cpepHeii oceewerHocTn (Mnesep, 3penne
N MbILLJIEHNE).
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OudpeperumnansHas mogens cnoxHbix knetok (M.Hansard

and R.Horaud,2011)

Since the radius r of an eye S? is very big with respect to the
diameter of RF of V1 cells near fovea and the curvature K = 712 of
the induces physical metric g on S? is small, we may assume that
the metric is flat. We can choose a holomorphic coordinate

z = pe'? in retina centered at any point such that g = dzdz.
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Then 9, is the covariant derivative w.r.t. Levi-Civita connection
and we can represent the k-jet of the Gauss function

G=G§ = \/?e “37 at the origin as sum of symmetric forms G/
of degree j =0,--- , k as follows

EG=G"+G '+ G*+ -+ G*
G
G% = G(0), G = dG|o = G,dz + Gzdz = —53(2dz + 2d2),
g
G? = G, dz? + 2G,3dzdZ + Gzzdzdz

G
= —(Z°dz® + 2°dZ°) +

e 1)dzdz, etc
o

2 (552"
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Differential model

Evaluated symmetric forms G/ on a parallel unit vector field
- L. o —i0
Vi := cos 00y + sin 80, = §(e 0, + e ""03)

we get functions G; := Gj(Vjp,--- , Vp). M.Hansard and R. Horaud
proposed to consider them as RP of simple cells. In particular,

G ; ; G
— 0,0 5\ — = ,i0 —i0y _ .
Gl = (Gl) (Z,Z) = —@(Ze +ze ) = —?(XCOSG—FySIn 0)
Up to higher order in |z|, this function coincides with the odd

Gabor function. Gabh?? = —%sin(x cosf + ysinf). Also

090G = G,3(c,0) give the Marr filter.
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Model of complex cell by Hansard and Horand

Let S1(z,0,0) = G{% % I(z) be the response by the first order
simple cell with parameters o, 6. It will be large if there is a contour
through z in direction perpendicular to Vy = (cosé,sinf). A model
of a complex cell , constructed from simple cells is defined
(following the idea by Hubel and Wiesel) by the non linear formula

C(z,0,0) == max, ¢y |S1(z + tv,0,0)].

Then
k

51(X + tv, o, 9) ~ Z P,'(t')S;(Z, g, 9)
i=1

where P;(t) are some polynomials.
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Functionals associated with conformal vector fields

We describe the receptive profiles X - G where
2

_ . .
G=G§ = L_¢722 and X is one of the basic conformal vector

V2o
fields 9,, z0,, z20,.

z=x+iy=re".

G=G" 21 e 202
0,6 = —5G,
0:G = ~22G.
20,6 = 20;G = —5G
20,6 = —4526=—15e"G
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[lepBuynas 3putenbHas kopa VI. [lone nuHBMAOB, NpocTble

N CNOXHbIE KNETKW, TUNEPKOJIOHKN

[MepBuYyHas 3puTenbHas Kopa 3TO NOBEPXHOCTb TOJILLMHbI

~ 1,5 — 2mm coctosawasn n3 6 cnoee. Kaxaplii cnoii obpasosaH
KOJIOHKaMU KJIETOK, UMELWMX Npuban3nTensHO OgHO N TO Xe
PELENTUBHOE MOJeE.
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Retinotopic map to VI

Laaral
genicubate
nutlews

GECH BN HC) 340 26 1CH
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D.Hubel n T. Wiesel:

1. KneTkn genatcs Ha npocTele U CNnoxHble. [pocTbie KNeTku
paboTatoT kak punstpbl [abopa Gab(zy, o, 0) n pernctpupyrot
KOHTYPbl, MPOXOASILLME YEPES TOUKY Zy B HanpasneHun 6 ( ¢
To4HoCTbio Ao 10-20 rpagycos). (2-gxeT KOHTYpa).

2.Bce npocTbie KNETKN HECUHTYASIPHON KOJOHKN UMET
OAWHAKOBYIO OpUeHTaLMto € HO pasHblii MacLTabHbIE MHOXUTENb
o (Benn4nHy oTkanka). (= NpocTpaHCTBEHHAs 4acToTa)
CunrynsipHas konoHka (pinwheel) cocTonT U3 npocTbix kKneTok co
BCEBO3MOXHbIMWN opueHTauunsamu. B VI nmeerca none [
HanpasieHnii ¢ 6ONbLINM HUCIOM 0CODbIX TOYEK (MUHBUIOB).
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Pinwheels

o [ = ¢
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Pinwheels and horizontal connections
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[Mpobnema hopMupoBaHus 1 3BOMOLAN NOAS MUHBUIOB

[dunHamnyeckne Mogenn BO3HNKHOBEHNS 1 3BOJIOLNMN NOJS
HanpaBieHuii C HaboJaEMbBIM YHUBEPCANLHBIMM PachpeseneHnem
ocobenHocTell npeanoxensl F.Wolf ¢ coasTopamn.

[Ba nokanbHbIX NnapamMeTpa Kopbl : opueHTauns 6 v BeanymnHa
OTKANKA p KaK PyHKLUM NONOXKeHUst X = (X1, x2) HeipoHa B Kope
VI obbenunstoTcs B KoMAaekcHyto dyHkumio z = z(x) = pe?,
KOTOpas YAoBneTBOpsieT ypasHeHuto Swift-Hohenberg'a

Orz = (r — (k2 — D))z + Ns(z, z, 2)

rae r -napametp budpypkaunu, N3 -kybnyeckasi HENMHENRHOCTb.
Onepatop Swift-Hohenberg'a - npocreliwnii E(2) nHBapuaHTHbIli
onepaTop, KoTopblli npusognt K budbypkauyuu Turing’osa Tuna
npocTpaHCTBEHHbIX 0bpa3oB. KayecTBeHHas kapTuHa He MeHsIeTCs,
€CNN 3aMEHUTb €ro CBEPTKON ¢ MEKCUKAHCKON LUNSANOIA.
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Pinwheels and hexagonal lattice
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Mopenb Petitot

W. Hoffman (1989) "Visual cortex is a contact bundle"
OTOXAECTBASS NPOCTbIE KNETKM KONIOHKN, KOTOPbIE AETEKTUPYIOT
ofMHaKoByto opueHTaumio (Hanpasnenue) 0. MNetuto 3ameTun, 4To
NPOCTPAHCTBO MPOCTbIX KAETOK MOXHO OTOXAECTBUTL C
NOBEPXHOCTBLIO, MOJNYHEHHON M3 NOBEPXHOCTU KOPbI Pa3fyTUeM
(blow up) B 0cobbix konorkax (nuHennax). B annpkcumauun, y4to
BCE KOJIOHKN OCODbIE, NOSYHAETCs B Ka4ECTBE MOZENN KOPbI
TpexMepHoe KOHTakTHoe npocTtpancteo M = PT*R ¢
koopanHaTamu (z = (x,y),0) n KOHTAaKTHON CTPYKTYpOii

H = ker(cos fdy — sin fdx) koTopoe oToxgecTeaseTcs ¢
npocTpaHCTBOM 1-gykeToB

JHR,R) = {(x,y),p = tg0}, H = ker(dy — pdx).

CornacHo MeTuTo, kopa VI ocywecteasiet Jlexxanapos nuct
KOHTypa v C R Ao ropusoHTansHoli kpueoii 8 PT*R.
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[Mpobnema NpoaoCAKEHUS KOHTYpPOB

OnTtuyeckne nantsun (cM. Hanpumep, nintosun Kaniza)
MOKa3bIBAOT, YTO MO3I YaCTO MPOLJOKAET KOHTYPbI 33 Npeaesbl,
KOTOPblE He BUAHbI F1a3aMMu.

MmeeTcs gBe nmpocTeiiine MOAENUN Takoro NMPOAOKHEHUS: KaK
reopesnyeckne cybprmMaHoBOi METPUKN HA FOPU3OHTAIbHOM
pacnpefeneHnin n Kak 3KCTPeManun yHKLMOHANa 1acTUKN,
npeanoxentoro [. Mamdopaom.
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Mogenb Petitot-Citti-Sarti

Bo3by>xxgeHue npocToii KAeTKN 3aBUCUT He TOJIbKO OT
NpeanoYTUTENLHON opuenTauun 6, HO u OT macwTabHoro
MHOXUTENST 0 (BeNnn4YmMHbl oTkanKa). MoaTomy ectecTBeHHO B
Ka4eCTBE NMPOCTPAHCTLBA MPOCTLIX KNETOK PaCCMOTPETh
paccnoeune RT x PT*R = T*R (cumnnexktusaunio PT*R) ¢
€CTECTBEHHOW CMMMIEKTUHECKOA CTPYKTYPOIl. ITO NPOCTPaHCTBO
MOXXHO OTOXAECTBUTb C MHOroobpa3uem KOH(OPMHbLIX PENEPOB Ha
ceTyaTke R OTHOCUTENBHO KOHOPMHOI CTpYKTypsl R C S u ¢
rpynnoli kKoHdOpMHbIX NpeobpazosaHuii NAOCKOCTH

Conf(E?) = R* - SO, - R2,
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[Tpobnema nokanbHbIX BHYTPeHHUX NapamMeTpoB kopbl VI

Knetkn kopbl VI n3bupaTtensHo pearnpyoT He TONLKO Ha
NONIOXKEHNE Zg CBETOBOrO MsATHA, HA HanpassieHne (OPUEHTALMIO)
KOHTYypa €, HO 1 Ha MHOrne Apyrue NoKanbHble XapakTepuctukn. K
TakKUM NapamMeTpam OTHOCATCS NPOCTPAHCTBEHHAsi YacToTa p,
BPEMEHHAsl 4acToTa I/, OKYAsipHas AoMuHaHTHocTb(ocular
dominance), TpexmepHOe NPOCTPaHCBO NapaMeTpoB
LBETA,Pa3NINYHbIe XapaKTEPUCTNKIN CBSA3aHHbIE C ABNKYLLNMUCS
obbekTaMu (BennYMHA N HanpaBAEHNE CKOPOCTU), XapaKTEPUCTUKN,
CBSI3aHHbIE CO CTEPEOCKONMMUYECKNM BOCAPUSITUEM, KPUBN3HA
KOHTYpa, KOHEL, KOHTypa 1 T.4. [103ToMy afekBaTHas MOZeNb KOpbI
[OJKHA OMUCBIBAaTbCS PaccAOeHneM o cnoem 6onbLuoi
pasMepHOCTN (paBHOI Y4MCY BHYTPEHHUX NapaMETPOB) Hag
NOBEPXHOCTLIO ceTHaTkm (T.e. cpepbl).
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Voes onncanus kopbl Kak pacCioeHHOro NpoCTpaHCTBa bbina
BbiCKa3aHa y>e B paboTtax Xtobensi n Busensi, kotopble ykasanu Ha
HEOBXOAMMOCTL BBEAEHUS JononHuTeNbHbIX "engrafted
variables"("lMpuBnTbIX NN MMNNAHNPOBaHHBIX NepemMeHHbIX"):
"What the cortex does is to map not just two but many variables
on its two-dimensional surface. It does so by specifying as the basic
parameters the two valiables that specify the visual field
coordinates (distance out and up or down from the fovea) and on
this map it engrafts other variables such as orientation and eye
preference, by finer subdivisions".
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Npest runepkonorok (Hubel-Wiesel)

PaccmaTpuBas knetkn kopbl VI Kak AeTeKTOpbl OpueHTaLuy 1
rnas’ogoMuHuHTHOCTU, Xtobens n Busens npegnonoxuan, yto
KOJIOHKM OpUeHTaLun rpynnupytoTcs B runepkonoHku (1 —2mm?),
KOTOpble COLEPXKAT JIOKasbHYO nHdopmaunto o koHType. OHn
ONPERENsOTCS KakK Habop HECUHTYNSIPHBIX KOJIOHOK, KOTOPbIE
COAEpXKaT MPOCTbIe KMETKN C JIH0BLIM HaMpaBIeHNEM.

lmnoTesa. bnarogapsi hUKCALMOHHBIM ABUXKEHMSM 1233
NOKaNbHbIl KOHTYp aBuraetcst no coemectHomy RF runepkononkn
N AETEKTUNPYETCA HEKOTOPOUW KOJIOHKOIA.
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Cdhepunyeckas mogens runepkononku Paul Bressloff u Jack

Cowan, 2002, Visual cortex as a crystal

Kopa VI obnagaer KBasn-kpucTannn4yeckoli CTPyKTYpoOii, rae
MUHBUIIBI ABASIOTCSA Y3N1aMUN PELUETKU, @ TUMNEPKOJIOHKU SIBNSIOTCS
dyHaameHTansHbIMMN obnacTamn. KneTkn Kopbl AETEKTUPYIOT
opueHTauno @ n NpoCTpaHCTBEHHYO YacToTy p. LleHTpbl nuHeBunoe
XapaKTepU3YTCA MAaKCUMaNbHOW Y MUHUMANbHONM
MPOCTPaHCTBEHHON YacToToll. PaccmaTpueasi Kak BHyTpeHHME
napameTpbl OpueHTaumio 6 n NPOCTPaHCTBEHHYO 4acTOTy p,
Bressloff 1 Cowan npegnoxunm Moaens runepKosOHKM Kak
2-ccbepbl S2 co cdbepuueckumu koopamHatamu @ (wmpota) u

Y= ﬂp’il//p‘; (nonroTa) accounmnposaHHyto ¢ gsyMs nuHsunamu: N
C MaKCMMaJIbHbIM 3HAYEHUEM Py U S C MUHUMANBLHBIM 3HAYEHNEM
PL NPOCTPAHCTBEHHOW YacTOThI.

Ha nontocax N, S,cooTeeTcTBYIOWNX ABYM NMUHBWIAM, OPUEHTALUA
HE ONpefeneHa, T.K. UMEKTCA KAETKU Ntoboii opueHTaunn.
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PacnoctpaHeHne Bo30y)XAEHUSI B TNEPKOAOHKE

PacnocTpaHetine Bo3byxxgeHusi B runepkonoHke S2 onncebisaetcs
ypaereHunem Wilsona-Cowan'a

Deu(0, . t) = —u(0 . 1) / / WO, 016/, Yo (u(®. &', 1)) di+h(0.

rae W nnoTHOCTb B3aMMOAENCTBUS MEXAY ABYMS
FUNEPKOJIOHKAMU, 0 - CUFMOMAanbHas byHkuus , h ctumyn ot
HKT.

Mpeanonaraetcs, uTo Becosas yHkums W € C(S? x §?)
SO3-nHBapnaHTHa, T.e. pa3naraeTcs no cepuydecknm
rapMOHMKaM, HanpumMep, eCTb PYHKLMSA PacCTOSHUS.
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[Mpobnema KOHPOPMHO MHBAPUAHTHOCTY

Mo3zr komneHcnpyeT KoHbopMHble npeobpasoeaHns obpa3a Ha
CETHaTKe, BbI3BaHHbIE (DUKCALMOHHBLIMU ABUXEHUAMU 1333 1
BOCMPUHUMAET HEMOABMKHbIE 0Dpasbl Kak HenoaBmxHble. [pyrumn
C/IOBaMU, OH PELlaeT 3a4ady ONUCAHUSI KPUBOIA Ha KOH(DOPMHOI
ccpepe C TOYHOCTBIO 40 KOHPOPMHbIX NpeobpasoBaHULA.

VimeeTcsa aBa nogxoga K aToli 3agaqe:

1. Boluncnenne nHprHUTE3UMAaNbHBIX KOH(POPMHBIX MHBAPUAHTOB
kpueoit (rpybo rosopsi, KOHOPMHOI KPUBN3HBI KAk PYHKLMN
NPOEKTUBHOro napameTtpa ). ITo TpebyeT BbIYUCNEHUS
npounseogHbix INPUT cyHkuun fo nstoro nopsaka.

Amutpuii Anekceesckuii HeiliporeomeTtpus. MatemaTtuyeckue Moaenu 3puTenbHOIA €



OpbuTanbHblii nogxoa

2. BTopoii nogxo4 OCHOBaH Ha ClefyHoLeM 3aMeYaHuu: ecan
PacnoNoXuTL AETEKTOPbI BAOAL OpbuThl rpynnbl npeobpasosaHuii
G, To cymMapHas nHdopmauunsi, KOTPYHO OHU NepeaaroT B obLnii
LeHTp, byaeT MHBapuaHTHa OTHOCUTENLHO rpynnbl G.

Hanpumep, ecin G = SO, ecTb rpynna BpalieHuii niockocTu, TO
WHPOPMALMA, KOTOPYHO HEKOTOPLIW LEHTP MOAYYaeT OT CUCTEMbI
HabntopaTeneli, pacnonoXeHHas BAOJIb OKPY)KHOCTK, byneT
WHBApWaHTHA OTHOCUTENLHO BpaLLeHuUii.

Amutpuii Anekceesckuii HeiliporeomeTtpus. MatemaTtuyeckue Moaenu 3puTenbHOIA €



KoHbopmHyto cchepy MOXHO paccmaTpuBaTb Kak ccpepy Pumana
$2 = C U oo ¢ apobHo-amueiinbim aeiictenem rpynnbi SLo(C), T.e.
KaK 0AHOPOAHOe npocTpaHcTeo S2 = SL,(C)/Go - G roe

SLy(C) = G- - Gy - G ecTb [ayccoBo paznoxeHne B NponsseseHune
HVXKHUX TPEYrO/bHbIX, A4NArOHAMbHbLIX N BEPXHUX TPEYrONbHbIX
MaTpuL,. Touky cdepbl MOXKHO OTOXAECTBUTL CO CTALMOHAPHOI
noarpynnoii (Mogens Turca).
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CornacHo mogenu MNetuto-HYuttu-Captu npoctbie knetku VI
napaMeTpusyroTCst IOKaJbHO FPynnoii

Go - G_ ~ Conf(E?) = CO, - R?.

MpeanonoXum, 4To NPOCTbIE KAETKN FMNEPKONOHKN NOKaAbHO
napameTpusytotcs rpynnoii Gy - G ~ Conf(E?), T .e.
CTaunoOHapHOI nogrpynnoii aToi To4kun. Pasnnuya ¢ mogensto
Petitot-Citti-Sarti cocTonT B TOM, 4TO BMECTO KOOpAUHAT

z = (X, y) UeHTpa KOJIOHKN PacCMaTpUBAETCs NapameTpbl
grad o = (X', y') 3aBucawme oT gxeTa BTOPOro nopsgka
(rpagueHT n3MeHeHNnst MacLITabHOrO MHOXUTENS).
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Torga uncopmaums, KOTOPYHO NPOCTHIE KAETKN MOCHINAKOT Ha
cnegyrowmii yposeHb ,(Hanpumep CIOXHbIM KneTkam) byaeT
NHBApNaHTHA OTHOCUTENLHO YETbIPEXMEPHON CTaLNOHAPHOIN
nogrpynnel Go - C; rpynnel Mebuyca GLy(C).
[eOMeTPUYECKM Mbl MONYYMM JIOKAJBHO F3aBHOE PAacCiOeHne
penepoB 2-ro nopsigka co cessHocTbio KapTtana

GLy(C) — S% = GL»(C))/Go - Gy

Ha cnepytowem ypoBHe fOCTUraeTCs WHBApPUAHTHOCTb
OTHOCWTENLHO TPYNMbI NapannenbHbix neperocos G_ ~ R2,
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N3BecTHO, 4TO peakums NPOCTbIX KNETOK HE WHBApUaHTHA
OTHOCUTENbHO CABWUIOB M MHBAPUAHTHOCTb OTHOCUTEILHO CABUTOB
NOSIBJSIETCS TONIbKO HAa YPOBHE CIOMHBIX KETOK.

(M. Hansard, R. Heraud, A differentail model of complex cells,
2011).

OTMETUM 4TO NPOCTBIE KNETKN FMNEPKOAOHKN NapaMeTpUsyroTCs
Toukamu rpynnbl Gy - G = CO5 - R?. UrHopupysi rpagneHTHble
napameTpbl COOTBETCTBYtOWME nogrpynne Gy, Mbl NONy4UM
napaMeTpusaLuio NPoCTLIX KAETOK rpynmnoii

Go = CO; = Rt x S0, ~ S?\ {N, S}, uTo cornacyetcs ¢
mogensto Bressloff-Cowan.
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