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(3+1)-dimensional generalization of the dKP equation

We have studied the following system of PDE (A. Sergyeyev, arXiv:

1401.2122v2):

qz = 2uz + wx + 2wwz,

vz = 2qx − 3ux − 2wy + 2wuz − 2wwx + 2uwz,

ut = vuz + qux − uvz − wvx + vy,

wt = qy − 2vx + 4wux − wqx + qwx + vwz − uqz.

(1)

If we put w = 0, q = 3u/2 and if we suppose that u and v are indepen-

dent of z then system (1) boils down to

4vx = 3uy, 2ut = 3uux + 2vy. (2)

Eliminating v from (2) yields an equation

(4ut − 6uux)x − 3uyy = 0, (3)

which, up to a rescaling of y and u, is nothing but the dispersionless

Kadomtsev–Petviashvili (dKP) equation.



Lax pair and covering of (1)

The system (1) can be written as a set of compatibility conditions of

the Lax pair (A. Sergyeyev, arXiv:1401.2122v2):

ψy = ψzf(p,u), ψt = ψzg(p,u), (4)

where u = (q, u, v, w), u does not depend on p, ψ = ψ(x, y, z, t), p =

ψx/ψz and

f(p,u) = p2 + wp+ u, g(p,u) = p3 + 2wp2 + qp+ v. (5)

We consider p as an additional independent variable and define vector

fields

Xh = hp∂x + (phz − hx)∂p + (h− php)∂z. (6)

associated to functions h = h(p,u). Then equations

χy = Xf(χ), χt = Xg(χ), (7)

where χ = χ(x, y, z, t, p), define a covering over the system (1).



Expansion of the covering (7)

The covering (7) of the system (1) has the following explicit form:

χy = (p2wz + puz − pwx − ux)χp + (2p+ w)χx + (−p2 + u)χz,

χt = (2wzp
3 + (qz − 2wx)p2 + (vz − qx)p− vx)χp

+ (3p2 + 4pw + q)χx + (−2p3 − 2p2w + v)χz.

(8)

Let us expand χ in formal series in p:

χ =
∞∑

i=−∞
aip
−i, (9)

where ai = ai(x, y, z, t). Substituting (9) into (8) one can obtain the

following recursive formula for ai:



ai,x = (i− 3)(vx − 2uxw)ai−3

+ (i− 2)(ux − qx + 2wy − 2uwz)ai−2

+ (q − 2w2)ai−2,x + 2wai−2,y + vai−2,z − ai−2,t

− (i− 1)wxai−1 − 2wai−1,x + 2ai−1,y − 2uai−1,z

ai,z = (i− 3)uxai−3 + (i− 2)(wx − uz)ai−2

+ wai−2,x − ai−2,y + uai−2,z − (i− 1)wzai−1 + 2ai−1,x

(10)

We conjecture that all conservation laws associated with above cover-

ing are nontrivial for i ≥ 3.



Let us suppose that ai = 0 for i < 0. Then we obtain:

a0,x = 0, a0,z = 0 ⇒ a0 = a0(y, t)

a1,x = 2a0,y, a1,z = 0 ⇒ a1 = 2xa0,y

a2,x = −2(w + xwx)a0,y − a0,t + 4xa0,yy,

a2,z = (3− 2xwz)a0,y

⇓

a2 = (3z − 2xw)a0,y − xa0,t + 2x2a0,yy

a3,x = (4xwwx − xqx + xux − 3zwx + q − 3u)a0,y + (xwx + w)a0,t

+ (3z − 2x2wx − 4xw)a0,yy − 2xa0,ty + 2x2a0,yyy

a3,z = (2xwwz − xuz − xwx − 3zwz − w)a0,y + (xwz − 1)a0,t

+ (3x− 2x2wz)a0,yy



Subtracting the trivial conservation law

b3,x = Dx(H3), b3,z = Dz(H3),

where

H3 =
2

3
x3a0,yyy − x2a0,ty + (3xz − 2x2w)a0,yy + (xw − z)a0,t

+ (2xw2 − xq + xu− 3zw)a0,y,

we obtain an equivalent form of a3:

ã3,x = a3,x − b3,x = (−w2 + q − 2u)a0,y,

ã3,z = a3,z − b3,z = wa0,y.



Case a0 = y

Let us suppose that a0 = y. Then

a1 = 2x, a2 = −2xw + 3z,

a3,x = −w2 + q + 2u,

a3,z = w,

a4,x = v − 2uw + 2a3,y,

a4,z = −w2 + 2q − 3u,

a5,x = 2w4 − 4qw2 + 6uw2 + 2q2 − 8qu+ 7u2 + vw − a3,t + 2a4,y,

a5,z = −2w3 + 3qw − 7uw + 2v + 3a3,y,

a6,x = 8uw3 − 10quw + 16u2w − 4vw2 + 5qv − 9uv

+ (−4w2 + 4q − 8u)a3,y − a4,t + 2a5,y,

a6,z = 2w4 − 6qw2 + 4uw2 + 5q2 − 16qu+ 12u2 + 5vw

+ 4wa3,y − 2a3,t + 3a4,y.



Symmetries

φ1(F1) =
[
F1qz, F1uz + F1,y, F1vz + F1,t, F1wz

]
,

φ2(F2) =
[
F2qx + F2,y(2xqz − 8w) + F2,t,

F2ux + F2,y(2xuz − 2w) + 2F2,yyx,

F2vx + F2,y(2xvz − 2q) + 2F2,tyx, F2wx + F2,y(2xwz − 3)
]
,

φ3(F3) =
[
F3qy + F3,t(5w − xqz) + F3,y(3zqz − 2q + 2xqx)

+ F3,yy(2x2qz − 16xw) + 2F3,tyx,

F3uy + F3,t(w − xuz) + F3,y(3zuz − 2u+ 2xux)

+ F3,yy(2x2uz − 4xw + 3z)− F3,tyx+ 2F3,yyyx
2,

F3vy + F3,t(q + u− xvz) + F3,y(3zvz − 3v + 2xvx)

+ F3,yy(2x2vz − 4xq)− F3,ttx+ 3F3,tyz + 2F3,tyyx
2,

F3wy + F3,t(2− xwz) + F3,y(3zwz − w + 2xwx)

+F3,yy(2x2wz − 6x)
]
,



φ4(F4) =
[
φ1

4(F4), φ2
4(F4), φ3

4(F4), φ4
4(F4)

]
,

where

φ1
4(F4) =F4qt + F4,t(2q − xqx − 2zqz)

+ F4,y(4a3qz + 16w3 − 18qw + 3zqx + 2xqy + 24uw − 3v)

− F4,ttx+ F4,yy(6xzqz − 24zw − 4xq + 2x2qx)

+ F4,ty(18xw + 3z − 2x2qz) + F4,yyy

(
4

3
x3qz − 16x2w

)
+ 2F4,tyyx

2,

φ2
4(F4) =F4ut + F4,t(2u− xux − 2zuz)

+ F4,y(4a3uz + 4w3 − 4qw + 3zux + 2xuy + 2uw + v + 4a3,y)

+ F4,yy(2x2ux + 6xzuz − 4xu− 6zw + 4a3)

+ F4,ty(4xw − 2x2uz − 2z) + F4,yyy

(
4

3
x3uz − 4x2w + 6xz

)
− 2F4,tyyx

2 +
4

3
F4,yyyyx

3,



φ3
4(F4) =F4vt + F4,t(3v − xvx − 2zvz)

+ F4,y(4a3vz + 4qw2 − 4q2 + 6qu− 4vw + 3zvx + 2xvy + 4a3,t)

+ F4,yy(6xzvz + 2x2vx − 6zq − 6xv)

+ F4,ty(4xq + 2xu+ 4a3 − 2x2vz)

− 2F4,ttz + 6xzF4,tyy − 2F4,ttyx
2

+ F4,yyy

(
4

3
x3vz − 4x2q

)
+

4

3
F4,tyyyx

3

φ4
4(F4) =F4wt + F4,t(w − xwx − 2zwz)

+ F4,y(4a3wz + 6w2 + 3zwx + 2xwy − 7q + 9u)

+ F4,yy(2x2wx + 6xzwz − 2xw − 9z) + F4,ty(−2x2wz + 7x)

+ F4,yyy

(
4

3
x3wz − 6x2

)



Jacobi brackets

φ1(G1) φ2(G2) φ3(G3)

φ1(F1) 0 0 φ1(G3F1,y−3F1G3,y)

φ2(F2) φ1(2G2F2,y−2F2G2,y) φ2(G3F2,y−2F2G3,y)− φ1(F2G3,t)

φ3(F3) φ3(G3F3,y−F3G3,y)

φ4(G4)

φ1(F1) φ2(−3F1G4,y) + φ1(G4F1,t+2F1G4,t)

φ2(F2) φ3(−2F2G4,y) + φ2(G4F2,t+F2G4,t)

φ3(F3) φ4(−F3G4,y) + φ3(G4F3,t)

φ4(F4) φ4(G4F4,t−F4G4,y)



Different approach

Recall that the system (1) can be written as a set of compatibility

conditions

Dt(ψy) = Dy(ψt) (11)

of the Lax pair:

ψy = ψzf(p,u), ψt = ψzg(p,u),

where u = (q, u, v, w), ψ = ψ(x, y, z, t), p = ψx/ψz and

f(p,u) = p2 + wp+ u, g(p,u) = p3 + 2wp2 + qp+ v.

Now let us consider a new independent variable s and suppose that

ψs = ψzh(s, p,u), (12)

where h is a polynomial in p:

h =
n∑
i=0

Ai(x, y, z, t, s)p
i (13)

with n ≥ 3.



Then from (11) and the additional compatibility conditions

Ds(ψy) = Dy(ψs), Ds(ψt) = Dt(ψs). (14)

one can obtain

An = An(y, t, s),

An−1 = (n− 1)wAn + 2xAn,y,

An−2 = (n− 3)(n− 2)

(
w2

2
−

u

n− 2
+

q

n− 3

)

+ [2(n− 2)xw + 3z]An,y − xAn,t + 2x2An,yy,

(15)

whereas Ai, i = 0, . . . , n− 3, are nonlocal.

Moreover, qs, us, vs, ws form components of the nonlocal symmetry for

system (1).



Examples
n = 4 , A4 = 1

A1,x = −2wwy + qy − 2uy, A1,z = wy

A0,x = −8uw2wz + 4qwwx − 4qxw
2 − 8u2wz − 16uuzw − 4uwwx

+ 12uxw
2 + 4vwwz + 4qux − 8qxu+ 4qyw + 8uux + 6uwy

− 2uyw + 4uzv + 2vwx − 10vxw + 2A1,y − 2qt + 5vy

A0,z = −4w2wx − 2qwx + 6qxw + 2uwx − 14uxw − 6wwy − 3uy + 4vx

Nonlocal symmetry:

qs = A1,t − 8A1,yw + 10qtw + (26w3 − 10qw + 44uw +A1 − 2v)qx

+ (−19w2 + q − 2u)qy + (−80w3 − 70uw + 6v)ux + (8w2 + 2q)uy

+ (2w4 − 4qw2 + 84uw2 + 2q2 − 8qu+ 10u2 − 24vw + 2A0)uz

+ (−15w4 − 2qw2 − 20uw2 + q2 − 4qu+ 5u2 − 6vw +A0)wx

+ 2vt + (50w2 − 2q + 2u)vx − 22vyw + (2qw − 28uw + 3v)wy

+ (2w5 − 4qw3 + 48uw3 + 2q2w − 8quw + 46u2w − 20vw2

+ 2A0w − 4uv)wz



us = A0,y − 2A1,yw + 2qtw + (6w3 − 2qw + 4uw)qx + (−6w2 + 2q − 2u)qy

+ (−18w3 − 2uw +A1 + 2v)ux + (7w2 − 2q + 9u)uy

+ (w4 − 2qw2 + 20uw2 + q2 − 4qu+ u2 − 4vw +A0)uz

+ (10w2 − 4u)vx − 5vyw + (−4w4 − 2vw)wx

+ (4w3 − 4qw + 10uw)wy + (8uw3 + 2u2w − 4vw2)wz

vs = A0,t − 2A1,yq + (−2w2 + 4q − 2u)qt + (4w3 − 8qw + 10uw)qy

+ (−2w4 + 6qw2 − 10uw2 + 10qu− 6u2 − 6vw + 2A0)qx

+ (13w4 − 22qw2 + 40uw2 − 7q2 − 8qu+ 9u2 + 14vw − 3A0)ux

+ (2qw + 3v)uy + (2w5 − 4qw3 − 8uw3 + 2q2w + 24quw − 26u2w

+ 4vw2 + 2A0w − 8qv + 4uv)uz + (−14w3 + 22qw − 28uw

+A1 − 2v)vx + (5w2 − 7q + 6u)vy + (−2w5 + 4qw3 − 4uw3 − 6q2w

+ 8quw − 4u2w + 6vw2 − 2A0w − 2qv)wx + (−2w4 + 4qw2 − 2q2

− 6qu+ 6u2 + 6vw − 2A0)wy + (−6uw4 + 12quw2 − 20u2w2 + 4vw3

+ 2q2u+ 8qu2 − 8qvw − 6u3 + 4uvw + 2A0u)wz



ws = −3A1,y + 4qt + (10w2 − 4q + 16u)qx − 7qyw + (−30w2 − 24u)ux

+ 4uyw + (26uw − 8v)uz + 18wvx − 8vy

+ (−6w3 − 10uw +A1 − 2v)wx + (−w2 + 2q − 11u)wy

+ (w4 − 2qw2 + 20uw2 + q2 − 4qu+ 17u2 − 8vw +A0)wz

n = 5 , A5 = 1/2

A2,x = −2wwy + qy − 2uy, A2,z = wy

A1,x = −6uw2wz + 9uxw
2 − 12uuzw − 3qxw

2 + 3qwwx − 3uwwx

− 6u2wz + 3vwwz + 3qyw + 4uwy − 2uyw + 3qux + 6uux + 3vuz

− 15/2wvx − 6qxu+ 3/2vwx + 4vy + 2A2,y − 3/2qt

A1,z = −3w2wx − 5wwy − 21/2wux + 9/2wqx − 3/2qwx + 3/2wxu

+ 1/2qy − 3uy + 3vx,



A0,x = 3qvx − 4qyw
2 − 3vux − 9/2w2vx + 3vqx + 8w3wy − 2vwy + 4qqy

− 6uzu
2 − 4qyu− 9uvx + 2w3ux − 8quy + 12uyw

2 + vyw +A2ux

+ 18uuy − 3vwwx + 28uwwy − 8qwwy − 12wqxu+ 27wuxu+ 3wzvu

+ 3uzwv − 12wzu
2w + 12w2wxu− 6uzw

2u+ 2A1,y −A2,t − 3/2vt

A0,z = −3qt + 3wzqu+ 9wxuw − 21uzuw + 3uzqw − 9uw2wz − 3qwwx

+ 6vwwz − 21/2wvx + 15/2vuz − 9/2qux + 45/2uxu+ 9wyu

− 15qxu− 12wzu
2 + 6qqx + 3vwx + 3w3wx + 33/2uxw

2 + 6qyw

− 7uyw − 3qwy − uzw3 + uzA2 − 6qxw
2 − 3w2wy + 3A2,y + 13/2vy
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