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1 Normal forms of sl,-valued ZCR
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2 Normal forms of sl3-valued ZCR
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Jl = 0 )\2 0 ; )\1 7& )\2, W1 = 0 w9 0
0 0 =X —X 0 0 (w1w2)—1
A O 0 w11 W12 0
Jo=10 X 0 |; A#O, Woy= w2 w2 0 |,
0 0 —2A 0 0 wy
0 O wy 0 0
Jg = 1 A 0 ) A 7é 0, W3 = | w2 wi 0 y
0 0 -2\ 0 0 wp?
0 00 wy 0 0
Jg=11 0 0], Wi= w2 wy w3 |,
0 0 wy 0 wp?
0 0 1 0 0
J5 =11 0 , W5 = | way 1 0 s
10 wy wy 1

where w33 = wiiWway — W1aWo1.

Table 1: Jordan normal forms and the corresponding stabilizers



Normal form for C' Normal form for A
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A0 0 010
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0 0 0 .0 . . . 0
0 0 0 0 0 . 0 . 0
J5(1 0 0) Ng( . .), N52( ) )
010 .. .0 .
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3 Normal forms of sl;-valued ZCR

3.1 Subalgebras of sl,

0 00 . 00
orO or 00or
0 0 0
0 0 0

+ permutations

3.2 Table of Jordan normal forms and corresponding stabi-
lizers



Jordan normal form of C

Stabilizer W

/\1 0 0 0 w11 0 0 0
10 X 0 O 0 wya 0 O
Tu=109 0 A 0 Wu=19 0 wy o
0O 0 0 M\ 0 0 0 1wy
MFE X F A3, A== 1 — Ao — A3 | wag = 1/wiiwawss
A 0 0 0 wip wiz 00
10 X 0 O w21 w0 0
Jz=10 0 A 0 We=1"0 0 wy o
0 0 0 X 0 0 0  wa
A F A, Az =20 — X waq = 1/(w11we2 — wiawar )wss
A0 0 0 wip w2 wig 0
o x 0 0 _ | w21 wzp w0
J=10 0 a1 o0 Wis= | sy wie wss 0
0 0 0 =3\ 0 0 0 1wy
A#£O0 Wyy = 1/d€t(W3><3)
)\1 0 0 0 w11 0 0 0
|1 X 0 0 w21 w1 O 0
=10 0 oA 0 Wa=1"9 0 wy o0
0 0 0 M 0 0 0 1w
A3 = —2X1 — A2 wyy = 1/wiwss
A0 O 0 wy; 0 0 0
1t x 0 0 w2 wir wez 0
T2=10 0 A o0 W=l 0 wy 0
0 0 0 =3\ 0 0 0 wyq
Wyq = 1/w%lw33
0 0 0O wy; 0 0 0
|1 0 0 0 _ | w21 w11 w23 W24
Jo3 = 00 00 Was = w31 0 w3z wz
0 00O wgr 0 wsz wag
M 0 0 0 wip 0 0 0
I B V] 0 0 w1 win 0 0
T=10 0 —xn 0 Wa=159 o 1wy 0
0 0 1 —)\1 0 0 W43 1/’(1)11
0 0 0O wip 0 wg O
|1 0 00 _ | w21 w11 w23 Wiz
T2=10 0 0 0 War= 1 0wy 0
0 010 W41 W31 W43 W33




Jordan normal form of C Stabilizer W
A 0 0 0 w; 00 0
. 1 )\1 0 0 i wo1 W11 0 0
Ju=1,y 1 MO War = w31 wo1 wip 0
0 0 0 =3\ 0 0 0 1/w}
00 0O wip O 0 0
. 1 0 0 O . w1 W11 0 0
iz = 0100 Waz = w31 w21 Wil W34
0000 wyr 0 0 1/w}
00 0O 1 0 0 0
B 1 0 0 O | w2 1 0 0
B1=10 10 0 War=lus wn 1 0
0010 wqr w3p woy 1
Table 3.
3.3 Case Jj;
Symmetries: Pi,. .., Pag, —AT
If a2 7'5 0, a3 75 0, as4 75 0 then
1 .
1

1
Nll_

Otherwise, we transform conjuctive normal form

/\ (Ao (1)os(2) = OV Ugy(2)0,(3) = OV G, (3)0,(2) = 0) (1)

o,€0

to its disjunctive normal form. In (1) we made ”logic summation” over o,
the set of all permutations of the set {1,...,4}. After simplification using
De Morgan laws we obtained that the only case (up to conjugation) which
does not belongs to subalgebra of sl is a1o =0A a13 =0A a1 =0A asg =
0Aaz1 =0Aage =0.

If ai4 7& 0, a4 7& 0, as4 75 0 then

. 0
0 . 0
0 0

—_ = =

2 _
Nll_

Obviously, all other cases belongs to subalgebra of sly.



3.4 Case Jpy

Symmetries: Py, Pi(=AT)P[ Y, P, Po(—AT)Ps ', Pr, Pr(—AT)P —AT.
2 2
K = a13Dza23 — as3Dya13 + ai1a13a23 — ag1ais + a12a53 — 2213023,
2 9
L = azaDya31 — az1Dya3e + aj1azzasz; + as1a3y — a12a3; — 422032031,
2 2
M = a14Dgaz4 — a4 Dypa14 + ar1a14a24 — a21a7, + a12a5, — 22014024,
_ 2 5
N = agoDyag1 — ag1Dyage + ar1ag2a41 + ag1aiy — ai2ai; — a22a42041,

Ry = aisa31 + azgasz,
Ry = aizaq + aszzaq,
R3 = aisa41 + asoa24,
Ry = aizas; + azzase,
R5 = aizagq — azzaiy,
R¢ = agpa31 — as1a3z.

If K # 0 and as4 # 0, then

01 0
1 . _ _
N112 = 1 ~ Pl(N112)P1 o~ (_N112)T ~ Pl(_N112)TP1 !
K40 M %0 L#£0 N#£0
azs # 0 as3 # 0 as3 # 0 asq # 0
Otherwise (M = 0,L = 0,a34 = 0) or (K = 0,N = 0,a43 = 0) or
(a34:07a4320)or(K O,L:O,MZO,N: )

fK=0,L=0,M=0,N =0, then

Ry #0 Ry #0 Ry #0
Ry #0 R3 #0 Ry #0
Re #0 Rs #0 Rs; #0



If a4 = 0, a43 = 0, then

1 0
1 0 _ _
Moo= |7 DO A R@RIPTT ~(NB)T ~RCNR)TR
1 0
K #0 M #0 L#0 N #0
Ry #0 Ry #0 Ry #0 Ry #0
Rs; #0 Rs #0 Re #0 Re #0

If (M =0,L=0,a34 =0)or (K=0,N=0,a43 =0), then the normal
form is N2, again.
All others cases lies in subalgebra of sly.

3.5 Case Jy
Symmetries: P, Ps(—AT)Py !, Pr(—AT) P

If a13 # 0 and a4 # 0, then

1
0 _ _ _
N211 = ) ~ PI(N211)P1 S PG(_N211)TP6 b P7(—N211)TP7 !
1
a3 # 0 ajg # 0 asg # 0 ag2 # 0
as2 # 0 aza # 0 aiq # 0 a3 # 0

We solved 613 =1 for w11, 623 =0 for w21, 642 =1 for ws3.

Otherwise (alg =0,a3 = 0) or (CL14 =0,a40 = 0) or ((113 =0,a14 = 0)
or (a32 = 0, aq9 = 0).
If a13 = 0,a32 = 0 and a4 # 0,a31 # 0, then

0
N221 = 1 0 ~ Pl(N221)P1_1 ~ PG(_N221)TP6_1 ~ P7(—N221)TP7_1
01
a3 =0 ajg =0 agz =0 asge =0
azz =0 ase =0 a3 =0 ajs =0
age # 0 asg # 0 aig # 0 a3 #0
az; # 0 as1 # 0 a3 # 0 ags # 0
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We solved az; = 1 for wi1, @41 = 0 for woq, as9 = 1 for wss.
If aiz — 0, a4 = 0 and 492 7& 0, asl 7& 0, then

0 0
N231 = ) 1 ~ Pl(Ngl)Pfl ~ PG(_Ng’l)TPgl ~ P7(_N§1)TP;1
0 1
a3 =10 a4 =0 aza =10 ase =0
a1s =0 a3 =0 asge =0 azz =0
as2 #0 azz # 0 aig #0 a3 # 0
aszz # 0 as2 # 0 a3 # 0 aiq # 0

We solved 642 =1 for w11, 641 =0 for w21, 632 =1 for ws33.

Otherwise a1z — 0, a4 = 0,&32 = 0, aq9 = 0. If a9 7é 0, a3 7é O, aq 7é 0,
then

0 0 0

.. 1 . _ _ _
Néll = | 0o . . ~ Pl(N241)P1 f PG(—Nﬁll)TPG f P7(—N§11)TP7 !

1 0

aj2 # 0 a2 # 0 a2 # 0 a2 # 0

azs # 0 azy # 0 asy # 0 as1 # 0

as1 #0 az1 # 0 ags # 0 azz # 0

We solved 623 =1 for w11, 611 =0 for w21, ZL\41 =1 for wss.

Otherwise a;3 = 0,a32 = 0,a14 = 0,a42 = 0 and (a12 = 0 or (agy =
0, a4q1 = 0) or (a23 = 0, aszy = 0))
If azq = 0,a41 = 0,a12 # 0,a31 # 0,a43 # 0, then

0O . 00

.. 0 _ _ _
Néll ~ |1 0 . ~ Pl(N241)P1 f PG(_NELI)TPG f P7(—N§11)TP7 !

0 0 1

azs =0 agz =0 az4 =0 azz =0

ag1 =0 az1 =0 asg1 =0 az1 =0

aj2 # 0 ai2 # 0 aj2 # 0 a2 # 0

asy # 0 ag1 # 0 azs # 0 azy # 0

as3 # 0 azs # 0 azy # 0 asz # 0

We solved a3; = 1 for wi1, @11 = 0 for woq, as3 = 1 for wss.

All others cases lies in subalgebra of sly.



3.6 Case Jy

Symmetries: Py

3.7 Case J3;

Symmetries: P, Pig, Poy

.. .0 _ _ _
N§1: o ~ P7(N?}1)TP71N P16(N311)P161N P23(N?}1)TP231

ajy #0 az #0 az # 0 aiq # 0

1 0
.0 _ _ _
N§1 = 0 0 ~ P7(N3?1)TP7 b 1316(]\7321)13161 ~ P23(N3?1)TP231
a3 # 0 age # 0 ajg # 0 aig # 0
azy #0 azy # 0 azr #0 agy # 0

a4 = 0,a32 = 0,a34 = 0,a12 = 0 — subalgebra

3.8 Case Jy

Symmetries: P},

ajs # 0 as3 # 0

ajq =0,a43 =0:



NZI = O ~ 1[)14(]\7421)Tpf41
0
aj3 #0 aj3 #0
ags # 0 as2 # 0
ajq4 = 0,243 = 0,213 =0
0 0
. 1 _
Ny = 0o . of” Pu(N3) TP
0
aig # 0 azs # 0
agy # 0 asa #0

ajg = 0,a43 = 0,a13 = 0,a24 = 0,242 =0

0O . 00

o . . 0 _
Nj = L ~ Pu(Ni) P

1 00

aj2 # 0 a3 # 0

agy1 # 0 azq # 0

asz # 0 aj2 # 0

All others lies in subalgebra of siy.

3.9 Case J5

Symmetries: Py

ajg #0 ajg #0
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a4 =0:
00 . O
Nglz ~ P23(N§1)TP2_31
0
a13 # 0 agy # 0

ajq4 = 0,233 =0,a24 =0

0O . 00
o . . 0 _
N5?1 = ) ~ P23(N§’1)TP231
0
a2 # 0 aszs # 0
azs # 0 ags # 0

All others lies in subalgebra of si4.
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