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Plan:

1.) Comassa-Holm and Degasperis-Procesi equation

2.) Method of generalizations:
a.) Scalar,
b.) Lax pair.
3.) 4 component case:
a.) Bi-Hamiltonian structure,
b.) Hierarchy.
4.) Reduction:
a.) Equation,
b.) Spectral problem.
5.) Conserved quantities.

A four-component Camassa-Holm type hierarchy
Nianhua Li, Q. P. Liu, Z. Popowicz
arXiv:1310.1781



Camassa - Holm equation

Up — Usyt = % (—3u2 + 2uuy + ui)x

1
ug + 53(u2+6%(2u2+u§)) =0
fxg = / dy f(Y)g(x—y),  G(x)=5e ™
Tautological solutions

Ut — Uyt = QUUy 6Uxuxx + Y UUxxx
u(x,t) = al(t)e’+ o(t)e™
a+B+v=0



From the physical point of view (Novikov due to symmetry) only

A.) Comassa-Holm a=-3, =2, v=1,
B.) Degasperis-Procesi a=—-4, =3, v=1
Peakon Solutions of Camassa-Holm

my = —umy — 2muy,

The scalar spectral problem is

Vi = (% — Am)V
One peakon
u(x,t) = p(t)e—lx—q(t)l _ p(t)e—|x—ct—co|
ue = —sgn(x —q)u, m=25(x—q)u

Pt = 07 7qt:07:>q:Ct+CO7 p=cC.



Degasperis-Procesi

2 2
Up — Uty = (—2u + Ul + uX)X

my = —3u,m — myu,
The scalar spectral problem is
Vi =V, — ImV,
The matrix spectral problem

0 01
O,=| —2m 0 0
1 10



Multipeakon solution.

N

U(X, t) — ij(t)e_‘x—qj(t)‘
j—1
N
B = 2> pipesgn(q; — qi)e” 9%
k=1
N
& = Zpke—Mj—Qk\
k=1

4 types of generalizations

Scalar,Vector, Hamilton, Lax pair



1.) Scalar

(1 - 6xx)ut = W(u, Ux , Uxx, uxxx)

How to find the polynomial W7
Hint: Higher symmetries Novikov

For square and cubic we have 9 equations.
Only 2 cubic equations are interesting.

me 4+ (m(v? =) =0

m: + u"my 4+ 3uu,m =20



3.) Generalization of Lax Pair
A.) Two-component C-H

1
v, = (Z —Am+ )\2p2> v
1 1
‘Ut = — (ﬁ + U> ‘Ux + EUXW,
me = =2mu, — meu+ppx,  pr = —(Up)x

Ivanov and Holm generalization CH(N,K)

N L
Voo = Zq/ X, t))\l
1

=
K

Ve = (= uilx, )/N O+ uj(x, t)/2) ¥
j=0



B.) First cubic peakon equation

(v) = 3( ) (),
(v) = (2 5)(%)

1 1
A= 22+ E(UV — UyVy) + E(uvx — UyV)
1
B = -2 Hu—u)— iAm(uv — Uy Vy)

1
C = N (v+vw)+ Q)m(uv — UyVy)



Qiao equation

1 1

me = 3 Im(uv — )], — 2m (o~ )
1 1

ne = 5 [n(uv — uevy)], + En(uvx — uyv)

0 0%-1
k= <1—a2 0 )

¥ OmOImd — mdIm Omd1nd+ md1ln
1= ond~tmd +ndtm Ond1nd — nd1n

H = /dx (uv + uxvy)

Hy = / dx n(u? vy + vy — 2uu,v)



Second cubic equation (Song,Qu,Qiao equation)

[Mm(uxvy — uv + uvy — uyv)]x,
ny = [n(uxvx — uv + uve — ugv)ly,

where

The matrix spectral problem

1y )
o (
An —%

3



Generalizations of previous cubic equation
B.Xia,Z.Qiao,R.Zho

my = F—I—FX—§m(uXvX— uv + uvy — uyv)],
ne = —G+ Gx+§n(uxvx— Uv + uvy — Uyv),
where F, G are an arbitrary function

The matrix spectral problem is the same as in the
previous case.



C.) Third cubic equation m; = —u?my — 3uuxm

0 A\m 1

V. =10 0 xm |V

1 0 0
x 2 2
3z — Ulx 5 — Aum U
2 U 2
\Ut = % 32 T 0\ —)\U m



Three component Generalization, (Geng, Xu)
Matrix spectral problem

0 10
U, = 14+Xv 0 v |V
Nw 0 0

The scalar form is

D = (1 + X2V)D + Vw0 Y (wo)



ut
Vit
Wi
where
u =
Vv =

3
= —Vpx + Uxq + Eu(qx — pxIx + pr)
= 2vgy + Wq

3
= VIy + Wyxq + EW(qX + Pxlx — pr)

P — Pxx; W= I — 1,

1
E(qXX —4q + puxtx — FocPx + 3pxr — 3prx)



Generalization to 4-component case

0 )\ml 1
V,=UV=1| Ay 0 Xmp |V

1 /\n2 0

All mentioned equationa are in this spectral problem



Bi-Hamiltonian structure of a 4 component case.
v, =0V, V,=VV

The compatibility condition

Amye = Viox— Vo + A(mVis+ mViz— miVas)
Ampe = Vosx+ Vo1 + A(maVooy — maVs3 — niVis)
Ay = Voix+ Vos+ A(mVor —mpVs — Vi)
Angr = Vaox— Vipg+ AmVaz+mVsz1 — nmVs))

and also



Vl,l
Vis
V2,2,x

2V31x + Va3.x

2V3,3,x + V3,1,x,x

Vaix+ Vaz— A(mVoy — mVs2),
Visx+ Va1 4+ A(mVso —noVa3),
AmVip+maVso —mVoy — naVas)

)\((anz -+ ml)V273 — (0m2 + nl)V3,2 —
myVio + o Vz,l)
)\((8/’72 -+ ml)V271 — (8n1 + m2)V3,2 —

mVio+ V2,3>

substituting Vi1, Vi3, Va2, V31, V33 to the first equation we

obtain



my —1 V3o
= (AT K+ )AL

n ( ) Vio

n /., Va3
where

0O -1 o0 0

1 0 0 o0

K= 9 0 o 1 |- L=J+F.

0 0 -1 0

Ji3 = —2m0 " ny — m0 tmay,  Jia =m0 tny + ndtmy,

—1 —1 1 1
J2z3 =m0 "n +m0 "my, Josg = —2m0 "np —m0~ my,



2m18_1m1 —m18_1m2 J13

7= —m28_1m1 2m28_1m2 J23
- T —T% 2m 0 tm
—Ta —T2a —mdtm

F = (2P + S0)(0® — 49)"1PT — (25 + P9)(9® — 49)'ST.

J14
J24
—nla_lnz
2/728_1/72

where P = (my, my, —ny, —nz)T, S =(—n2,n,—my, ml)T.

Now expanding V as

V=V o/ N+ Vi /A+

_ &1
T —w T hathe
_ h
f1 3
where
i = —viy, h=u+wy
g = WV+tuix,

82 = V1 — U

—8182
82

—heo

)



The four component system follows from the zero-curvature
Ur — Vi + [U, V] = 0 condition and reads

me + mgig + mi(hg + 2fg) =0
mye — mgig — my(hgr + 2hg) =0,
ne — myhf, — m(hg + 2fig) =0
me + mifif, + m(hg + 2hg) =0

where

m; = Ui — Ui, N = Vi = Vixx, =172
fi = w—viy, fh =+ vou

g = Vot Uy, 8 = Vi — Uy



The four-component system is a bi-Hamiltonian
system, which can be written as

dHo oHy

ml 5m1 5m1

Mo OHo oHy
_ om _ om

A S I/ B
on on

y oHo Hy
t dny ony

(fig1 + fgo)(mafa + ngi)dx,

H, = /(m2f2 + n1g1)dx.



We would like to find hierrarchy of the equations connetced
with U .
The kernal of £, £L(A, B,C,D)”

1
A=—ml + K3+—K1, D =—ml,
mymy
1 1
B = —n2r + —KQ, C= —m]_r + —K3,
my my

K1 = (manaN)x + (npny — mymy)A,
Ko = —(mumA)x + (nny — mymy)A,
Kz = (mimaN), + (myny — mamp)A,
Ky = —(nimN)x + (myny — many)A,
k

) myny+man2
an arbitrary number.

where A =

and I is an arbitrary function and k is



For k = 0 we have
(Aa B7 C7 D) - _A(nla np, mq, m2)r

For special case [ = myny + man, we have the

Casimir of L as \
HC - —§r2
On the other side assuming that
(\/2’1, \/372, \/172, \/2’3) = (A, B, C, D) we have the

time part of the Lax pair

. 0 mlr 0
V==X nlr 0 m2F
0 n2r 0



A first positive flow U; — V; + [U, V] =0

mye + (Fmy)x — nl =0,
mat + (Fm2)x + ml =0,
nie + (Fny)x + mol =0,
mt + (Fna)x — ml = 0.

when I = myny + mon> we have H, = %fdxr2

0
0
0




Let us consider the combination of W = V + V and the following
Lax representation,

v, = UV, v, = Wwv
from which follows

mie + (Tm)x + n2(g1g2 — T) + mi(fg2 + 2fig1) = 0,
mae + (Tm2)x — m(g1g2 — ) — ma(fig1 + 2f82) = 0,
nie + (Fm)x — m(fify —T) — m(fg +2hg1) =0,
mot + (Fm2)x + mi(fif —T) + m(fig1 + 2hg2) =0,

where m; = Uj — Ujxx, Nj = Vi — Vixx, = 1,2

The Hamiltonian structure 7

REDUCTION



Recent generalization of Xia,Qiao
= (mH)e +mH + s (v + )T (= ) +
m; = (mH)x +m (N+1)2mv vi) ' (u — uy
(u—u)(v+ VX)Tm)
= (M) 0+ (= ) (v 4 )+
ny = (nH), +n (N+1)2nu u ) (v + vy
(v+ v)(u— uX)Tn)

M=U— Uy, N=V— Vyg, U= (t1,02,...), v=_(vi,v2,...)

The spectral problem is

1 —N Am
WX_N+1<AnT In >w



For N = 2 we have
1 T~ T~ T o~
my; = (myH) + mH+ 9 <m1(2f1g1 + h&) + mzﬂg2>
1 ~ ~ ~
my = (maH)x + mH + 9 <m1f2g1 + my(fhig + 2f2g2))
1 ~ ~ ~ .
ne = (mH)x —mH — 9 <”1(2f1g1 + 6h&) + nzfzgl)
1/ =~ - -
e = (mH)x — mH+ 9 <n1f1g2 + m(fig1 + 2f2g2))
where

fi=ui—uyx, Bi=vitvi,, i=12



Reduction to the 3 component case

A)m =u=0= 1= —uw,v+ vv; and
my: = —(I'my) + my [2V2,X(Vl - Uz,x) + va(up — V1,x)]
e = —(I'm)x+n[2va(up — vix) + vox(vi — tax)]
+m2 [F — V27X(U2 — V17X)]
My = —(I'm)x+ m[2vox(t2x — v1) + va(vix — u2)]

B)m=w=0=1=v(ux+ v)

m; = —(I'mp)x+m [2V1,X(U1,x + ) —vi(vax + Ul)]
me = —(I'n)x— n[2vix(u1x + v2) — vi(vax + u1)]
me = —(I'm)x— m[2vi(vox + ur) — vix(urx + v2)]

+m [F + V17X(V2,X + ul)]

symmetry
my = —mp, N = —nNp, Np =Ny, Ui = —Up, W =>vy, I = =TI



Reduction to the 2-component system
AA.) my = uy = 0 for A case in 3-component case = I = vo»y

my = —v(myu+ 3muy), m= U — Uy

ne = —u(nev+ 3nvy), nN=V— Vi
When u = v we have Novikov cubic equation

my = —u(myu + 3muy), m= u— Uy

When u =1 or v = 1 we have Degasperis-Procesi equation

my = —(myu + 3muy), m= U — Uy



BB.) m=my, m=m, vi=uw, vo=u

_(le)x + ml(F + 4(U27X — UQ)(ULX + Ul))

my =
mgat = —(Fmg)x — mg(F + 4(U27X — UQ)(ULX + Ul))
If my=uwu=10rm =u; =1and I' = 4uyu, then our equation

reduces to the Camassa-Holm equation.
On the other side when I' = 4(uyup — uy x> ) we obtain Qiao

system

(ml(U1U2 - Ul,xu2,x))X - ml(U1U2,x - Ul,xu2)

mg: =
mye = (mo(urup — urxtny)), + ma(urtzx — Uy xtn)
When uy = —1 this system reduces to the Camassa-Holm

equation.



Reduction of Spectral problem

A.) Let m; = u; =0 then

b1 o 0 1 b1
o | = Am 0 Amp ¢2 |,
?3 ), 1 Am 0 ¢3

v 14
mn = u, m2zza n=w+ ; )
X

P1 0 10 P1
(Y25 = 1+)\2V 0 u ©2 .
3/, Nw o 00/ \ ¢

This spectral problem was considered by Geng and Xue.

assuming



B.) Let ny = my, np = my then

gb]_ 0 )\m]_ 1 ¢1
¢2 = Axm 0 2mo ®2
?3 ) I xm 0 ?3

assuming that Wy + W3 = &1, ¥; — W3 = &, and eliminate of W,

D10 = ((Inm1)x + 1)®1, + (2A2memy — (In my)x)dq

)
after rescaling 0, = %8)(
D1 = (Inm)®1, + [~ (Inm)y + 4X2mn + 1]dy

Song-Qu-Qiao system

1

5 A
— 2
o=

3

N[

therefore m = e*my, n= %e‘xmg



Conserved quantities.
These follows from the spectral problem.
These quantities are the conserved for whole hierarchy.

‘Ul,x = )\m1\|12 + \U3
‘UZX = )\nl‘Ul + )\m2\|/3
\U37X = Vi + AV,

We have 3 different series of conserved quantities
because we have three projective coordinates

1) a=22 b= n)y o= ;=2
¥2 ¥2 ¥1 P1
M) a=724 p=%2 (1)

¥3 ®3



I.) The spectral problem implies
ax = Mmy+b—ap, by=a+ m — bp,
p = (logW3)x = A(na+ myb)

p is a conserved laws.Next a, b, p expand in power of \.
positive

a = bo = ady = b2 =0

aa = —Ww—Uy, bi=—-u—wn;
For k > 3 we have

akx = by — Z (nla,-aj + mga;bj)

i+j=k—1

bk,x = ai— Z (nla;bj+m2b;bj)
itj=k—1

p1r = —/(nlgl + myfy)dx.

p3 = /(nlgl + mofh)(figr + fagn)dx.



negative

a = ?;05[)\_,, b — J>0b A_

po = /Vm1n1+m2n2dxa

p / 2mymy 4 2n1np + mynye — My, Ny + Moy Ny — Monoy
_1 =
4(myng + many)

dx.

Case 2:
p=(Inp1)x = Amyo + 1,

where o, 7 satisfy

Ox = A+ AXmpT —op, T =1+ Amo — 7p.



1

- L /(m1 + m)(f + g2)dx,

_ / 2m2n§ 4+ 2mininy — ma,miny — 3N, mimy
1=

dx +
P 4m1(m1n1 + m2n2)

2
/ 4myxmony + Mycminy — Nixmy dx
4m1(m1n1 + m2n2)

Case 3:

p=(Inp3)x = a+ Anf,

where «, (3 satisfy

ax = dmpB+1—ap, [x=Ama+ my— 3p.



. 2n1n§ 4+ 2mimony — mzxng + 4no,mym
P-1 = dx

4n2(m1n1 + m2n2)
/ —3m1xN1n2 + NoxMang — N1 My
4/72(/771/71 + m2n2)

dx.



Thanks

very much

for your attention



