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Preliminaries on evolution equations

An evolution equation in two independent variables,
E: u=F(t,x,u,u,...,up), nx=2, F, #0,

where u; = ¥ u/0x’, up = u, and Fuj = OF /Ouj, ux = u1, Uxx = 2, and U = U3.

Dt - 81‘ + Utau + Uttaut + Utxaux + - 5 Dx - 8)( + Uxau + Utxaur + Uxxau)< + -

the total derivatives w.r.t. the variables t and x. The subscripts like t, x, u, ux, etc.
stand for the partial derivatives in the respective variables.

Without loss of generality, for any evolution equation the associated quantities like sym-
metries, cosymmetries, densities and characteristics of CLs can be assumed independent
of the t-derivatives or mixed derivatives of u.

We refer to a (smooth) function of t, x and a finite number of u; as to a differential
function.

Given a differential function f, its order (denoted by ord f) is the greatest integer k such
that f,, # 0 but f,, = 0 for all j > k. For f = f(t, x) we assume that ord f = —c0.
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Contact transformations of evolution equations

The contact t~ransformations mapping a (fixed) equation £: us = F into another equa-
tion &: Iy = F are well known [Magadeev,1993] to have the form

E: T(t)? )?:X(t,X, U,UX), b= U(t,X, u7UX)'

The nondegeneracy assumptions: T; # 0, rank< X Xu Xu, ) =2

Uc Ui U,
The contact condition:  (Ux + Uyux) Xy, = (Xx +Xou) Uy, = Uz = V(t, x, u, uy),
_ Ux+Uuux _ UuX .
where V = X T X0 or V= X, if Xi+ Xoux #0 or X, # 0, respec-
tively
g dn_ (1 N, FoUi= XV, U=XV
T oaxk T \DX T T T T

The equiv. group GJ .. generates the whole equiv. groupoid (the set of admissible
contact transformations) of the class, i.e., the class is normalized [ROP & Kunzinger &
Eshraghi,2010] w.r.t. contact transformations.
Proposition

The class of evolution equations is contact-normalized.
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Point transformations of evolution equations

The class of evolution equations is also point-normalized.

~

The point equivalence group Gpging:

- . ~ A U:D X — Xe DU
(t)7 X (t7X, U), u U(t7X> Ll)7 T.D. X + T.D. X )

~+1
Il

where T; # 0 and A = X U, — X, U« # 0.

The point equivalence group of the subclass of quasilinear evolution equations (i.e.,
Fu,u, 7 0) is the same, and this subclass is normalized.
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Some basic results on CLs of evolution equations

A conserved current of £ is a pair of differential functions (p, o) satisfying the condition
D:p + Dyo =0 mod &, where & = & and all its differential consequences.

Here p is the density and o is the flux for the conserved current (p, o). Let

% = i(_DX)iauiv fo = i fUiDjm f*T = i(_DX)i o fy
i=0 i=0 i=0

denote the operator of variational derivative, the Fréchet derivative of a differential
function f, and its formal adjoint, respectively.

A conserved current (p, o) is called trivial if Dyp+ Dxo = 0 on the entire jet space <
p € Im Dy, i.e., there exists a differential function {: p = D(.

Two conserved currents are equivalent if they differ by a trivial conserved current.
A CL of £ is an equivalence class of conserved currents of £.

The set CL(&) of CLs of £ is a vector space, and the zero element of this space is the
CL being the equivalence class of trivial conserved currents.
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Some basic results on CLs of evolution equations

For any £ € CL(E) there exists a unique differential function ~y called the characteristic
of L such that for any conserved current (p,0) € L there exists a trivial conserved
current (5, 5):

Di(p + p) + Du(o + &) = (ue — F).
The characteristic v of any CL is a cosymmetry, i.e., it satisfies the equation
Dy + FI’y =0mod &, or equivalently, Ye + v« F + Fjw =0.
The characteristic of the CL associated with (p, o) is
v =4dp/du.
Therefore, a cosymmetry + to be a characteristic of a CL iff 7. = ~J.
D:p + v«F = D& for some 4.
ordg £ = 2ordehar £  if they are both positive.  ordchar £ € {—00,0} if ordqa £ = 0.

ordehar £ € {—00,0} U2N
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Total linear independence of cosymmetries

linear dependence <«----» total linear independence
(meromorphic functions, local approach)

Definition

Diff. functions f*,...,f?: Q — R, where Q is an open subset of the jet space, are
called totally linear independent (t.l.i.) if for any open subset Q' of Q the functions
s, ..., FPlor are linearly independent.

Lemma

| A\

Diff. functions f*,...,f?: Q — R are t.l.i. over a ring of smooth functions of t iff

supp W(F',...,f)=Q,  where  W(f', ..., fP) = det(D5 ~'f*)?

s,s'=1

denotes the Wronskian of of these functions w.r.t. the operator of total derivative Dj.
v

Lemma [Magadeev, 1993, for symmetries]

Symmetries (resp. cosymmetries) v,...,7": Q — R of an evolution equation & are
t.Li. iff supp W(2!,...,7") = Q.
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Evolution equations having low-order CLs. |

Theorem [Svinolupov, 1985, time-independent case; ROP & Sergyeyev, 2010]

Any pair (€, L), where € is an evolution equation and L is a nonzero CL of £ with
ordq £ < 1 is Ggue-equivalent to a pair (€, £), where & is an equation of the same
form and £ is a CL of £ with the characteristic equal to 1. If ordq £ = 0, the pairs are
Gl oing-€quivalent.

Corollary

| \

& admits a nonzero CL L with ordq £ < 1 (resp. ordgq £ = 0) iff it is locally reduced
by a contact (resp. point) transformation to the form

ii; = Dz G(t, %, @, - - -, Un—1), Gz, , # 0.
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Evolution equations having low-order CLs. Il

Theorem [ROP & Sergyeyev, 2010]

Let £" and L™ be linearly independent CLs of & of density order 0. Any such triple
(&, L% L") is Gpoint-€quivalent to a triple (€, L1, £11), where £ is an evolution
equation that admits CLs £ and L1 with the characteristics equal to 1 and X,
respectively.

t=t, %x=X(t,x,u)= 'yH/’y7 o= U(t,x,u): XXUU—XUUX:’yI;

An evolution equation has (at least) two linearly independent CLs of density order 0 iff
it can be locally reduced by a point transformation to the “second normal” form

U = DIH(E, %, o, . . ., Un_2), Ha, , #0.
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Order and linear dependence of characteristics

Given an evolution equation £ with CL characteristics v°, s =1,...,p, and
ordv® < r € 2NU {0},

ord W(y',...,¥")<r+p—1 (1)

iff 41, ..., ¥° are linearly dependent or ord~* < r (if r <2, modGZy), s=1,...,p.

In general, ord W(~%,...,7") < r+p—1. So,

lowering the upper bound for the Wronskian order
=
lowering the upper bound for CL characteristic orders

Sketch of the proof.

(1) <= 6u,+P71W('yl,...,*yp):0 — W(>HY...,7") =0

5, ~DE s
If r =2, then (1) is Goguc-invariant, and we can set v* = 1.

If r =0, then (1) is Gyine-invariant, and we can set v” =1 and Pl =x
Then we separately prove the cases r =0, r = 2 and r > 2 by induction.
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Second-order evolution equation

E: ur = F(t,x,u, ux, ux)
o Density order of CLs < 1.
o Density order of CLs = 1 if F,,,, = 0.

Theorem [Bryant&Griffiths, 1995, F; = 0; ROP&Samoilenko, 2008, gen. case]

dim CL(€) € {0,1,2, 00} for any second-order (1 + 1)D evolution equation .
The equation & is (locally) reduced by a contact transformation

@ to the form us = D«G(t, x, u, ux), where G, # 0, iff dim CL(E) > 1;
Q to the form u; = DfH(t, x, u), where H, # 0, iff dim CL(&) > 2;
@ to a linear evolution equation iff dim CL(E) = oo.

If the equation & is quasi-linear (i.e., F,
prolongation of a point transformation.

= 0) then the contact transformation is a

¢ Uxx

| A

Corollary

The space of CLs of u; = D2H(t, x, u) is 2D iff H is not linear in u.
The space of CLs of uy = D,G(t,x, u, uy) is 1D if G is not a fractionally linear in uy.

v
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CLs of linear evolution equations. Even order

a = a(t, x) is a cosymmetry of a linear evolution equation L iff it satisfies the adjoint
equation

L£*: L'a=0, L":=-De+ Y (-Di) oA
i=0

Any such cosymmetry is a characteristic of a linear CL for £ whose canonical conserved
current (p, o) has the components

Theorem [ROP & Sergyeyev, 2010]

For any linear (1 + 1)D evolution equation of even order, all its cosymmetries depend
only on (t,x), and the cosymmetry space is isomorphic to the solution space of the
adjoint equation.

~ CL(L) is exhausted by linear ones and is isomorphic to the solution space of L.
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CLs of linear evolution equations. Odd order

Theorem [ROP & Sergyeyev, 2010]

For any linear evolution equation of odd order, all its cosymmetries are affine in the
totality of variables wug, u1, o, . . . :

y=Tu+a(t,x), = ng(t,x)Df.
k=0

where o = «f(t, x) satisfies the adjoint equation £*: L*a = 0.

~ The space of its CLs is spanned by linear and quadratic ones.

Indeed, let v = [u. ~ is a characteristic of a CL iff = '*. (We always can take its
formally self-adjoint part I = (I +*)/2; 5 = [u is a cosymmetry if so is 7.)

This CL has the density F = %uru with a flux G quadraticin ug, u1, ... [Olver, 1993, The-
orem 5.104].

lu is a characteristic of a CL for L iff [ = '™ satisfies the following equivalent conditions:

@ it maps the solutions of £ into solutions of L£*;

o LT = —TL,ie., I'Lis formally skew-adjoint.
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CLs of linear evolution equations. Odd order. Examples

Example. Infinite series of quadratic CLs of arbitrarily high orders.
Li U =twx, L=D—Di=-L" ie, L~L"

the space of cosymmetries = the space of characteristics of generalized symmetries =
(DET'u, k,1=0,1,2,..., a(t, x)),

where T = x + 3tD? and o = a(t, x) runs through the solution set of L.

Each cosymmetry f(t, x) is associated with the CL with the density p = «(t, x)u.
Cosymmetries DXT' u are characteristics of CLs only with even k = 2m. The CLs in

question are quadratic with the densities p'™ = %u DT Y!'D™u and the density orders
|4+ m, where Im=20,1,2....
Example. No quadratic CLs.
L U = thox + XU, L=D;,—D3—x#£—L* e, LAL
the space of characteristics of gen. symmetries =
(D3 + x)(Dx + t)'u, k, 1 =0,1,2,..., f(t,x)),
where f = f(t, x) runs through the solution set of £

the space of cosymmetries = («(t, x)),
where a = a(t, x) runs through the solution set of L*
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Inverse problem on CLs

Standard problem on CLs

Given a system of DEs, find the space of its CLs or at least a subspace of this space
with certain additional constraints, e.g., on order of CLs.

Various applications, e.g., the parameterization of DEs need solving the inverse problem.

Inverse problem on CLs

Derive the general form of systems of DEs with a prescribed set of CLs.

More generally, the inverse problem on CLs can be interpreted as the study of properties
of DEs for which something is known about their CLs.

? What data on CLs should be given ?
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Inverse problem on CLs

@ There are two types of triviality of conserved currents.

@ The form of conserved currents strongly varies if the form of corresponding
systems varies within the class under consideration.

| Whole conserved currents are not appropriate initial data |
- H . H
for the inverse problem on CLs

There i one type of triviality of conserved currents.

@ The form of characteristics is more stable under varying the form of corresponding
systems varies within the class under consideration.

= If the form of DE systems under consideration are fixed, then

1 CL characteristics are appropriate initial data 1
° for the inverse problem on CLs

Reformulation of inverse problem on CLs

Derive the general form of systems of DEs with a prescribed set of CL characteristics.
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Inverse problem on CLs

If a systems in the extended Kovalevskaya form, then

densities ~~ characteristics
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Inverse problem on CLs for evolution equations

An evolution equation

E: u=F(t,x,uo,u,...,up), n=2, F, #0,

admits p linearly independent CLs with densities p° and characteristics v° = §p°/du iff

2 1
F=DT[,...,7"]'H - DT[ﬁYl’___,%...ﬁp]T( (T/V(yl X vp)w )pt)

s=1

for some H = HJ[u].

Here
o W+, ...,7") = det(Dle'ys)P denotes the Wronskian of 4%, ..., 47 w.r.t.

s,s'=1
the operator of total derivative Dy,

° DT['yl, ...,7P] is the operator in Dy associated with the "Darboux transformation”

)

Wy,
DT IH = s

o T denotes “formally adjoint”, @ = Q@'DJ, Qf = (—D;)Y o Q.
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Inverse problem on CLs for evolution equations

p
F=DTh',....y"I'"H =Y DTRH', ... X%, ., (¢7p0) (2)

pP—s W(fyl7"'7>?&s7"'7fyp)

where ¢° := (-1 are adjoint diff. functions to ~,... ~",
#= 1) WA, ..,7P)
DT[,...,7"]" = (=1)’DT[}, ..., ¢"].
W(S,...,¢, H) L@
F= —1pé DT o T 3
1) (W1, ... 9°)° z; b ] WAL, ..., 9P) 3)

where ¢ := (=1)PW(+*, ..., %, ...,7P).

o (2) depends rather on (o', ..., p") than on {p',..., p"}.

o For fixed F and (p',...,pP), H is defined up to H — H + ¢*(t)p°.

o If 5° = p° + D«6° for some diff. functions 6°, then H = H + ({* — 0;)¢® for some
¢ =¢(1).

o Let g:= msaxord'ys (€ {—00,0} U2N) and p°: ord p°
(For best p°: ord p° = max(0, 1 ord 7). ) Then ord A

o If maxord’y n—2p+2 thenord H < n—p.

< max(0,g+ p —1).
<max(n—p,q+p—2).

° Ifmaxord’y n—2p, then ord H = ord H = n— p.
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CLs of even-order evolution equations

Let £ be a (1 + 1)D even-order (n € 2N) evolution equation.

Lemma [Ibragimov, 1983; Abellanas & Galindo, 1979; Kaptsov, 1980]

For any CL F of £ we have ordchar F < n.

Cosym;(€) = Chg(€). l

If dim CL(E) > p, then ordy < n — 2p + 2 for any v € Ch¢(E)
(mod G&ns if 2p = n+ 2).

Roughly speaking, the greater dimension of the space of CLs, the lower upper bound
for orders of CL characteristics. In particular, ordy = —oco mod GZ,,; if 2p > n+ 2.

dim CL(€) > n iff £ is linearizable by a contact transformation and thus
dim CL(€) = oo.
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CLs of fourth-order evolution equations

E:

uy = F(t,x,u,u1, up,us,us), Fu #0
Al 1
dimCL(€) > 1: F = —Lf”f,
ordp1 <2, ordé! <3, §p # 0.
L1, 1
dim CL(E) > 2, mod Gn:  F = DyG, G:fDXgi;pf,
1 X
ordp' <1, ord&' <2, 1:% DA*#0 (pPP=u~+*=1).
u
Dx_l 1
dim CL(€) > 3, mod Gy: F = D2G, G = —Z)T“;pf,
ordp' =0, orda' <1, 2pr #0

dim CL(&) = 4, mod Gy

P
F=DT[,....7"I'H-> DT[y},...

s=1

W, ...
s 41 )
a>7\7---77] < W(’Ylv

(PP =u"=10" =xu~"=x).

ordy* = —00, ¥ = x, 7* =1, ord H = 0.

dim CL(&) > 4, mod G35,

£ is a linear equation
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— dimCL(£) =



Thank you for your attention!
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