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Intro

@ Nomography is the graphical representation of mathematical
relationships for purposes of calculation. Invented in 1880 by Maurice
d'Ocagne (1862-1938), nomograms were used extensively well into
the 1970s (and occasionally today) to provide engineers with fast
graphical calculations of complicated formulas to a practical precision.
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relationships for purposes of calculation. Invented in 1880 by Maurice
d'Ocagne (1862-1938), nomograms were used extensively well into
the 1970s (and occasionally today) to provide engineers with fast
graphical calculations of complicated formulas to a practical precision.

@ A nomogram consists of a set of n scales, one for each variable in an
equation. Knowing the values of n — 1 variables, the value of the
unknown variable can be found

@ The event in 1867 was Paul de Saint-Robert's presentation of his test
to determine whether an equation can be represented by two fixed
scales and a sliding scale (as in a special slide rule).
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Nomography is the graphical representation of mathematical
relationships for purposes of calculation. Invented in 1880 by Maurice
d'Ocagne (1862-1938), nomograms were used extensively well into
the 1970s (and occasionally today) to provide engineers with fast
graphical calculations of complicated formulas to a practical precision.
A nomogram consists of a set of n scales, one for each variable in an
equation. Knowing the values of n — 1 variables, the value of the
unknown variable can be found

The event in 1867 was Paul de Saint-Robert’s presentation of his test
to determine whether an equation can be represented by two fixed
scales and a sliding scale (as in a special slide rule).

In other words, we are interested in whether an equation in the form
F(x,y,z) = 0 can be rewritten in the form Z(z) = X(x) +Y (y).
The Saint-Robert criterion says this is possible if

Lychagin

(' Institute of Control Science, Russ Planar web September 13, 2023



Intro

Nomography is the graphical representation of mathematical
relationships for purposes of calculation. Invented in 1880 by Maurice
d'Ocagne (1862-1938), nomograms were used extensively well into
the 1970s (and occasionally today) to provide engineers with fast
graphical calculations of complicated formulas to a practical precision.
A nomogram consists of a set of n scales, one for each variable in an
equation. Knowing the values of n — 1 variables, the value of the
unknown variable can be found

The event in 1867 was Paul de Saint-Robert’s presentation of his test
to determine whether an equation can be represented by two fixed
scales and a sliding scale (as in a special slide rule).

In other words, we are interested in whether an equation in the form
F(x,y,z) = 0 can be rewritten in the form Z(z) = X(x) +Y (y).
The Saint-Robert criterion says this is possible if

Lychagin

(' Institute of Control Science, Russ Planar web September 13, 2023



Intro

Nomography is the graphical representation of mathematical
relationships for purposes of calculation. Invented in 1880 by Maurice
d'Ocagne (1862-1938), nomograms were used extensively well into
the 1970s (and occasionally today) to provide engineers with fast
graphical calculations of complicated formulas to a practical precision.
A nomogram consists of a set of n scales, one for each variable in an
equation. Knowing the values of n — 1 variables, the value of the
unknown variable can be found

The event in 1867 was Paul de Saint-Robert’s presentation of his test
to determine whether an equation can be represented by two fixed
scales and a sliding scale (as in a special slide rule).

In other words, we are interested in whether an equation in the form
F(x,y,z) = 0 can be rewritten in the form Z(z) = X(x) +Y (y).
The Saint-Robert criterion says this is possible if

Lychagin

(' Institute of Control Science, Russ Planar web September 13, 2023



Intro

Nomography is the graphical representation of mathematical
relationships for purposes of calculation. Invented in 1880 by Maurice
d'Ocagne (1862-1938), nomograms were used extensively well into
the 1970s (and occasionally today) to provide engineers with fast
graphical calculations of complicated formulas to a practical precision.
A nomogram consists of a set of n scales, one for each variable in an
equation. Knowing the values of n — 1 variables, the value of the
unknown variable can be found

The event in 1867 was Paul de Saint-Robert’s presentation of his test
to determine whether an equation can be represented by two fixed
scales and a sliding scale (as in a special slide rule).

In other words, we are interested in whether an equation in the form
F(x,y,z) = 0 can be rewritten in the form Z(z) = X(x) +Y (y).
The Saint-Robert criterion says this is possible if

Lychagin

(' Institute of Control Science, Russ Planar web September 13, 2023



Hilbert's thirteenth problem

@ Hamilton showed in 1836 that every seventh-degree equation can be
reduced via radicals to the form

x"+axd + b3+ ex+1=0. (2)
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@ Hamilton showed in 1836 that every seventh-degree equation can be
reduced via radicals to the form

x"+axd + b3+ ex+1=0. (2)

@ Hilbert asked whether its solution, considered as a function of the
three variables a, b, ¢ can be expressed as the composition of a finite
number of functions in two-variables.
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@ Is there a process, whereby a function of several variables is
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Hilbert's thirteenth problem

Hamilton showed in 1836 that every seventh-degree equation can be
reduced via radicals to the form

x"+axd + b3+ ex+1=0. (2)

Hilbert asked whether its solution, considered as a function of the
three variables a, b, ¢ can be expressed as the composition of a finite
number of functions in two-variables.

Is there a process, whereby a function of several variables is
constructed using functions of two variables?
The variant of the problem for continuous functions was resolved in

1957 by Vladimir Arnold ( the Kolmogorov—Arnold representation
theorem), but the variant for algebraic functions remains unresolved.
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Planar Webs

@ A planar d-web is a family of d-foliations on the plane, being in
general positions, and it is defined as:
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@ A set of smooth functions: {fi,..,fy},dfi Adfi #0,i # j, = d-web
W (f, ..., fy) with foliations f; = const.
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@ A set of smooth functions: {fi,..,fy},dfi Adfi #0,i # j, = d-web
W (f, ..., fy) with foliations f; = const.

o A set of differential 1-forms: {w1, ..., wq},wiAw; #0,i # j =
d-web with foliations (w; = 0).
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@ A planar d-web is a family of d-foliations on the plane, being in
general positions, and it is defined as:

@ A set of smooth functions: {fi,..,fy},dfi Adfi #0,i # j, = d-web
W (f, ..., fy) with foliations f; = const.

o A set of differential 1-forms: {w1, ..., wq},wiAw; #0,i # j =
d-web with foliations (w; = 0).

@ A set of vector fields :{Xi, ..., Xg}, Xi A Xj #0,i # j =>d-web with
foliations that are integral curves of X;.
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Planar Webs

@ A planar d-web is a family of d-foliations on the plane, being in
general positions, and it is defined as:

@ A set of smooth functions: {fi,..,fy},dfi Adfi #0,i # j, = d-web
W (f, ..., fy) with foliations f; = const.

o A set of differential 1-forms: {w1, ..., wq},wiAw; #0,i # j =
d-web with foliations (w; = 0).

@ A set of vector fields :{Xi, ..., Xg}, Xi A Xj #0,i # j =>d-web with
foliations that are integral curves of X;.

@ They satisfy the following relations:
w; Ndfi =0, w; (X,) =0, X; (f;) =0.

Lychagin ( Institute of Control Science, Russ Planar web September 13, 2023



up actions

@ The pseudogroup of all local diffeomorphisms of the plane Diffeo,.
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@ The pseudogroup of all local diffeomorphisms of the plane Diffeo,.

o The pseudogroup of gauge transformations Diffeo{ :
{f,...fq} = {Fioh,.. Fyofy}, where F; € Diffeo; (R).
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@ The pseudogroup of all local diffeomorphisms of the plane Diffeo,.

o The pseudogroup of gauge transformations Diffeo{ :
{f,...fq} = {Fioh,.. Fyofy}, where F; € Diffeo; (R).

@ The symmetric group Sy :
Sy>0: {ﬂ, o fd} — {fzr(l)v ey fo(d)}'
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Ordered and non-ordered webs

@ The webs W (f1, .., fy) we call ordered, and the sets
g w (fg(l), fg(d)) we'll call non-ordered webs

UeSd
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Ordered and non-ordered webs

@ The webs W (fi, .., fy) we call ordered, and the sets

U w (fg(l), fg(d)) we'll call non-ordered webs

UeSd

@ Remark that the action of Diffeo; is trivial if we fix any two
components, say {f;, fi}.
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Reduction

@ Thus, in order to avoid Diffeo, —action, we consider ordered webs as
2-dimensional surfaces in R¢.
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@ Thus, in order to avoid Diffeo, —action, we consider ordered webs as
2-dimensional surfaces in R¢.

e Moreover, each pair (i,j), i # j, gives us coordinates on the web
surfaces.
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@ Thus, in order to avoid Diffeo, —action, we consider ordered webs as
2-dimensional surfaces in R¢.

e Moreover, each pair (i,j), i # j, gives us coordinates on the web
surfaces.

@ Denote by 71; ; : R — IR? the natural projections
7'[,'”j : (Ul, ey Ud) — (ui, LIJ) .

Then, web surfaces are sections of these bundles, and (u’, /) are
coordinates on them.
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Thus, in order to avoid Diffeo, —action, we consider ordered webs as
2-dimensional surfaces in R¢.

Moreover, each pair (i,j), i # j, gives us coordinates on the web
surfaces.

Denote by 77, ; : R — IR? the natural projections
7'[,'”j : (ul, ey Ud) — (ui, LIJ) .

Then, web surfaces are sections of these bundles, and (u’, /) are
coordinates on them.

This interpretation allows us to avoid Diffeo,- action, and reduce the
group action to gauge transformations and renumbering of the
foliations.

These two actions commute, and, at first, we will consider the action
of the gauge group.
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@ In order to simplify our notation, we write 7t instead of 771 », and
denote by (x, y) the coordinates (ul, u2) on R2.
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@ In order to simplify our notation, we write 7t instead of 771 », and
denote by (x, y) the coordinates (ul, u2) on R2.

o Let 7ty : J¥ (7r) — R? be bundles of k-jets of the sections of the
bgndle 7T, i.e. k-jets of planar d-webs, and let
ty g & B € N, a+ B < k, be the standard coordinates in the jet

space J* (7).
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@ In order to simplify our notation, we write 7t instead of 771 », and
denote by (x, y) the coordinates (ul, u2) on R2.

o Let 7ty : J¥ (7r) — R? be bundles of k-jets of the sections of the
bgndle 7T, i.e. k-jets of planar d-webs, and let
ty g & B € N, a+ B < k, be the standard coordinates in the jet
space J* (7).

@ Denote by ji (s) the k-jet of the section s, or the k-jet of
corresponding web.
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Web and Jet Geom

@ Web, that correspondens to a section s of the bundle 7t,is given by
the restriction on j; (s)

functions (x,y, u?, . ud) ,horisontal differential 1-forms:
<dx, dy, au3, aud> , where

du' = ujgdx + uf dy

are the total differentials.
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Web and Jet Geometry-2

@ In order to find vector fields that describe the web, we take the 2-form
O = dx A dy,

and define "Hamiltonian" vector fields X; as horisontal vector fields
d d
Xi = aj— + bi—
. dx * dy

that satisfy the following conditions
X,JQ = au’.
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Web and Jet Geometry-2

@ In order to find vector fields that describe the web, we take the 2-form
O = dx A dy,

and define "Hamiltonian" vector fields X; as horisontal vector fields
d d
Xi = aj— + bi—
. dx * dy

that satisfy the following conditions
X,JQ = au’.
@ Then,
d d

Xi = U61a - Uiodfy
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Web and Jet Geometry-2

@ In order to find vector fields that describe the web, we take the 2-form

O = dx A dy,
and define "Hamiltonian" vector fields X; as horisontal vector fields
d d
Xi = aj— + bi—
. dx * dy
that satisfy the following conditions
X,JQ = au’.
@ Then, J J
Xi = U61a - Uiojy
@ The restrictions of horisontal vector fields
d d
—, —, X5, ..., X
dx' dy’ i

on ji (s) are vector fields that generate the corresponding web.
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O = dx A dy,
and define "Hamiltonian" vector fields X; as horisontal vector fields
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o Consider 1-dimensional bundle 77 : R® (x, y, u) — R?(x, y) with
gauge action of Diffeo; :

v (xyu) = (xyp(u).
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o Consider 1-dimensional bundle 77 : R® (x, y, u) — R?(x, y) with
gauge action of Diffeo; :

v (xyu) = (xyp(u).

The field of rational differential invariants of the gauge group Diffeo; -
action is generated by the following invariant of the first order U = Z;’—'éand
5 g g o di+jU ’

its total derivatives U; ; = FREmE
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o Consider 1-dimensional bundle 77 : R® (x, y, u) — R?(x, y) with
gauge action of Diffeo; :

v (xyu) = (xyp(u).

The field of rational differential invariants of the gauge group Diffeo; -
action is generated by the following invariant of the first order U = Z;’—'éand
5 g g o di+jU ’

its total derivatives U; ; = FREmE

@ Remark, that the restriction of the ratio U on a function f (x,y)
defines a vector field d, — Udy that is tangent to the foliation
f (x,y) = const;, and, therefore, also defines the foliation.
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o Consider 1-dimensional bundle 77 : R® (x, y, u) — R?(x, y) with
gauge action of Diffeo; :

v (xyu) = (xyp(u).

The field of rational differential invariants of the gauge group Diffeo; -
action is generated by the following invariant of the first order U = Z?—'éand
5 g g o di+jU ’

its total derivatives U; ; = FREmE

@ Remark, that the restriction of the ratio U on a function f (x,y)
defines a vector field d, — Udy that is tangent to the foliation
f (x,y) = const;, and, therefore, also defines the foliation.

@ Thus, we have another representation of ordered d— webs as a

collection of functions
f- f,
(X,y, By ) |
f3,x fd,x
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Tresse derivatives

e Given two functions p and q on the jet space J' (7r), such that

E’p/\aq;«éo.
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Tresse derivatives

e Given two functions p and g on the jet space J (71), such that

dpAdg # 0.
@ Then, for any other function f on the same jet space, we define Tresse
derivatives Zf 9 from the following equality: df = dp+ dq
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Tresse derivatives

e Given two functions p and g on the jet space J (71), such that

dpAdg # 0.
@ Then, for any other function f on the same jet space, we define Tresse
derivatives Zf 9 from the following equality: df = dp+ dq

@ It is easy to check that

d_ 1y d o dyd_1/( d_  d
dp qu q o — qo1—— dx1)'dg B PlOd po1—— dx

where Apq = po1910 — p10go1-
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Tresse derivatives

e Given two functions p and g on the jet space J (71), such that
dpAdg # 0.

@ Then, for any other function f on the same jet space, we define Tresse

derivatives Zf 9 from the following equality: df = dp+ dq

@ It is easy to check that

d_ 1y d o dyd_1/( d_  d
dp qu q o — qo1—— dx1)'dg B PlOd po1—— dx

where Apq = po1g10 — P1oqo1-
@ In particular, we have

in the above theorem.
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du’f

ul
the trivial Diffeof 2 action on the last (d — 2) components and the
only action, we have now, is the action Diffeo? on the first two
components (x,y) — (X (x), Y (y)), and, the induced by it, the
action on the last (d —2) components.

. . k .
@ The last representation k-th components as ratios %/ gives us
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du’f

ul
the trivial Diffeof 2 action on the last (d — 2) components and the
only action, we have now, is the action Diffeo? on the first two
components (x,y) — (X (x), Y (y)), and, the induced by it, the
action on the last (d —2) components.

. . k .
@ The last representation k-th components as ratios %/ gives us

@ The Lie algebra of the gauge action consists of vector fields of the

form
Z=X(x)3:+Y ()3,

where X (x) and Y (y) are smooth functions.
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du’f

ul
the trivial Diffeof 2 action on the last (d — 2) components and the
only action, we have now, is the action Diffeo? on the first two
components (x,y) — (X (x), Y (y)), and, the induced by it, the
action on the last (d —2) components.

. . k .
@ The last representation k-th components as ratios %/ gives us

@ The Lie algebra of the gauge action consists of vector fields of the
form
Z=X(x)a+Y ()3,

where X (x) and Y (y) are smooth functions.

o Let Z; is the first prolongation the vector field Z into the first jet
space J* (R® — R?). We have

Z1 =X (X) dy +Y (y) ay + (X/ — Y/) (ul,oauw + ulvoaulvo) ,

up,1 / / Up,1
([ 2) = (x =y (2.
(o)~ = ()

and
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Gauge group action

@ We have the bundle 77 : R — R?, 7 (x,y, L ud_z) — (x,y),
and any d-web w = Wy (x, y, f3.., fy) defines a section S,, of the
bundle, where

f fa
Sw:(x,y)— | x, yy)
by ( VB
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Gauge group action

@ We have the bundle 77 : R — R?, 7 (x,y, L ud_z) — (x,y),
and any d-web w = Wy (x, y, f3.., fy) defines a section S,, of the
bundle, where

f fa
Sy :(x,y) — | x, yy)
by ( VB

@ As we have seen vectors fields, that generate the Lie algebra of the
gauge pseudogroup, are point vector fields on J° (71) = RY, having
the form:

Z(X,Y)=X(x)ox+ Y (y)9, + (X' =Y i u'a,.  (3)
i=3
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Gauge vector fields

e Let Z4 (X, Y) be the k-th prolongations of the vector fields Z (X, Y)
into the k-jet bundle 7ty.
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Gauge vector fields

e Let Z4 (X, Y) be the k-th prolongations of the vector fields Z (X, Y)

into the k-jet bundle 7ty.
e The gauge action is transitive on the base manifold IR?, and therefore
these invariants are completely defined by thier restrictions on a fibre

7Tk at a point.
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Gauge vector fields

e Let Z4 (X, Y) be the k-th prolongations of the vector fields Z (X, Y)
into the k-jet bundle 7ty.

e The gauge action is transitive on the base manifold IR?, and therefore
these invariants are completely defined by thier restrictions on a fibre
7Tk at a point.

o Take the fibre J§ = 71,1 (0) an consider the gauge action on this
fibre, that gives by vector fields Z, (X, Y), where
X (0)=0,Y(0)=0.
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Gauge vector fields

e Let Z4 (X, Y) be the k-th prolongations of the vector fields Z (X, Y)
into the k-jet bundle 7ty.

e The gauge action is transitive on the base manifold IR?, and therefore
these invariants are completely defined by thier restrictions on a fibre
7Tk at a point.

o Take the fibre J§ = 71,1 (0) an consider the gauge action on this
fibre, that gives by vector fields Z, (X, Y), where
X (0)=0,Y(0)=0.

@ We represent such vector fields Z, (X, Y) in the form

Zi (X, Y) = Zi(X) + Zi(Y),

where Z;(X), Z,(Y) are k-th prolongations of the vector fields

d d

Z(X)=X (x)0x+ X' ; (u'd,), Z(Y)=Y(y)o,— Y’ ; (u'd,) .
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Gauge Lie algebra

@ To descrive the gauge actions on the fibres J§, we remark that they
generate two nilpotent Lie algebras of vector fields on Jé :

£k = <§1 = Z (%) o s = Zi (xk+1)>,
Ly = <91 =2k (y), - Oks1 = 2k (yk+1>>.
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Gauge Lie algebra

@ To descrive the gauge actions on the fibres J§, we remark that they
generate two nilpotent Lie algebras of vector fields on Jé :

£k = <§1 = Z (x)oer Earr = Zi (xk+1)>,
Ly = <91 =2k (y), - Oks1 = 2k (yk+1>>.

@ with the following commutation relations

8,81 = (—1i)Giyj_1.ifi+j—1=<k+1, and 0 otherwise,
0i.6;]] = (j—1i)0iyj—1,if i+j—1<k+1, and 0 otherwise,
[€;,,0;]] = 0,forallij.
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The k-th prolongations Z; (X, Y) of the vector fields Z (X, Y) have the
following form:

k+1 (/) gi k+1 (J) 9]
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There are vo = d — 3 independent natural differential invariants of zero
order for ordered planar d-webs , and

(k+1) (k+2) _,

Uk:(d—2) 5

(k+1) (5)

independent natural differential invariants of orders less or equal k, when
k>1.
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Corollary

The Hilbert function HF for the field of rational invariants of planar
d-webs equals HF (k) = N — Nk_1, that is, the number of independent
invariants of exact order k,

HF(k) = (k+1)(d—2)—2 fork >1, (6)
HF(1) = 2d—7, HF(0) =d—3.
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Important remark

The Lie-Tresse theorem states that the field of all rational differential
invariants of the planar webs is an algebraic diffiety with charts that
organized as algebraic differential equations.

That is, they do have two independent ("basic") invariants, say by, by,
some number of ( "dependent") invariants, say aj, ..., am, and all other
invariants are just rational functions of these invariants and theirTresse
derivatives m.

There are also relations (syzygies) between them. Thus, taking their
restriction on a planar web, we'll get some algebraic differential equations.

Lychagin ( Institute of Control Science, Russ Planar web September 13, 2023 21 /38



Planar 3-webs

The above theorems show that, in the case d = 3, we have the first
non-trivial invariants in the order kK = 3.
Namely, we have

@ Two independent invariants, say q, p, in the order k = 3, that
generate all invariants in order < 3.

@ Three independent invariants, say wy, wy, ws, in the order k = 4, and
these 5 invariants generate all invariants in order < 4.

© Four independent invariants in the exact order k = 5, and these 9
invariants generate all invariants in order < 5.
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Taking Tresse derivatives

dw; dw;
dg' dp’

i=1,23;

we get 6 invariants in order k = 5.

Therefore, there are two relations of the form:
3

; (Ai (w1, wo, w3, q, p) ‘Z,f," + Bi (w1, wo, w3, q, p) CLM,;')
+C (w1, wo, w3, q,p) =0
with rational coefficients A;, B;, C.
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2
g = (U§VOU1,2 — 3up,ouUp,1U1,1 — Up,0lp2U1,0 + 3u§,1 U1,o) (7)
— . ,
(ug,our,1 — op,1t1,0)” Uo,o

2 2 )2
p = (g gu2,1 — to,0Up,1U2,0 — Lo,0UL OUL,1 + U0,1U1,0) Uo,0
= - ,
(ugou1,1 — tp,1tn,0)
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2 2
(U3,1 US,O + (_UO,l uso— 2U1v1 U2,0) UO,O + (2U0'1 uiolu2,0 + ulyoulyl) L

w1 = 5
(ugour,1 — up1t1,0)
2 2
UQVQUS’O + (—3U0,1 Up1 — Uz — u1v0u1,2) ug o + (3U0’1 u2,0 + 3up,;
Wo =
2
(ugour,1 — up1U10)
)
Uy olp 1
_3 5
(ug,our,1 — uo,1U1,0)
2 2
” ug ou1,3 + (—6ug1u1,2 — 4upour,1 — to3u10) Lo,o + (15ug yu11 + 1€
3 p—

(oot — tpatin)’

3
ui ol
—15 0,1

21
Up,0 (U0,0U1,1 — o1 U1,0)

Lychagin ( Institute of Control Science, Russ Planar web September 13, 2023



Invariants of 3-webs

Theorem

The field of rational differential invariants of ordered planar three webs is
generated by two of the 3-rd order invariants q, p, three of the 4-rd order
invariants wy, wo, wy and their Tresse derivatives

dk+/W
dgk dp!”

We say that a planar 3-web is regu/ar if invariants g, p are in general
position, or if the restriction 2-form dq A dp on the web surface is a
volume form in the domain of consideration.

The following 3-web W3 = {x, y, xy} is singular.
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3-web syzygy equation

dw,

@ The Tresse derivatives w; ;" are linear in the fifth order derivatives

qj
ui5—; and do not contain ug 5, us o. Thus we look for the syzygies in
the form:
3 2
ZZAUWivj+AO = 0. (9)
i=1j=1
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3-web syzygy equation

Z‘;"f are linear in the fifth order derivatives
]

@ The Tresse derivatives w;

ui5—; and do not contain ug 5, us o. Thus we look for the syzygies in
the form:

3 2
Y ) Ajwij+ Ao =0. (9)
i=1j=1

o We get

1 9q5 — 12¢3w; + 4w '

99391 — 6G3w — 6q2q1w1 + 643 + 4wiwy — 4wy

A, = (11
12 9q; — 12q§w1 + 4W12 (11)

Al 9q§q1 — 6q§ wr —b6goqiwy + 18q§ +4wiwy, — 12wy (12)
21 9g3 — 12q3wy + 4w? '

AL = 0,AL,=0AL=1 (13)
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Two differential syzygies

i A - (4wo +2) CI2—4C71W1
A 3q2 - 2W1

i=1j=1

123 ws +60q1 63 + ((—1202 — 8ws) wy — Bu? + 4w, +

(3¢3 — 2w)?
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The field of rational differential invariants of regular ordered planar three

webs is generated by two of the 3-rd order invariants q, p, three of the 4-rd
g . . . . dk+IW.

order invariants wy, wa, wy and their Tresse derivatives W. There are

two differential syzygies and all other syzygies are the Tresse derivatives of

them.
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@ In the case of 4-webs, we have d = 4, and

HF (0) = 1,HF(1)=1, (19)
HF(k) = 2k, k>2.

Thus, we have
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@ In the case of 4-webs, we have d = 4, and

HF (0) = 1,HF(1)=1, (19)
HF(k) = 2k, k>2.

Thus, we have

@ Two independent invariants, say p, g, in the order k < 1, that
generate all invariants in order < 1.
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@ In the case of 4-webs, we have d = 4, and

HF (0) = 1,HF(1)=1, (19)
HF(k) = 2k, k>2.

Thus, we have

@ Two independent invariants, say p, g, in the order k < 1, that
generate all invariants in order < 1.

@ Four independent invariants, say wy, wy, ws, wy in the pure order

k = 2, and all these 6 invariants together with Tresse derivatives
K . . . . N
dqu'd;;v’i*f generate all invariants in the domains, where dp A dg # 0.
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@ In the case of 4-webs, we have d = 4, and

HF (0) = 1,HF(1)=1, (19)
HF(k) = 2k, k>2.

Thus, we have

@ Two independent invariants, say p, g, in the order k < 1, that
generate all invariants in order < 1.

@ Four independent invariants, say wy, wy, ws, wy in the pure order
k = 2, and all these 6 invariants together with Tresse derivatives

ki, . . . TN
dqu'd;;v’i*f generate all invariants in the domains, where dp A dq # 0.

@ In order k = 3, we have HF (3) = 6 independent invariants of pure
order 3 and eight Tresse derivatives ‘2’;", ‘2";". Therefore, in this case,
we have two syzygies of the first order and they generate all others.
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Summarizing, we get the following

Theorem

The field of rational differential invariants of ordered planar four webs is
generated by two invariants q, p, of order zero and one respectively, by
foku+rl invariants of the 2-rd order wy, wy, w3, wy and their Tresse derivatives
ﬁ. There are two differential syzygies of the first order, and all other
syzygies are the Tresse derivatives of these.
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Similar to the case of 3 webs we have

Theorem
The field of rational differential invariants of ordered planar four webs is
generated by invariants:

g’ ug,0 (to,0vi,0 — U1,0v0,0)
(uo,ou1,1 — Uo,1U1,0) Uo,0

V0,0 up,0V0,1 — U0,10,0
q = = (20)

Wl = 7 y
(uo,0v1,0 — U1,0¥0,0)
2 2
" (U§ ov2,0 — Uo,0U1,0v1,0 — U0,0U2,0v0,0 + U3 o V0,0) Uo,0
= > :
(uo,0v1,0 — U1,040,0)
2
” Ug Vi1 — Uo,0U0,1V1,0 — U1,0Y0,1U0,0 + U0,1U1,0%0,0
3 = 5 ,
(ug,0v1,0 — U1,0%0,0)
2 2
” ug V0,2 — 3Uo,1V0,1Up,0 — Uo,0U0,2v0,0 + 3v0,045 1
4 = :

2
ug,0 (Uo,0v1,0 — U1,0v0,0)
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Theorem
The syzygies in the field of rational differential invariants of ordered planar
four webs is generated by two syzygies

qwi.q + pwa,g — —((qwr — w3) p+ wa)wo p +wz g — (W3, — qwi ) (—
g (w2 p? + (2qw1 —2w3) p+ wa) wi g + p ((qws — ws) p + wa) wa,1 + ((
— (w2 P>+ (2qwy — 2w3) p+ wa) wa g + wa g — (pw2 + qwi —

(—29°wi + (4qws + 2p) w1 + 2wowy — 2w3) (pws + qw

Q

-

of the first order and their Tresse derivatives.
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o We have

HF (0) = 2 HF (1) =3, (23)
HF(k) = 3k+1, k> 2.

Thus, we expect
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o We have

HF (0) = 2 HF (1) =3, (23)
HF(k) = 3k+1, k> 2.

Thus, we expect

@ Two independent invariants, say p, q, in the order kK = 0, that
generate all invariants in order 0
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o We have

HF (0) = 2 HF (1) =3, (23)
HF(k) = 3k+1, k> 2.

Thus, we expect

@ Two independent invariants, say p, q, in the order kK = 0, that
generate all invariants in order 0

@ Three independent invariants, say si, S, s3 in the pure order k = 1.
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o We have

HF (0) = 2, HF (1) =3, (23)
HF(k) = 3k+1, k> 2.

Thus, we expect

@ Two independent invariants, say p, q, in the order kK = 0, that

generate all invariants in order 0
@ Three independent invariants, say si, S, s3 in the pure order k = 1.
@ We have HF(2) = 7 independent invariants of pure order 2 and 6
Tresse derivatives %, %’. Therefore, in this case, we have one more
invariant order 2,say r.
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o We have

HF (0) = 2, HF (1) =3, (23)
HF(k) = 3k+1, k> 2.

Thus, we expect

Two independent invariants, say p, q, in the order kK = 0, that
generate all invariants in order 0

@ Three independent invariants, say si, S, s3 in the pure order k = 1.

@ We have HF(2) = 7 independent invariants of pure order 2 and 6

Tresse derivatives i%", %. Therefore, in this case, we have one more

invariant order 2,say r.
In order k = 3, we have HF(3) = 10 independent invariants of pure
H H H dzs,- d25,' d2S,‘
order 3. Nine of them we get as the Tresse derivatives a2 dp? dgdp
. . . . d d .
an_d two invariants as der|vat|vesd—;, d—lg . Therefore, we get a syzygy in
this order.
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Theorem

The field of rational differential invariants of ordered planar 5-webs is
generated by two invariants q, p, of order zero , by three invariants of the
first order sy, 52,53, one invariant r of order two their their Tresse
. Hg + . . .
derivatives -4 4 C I order 3 there is one differential syzygy, and
dq; .dqz dg; daq, ] ) )
all other syzygies are the Tresse derivatives of it.
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The field of rational differential invariants of ordered planar 5-webs is
generated by two invariants q, p, of order zero ,

V0,0 Wo,0 (24)

Uo,0 bo,0

by three invariants of the first order s, s, s3,

Up,0W1,0 — Wo,0U1,0 (25)

Up,0V0,1 — Uo,1V0,0

S1 = ’
ug,0 (to,0v1,0 — Vo,0U1,0) Up,0Vi,0 — V0,0U1,0
Up,0Wo,1 — Up,1Wp,0
s3
ug,0 (to,0vi,0 — Vo,0U1,0)

and one invariant r of order two

~ (wo,0u1,1 — to,1U10) o0 (26)

(Uo,0vi,0 — Vo0un0)°

In order 3 there is one differential syzygy, and all other syzygies are the
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@ The fields of rational differential and natural invariants of planar webs
organized (due to Lie-Tresse theorem) in the following way: we have
two basic invariants, say p, g , and some additional invariants, say
W1, ..., W, such that all other invariants are rational functions of

e dwp dw -
P, q, wi, ..., Wy, and the Tresse derivatives do- dg subjected to some

relations.
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@ The fields of rational differential and natural invariants of planar webs
organized (due to Lie-Tresse theorem) in the following way: we have
two basic invariants, say p, g , and some additional invariants, say
W1, ..., W, such that all other invariants are rational functions of
P, q, Wi, ..., Wn, and the Tresse derivatives ‘C’/‘g’", Z‘;”", subjected to some
relations.

@ We consider the space R™ x IR? with coordinates
(Wi, ..., Wn,, P, Q) . Then web W defines the following mapping:

Py R? = R™ X R?, ) (x,y) =
Wi=wi W), . Wyp=w, W), P=pW),Q=q(W)).
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@ The fields of rational differential and natural invariants of planar webs
organized (due to Lie-Tresse theorem) in the following way: we have
two basic invariants, say p, g , and some additional invariants, say
W1, ..., W, such that all other invariants are rational functions of

e dwp dw -
P, q, wi, ..., Wy, and the Tresse derivatives do- dg subjected to some

relations.
@ We consider the space R™ x IR? with coordinates
(Wi, ..., Wn,, P, Q) . Then web W defines the following mapping:
Py R? = R™ X R?, ) (x,y) =
(Wo = wi (W) . Wy = wi (W), P = p(W), Q = q(W))..
o We say that the web W is regular if dp A dp # 0,on W , or when
p (W) and g (W) are coordinates in the domain under consideration.
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@ The fields of rational differential and natural invariants of planar webs

organized (due to Lie-Tresse theorem) in the following way: we have
two basic invariants, say p, g , and some additional invariants, say
W1, ..., W, such that all other invariants are rational functions of

P, q, Wi, ..., Wn, and the Tresse derivatives Z‘g’", ‘;‘;’f, subjected to some
relations.

We consider the space R™ x R? with coordinates

(Wi, ..., Wn,, P, Q) . Then web W defines the following mapping:
Py R? = R™ X R?, ) (x,y) =

(Wi = w (W), o, Woy = win (W), P = p(W), @ = g (W)).

We say that the web W is regular if dp A dp # 0,on W , or when

p (W) and g (W) are coordinates in the domain under consideration.

@ The mapping ¢,,, is an embedding for regular webs and its image

Yy C R™ x IR? we call the normal form (or model) of the web W .
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@ The fields of rational differential and natural invariants of planar webs
organized (due to Lie-Tresse theorem) in the following way: we have
two basic invariants, say p, g , and some additional invariants, say
W1, ..., W, such that all other invariants are rational functions of
P, q, Wi, ..., Wn, and the Tresse derivatives Z‘g’", ‘;‘;’f, subjected to some
relations.

@ We consider the space R™ x IR? with coordinates
(Wi, ..., Wn,, P, Q) . Then web W defines the following mapping:

Py R? = R™ X R?, ) (x,y) =
(Wi = w (W), o, Woy = win (W), P = p(W), @ = g (W)).

o We say that the web W is regular if dp A dp # 0,on W , or when
p (W) and g (W) are coordinates in the domain under consideration.

@ The mapping ¢,,, is an embedding for regular webs and its image
Yy C R™ x IR? we call the normal form (or model) of the web W .

@ 3-webs.
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@ The fields of rational differential and natural invariants of planar webs
organized (due to Lie-Tresse theorem) in the following way: we have
two basic invariants, say p, g , and some additional invariants, say
W1, ..., W, such that all other invariants are rational functions of
P, q, Wi, ..., Wn, and the Tresse derivatives Z‘g’", ‘;‘;’f, subjected to some
relations.

@ We consider the space R™ x IR? with coordinates
(Wi, ..., Wn,, P, Q) . Then web W defines the following mapping:

Py R? = R™ X R?, ) (x,y) =
(Wi = w (W), o, Woy = win (W), P = p(W), @ = g (W)).

o We say that the web W is regular if dp A dp # 0,on W , or when
p (W) and g (W) are coordinates in the domain under consideration.

@ The mapping ¢,,, is an embedding for regular webs and its image
Yy C R™ x IR? we call the normal form (or model) of the web W .

@ 3-webs.

@ 4-webs.
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The fields of rational differential and natural invariants of planar webs
organized (due to Lie-Tresse theorem) in the following way: we have
two basic invariants, say p, g , and some additional invariants, say

W1, ..., W, such that all other invariants are rational functions of

P, q, Wi, ..., Wn, and the Tresse derivatives Z‘g’", ‘;‘;’f, subjected to some
relations.

We consider the space R™ x R? with coordinates

(Wi, ..., Wn,, P, Q) . Then web W defines the following mapping:

Py R? = R™ X R?, ) (x,y) =

(Wi = w (W), o, Woy = win (W), P = p(W), @ = g (W)).

We say that the web W is regular if dp A dp # 0,on W , or when

p (W) and g (W) are coordinates in the domain under consideration.
The mapping ¢, is an embedding for regular webs and its image
Yy C R™ x IR? we call the normal form (or model) of the web W .
3-webs.

4-webs.

5-webs
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Webs equivalence

Two regular ordered webs Wi and W, are equivalent in the domains of
consideration if and only if their models coincide.
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