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Aims

Aims
1 How symmetry structure in PDEs can be preserved in P∆Es;
2 Compare three different structure preserving procedures of

discretization for the Liouville equation (as prototype):
maximal finite subgroup of the point symmetry group,
infinite point-symmetry group as discrete higher symmetries ,
linearizability .

3 Geometric integration: focus on preserved geometrical properties
under discretization addressed to numerical solutions.
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Motivations

Point-Symmetry preserving discretization

Dorodnitsyn V A 1991 J. Soviet Math. 55 1490–1517; Dorodnitsyn V
A 2011 , CRC Press; Dorodnitsyn V A, Kozlov R and Winternitz P
2000, J. Math. Phys. 41 480–504.

Winternitz P 2004, 644 of Lecture Notes in Physics pp 185–243, B.
Grammaticos, et al., nlin.SI/0309058; Winternitz P 2011, LMS Lecture
Series, Ed.s Levi, Olver, Thomova, Winternitz;

Levi D and Winternitz P 1991 Phys. Lett. A 152 335–338; Levi D and
Winternitz P 1996 J.Math. Phys. 37 5551–5576; Levi D and
Winternitz P 2006 J. Phys. A 39, no. 2, R1-R63

5 / 35



Motivations
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Liouville Equation

A toy model: the Liouville Equation

The Liouville equation
zxy = ez .

Constant Curvature surfaces
sl(2) reduction of the 2-dim Toda lattice ∂∂̄zj =

∑`
i βαi j exp [βαi · z ]

A.V. MIkhailov JEPT Lett. (1979)

Uxy = Φ (U,Ux ,Uy ) Ut = f (U,Ux ,Uxx , . . .) ,Ut′ = g (U,Uy ,Uyy , . . .)

S.I. Svinolupov, V.V. Sokolov, Fun.AAppl. (1982)

Algebraic form u uxy − ux uy = u3, u = ez .

Linearizability

u = 2
φx φy

φ2 , φxy = 0 (B. T.)

φ (x , y) = ψ (x) + χ (y) ⇒ z = ln
(
2
ψx χy

(ψ + χ)2

)
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Liouville Equation

The Point Symmetry Group

∞-dim Lie point symmetry algebra (Medolaghi, 1898)

X (f (x)) = f (x) ∂x − fx (x) u ∂u,

Y (g (y)) = g (y) ∂y − gy (y) u ∂u ∀f , g smooth f.s

[
X (f ) ,X (f̃ )

]
= X

(
fx f̃ − f f̃x

)
, [Y (g) ,Y (g̃)] = Y (g g̃y − g̃ gy ) , [X (f ) ,Y (g)] = 0.

L = virx ⊕ viry

ũ (x̃ , ỹ) = u (x (x̃) , y (ỹ)) xx̃ yỹ , f (x̃) xx̃ = f (x) , g (ỹ) yỹ = g (y)

Maximal finite subalgebra

slx (2,R)
⊕

sly (2,R) ⊂ L
f , g ∈ P2
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Liouville Equation

Invariants of SLx (2,R)⊗ SLy (2,R)

A basis of 2o order "strong" invariants I (x , y , u, ux , uy , uxx , uxy , uyy )

I1 =
uuxy − ux uy

u3 , I2 =

(
2uuxx − 3u2

x
) (

2uuyy − 3u2
y
)

u6

pr(2) X (f ) I1 = pr(2) Y (g) I1 = 0 ∀ f , g
⇒ VIR (x)⊗ VIR (y)− Invariant

pr(2) X (f ) I2 =
2fxxx(3u2

y−2uuyy)
u4 , pr(2) Y (g) I2 =

2gyyy
(
3u2

x − 2uuxx
)

u4

⇒ fxxx = gyyy = 0
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Invariant discretization

The symmetry preserving discretization

Idea:
Replace a given PDE by a system of difference equations formed
out of invariants of the action of its point symmetry group on a
stencil.
The difference system describes both a lattice and the P∆E
In the continuous limit

the lattice eq. → identity, P∆E → PDE

Given a PDE

F (x , y , u, ux , uy , uxx , uxy , uyy , · · ·) = 0 ⇒ L (Lie symmetry alg.)

P∆E

L ⇒ Eα (xm+i ,n+j , ym+i ,n+j , um+i ,n+j) = 0,
α = 1, . . . , l , imin ≤ i ≤ imax , jmin ≤ j ≤ jmax .

A Stencil =
{
N adjacent points ∈ R2} in the limit sufficient to

reproduce all derivatives in PDE ⇒ |imax − imin| and |jmax − jmin| .
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Invariant discretization

(0,0)

(1, 0)

(0, 1)

(1,1)

(0, 2)

(2, 0)

(1, 2)

(2, 2)

(2, 1)

k01+k02

δ10

k01

δ10+δ20

k01+δ11

h10

ϵ01+ϵ02
ϵ01 h10+h20

h10+ϵ11

2nd order PDE⇒ 6-point stencil : {(0, 0), (1, 0), (0, 1), (1, 1), (2, 0), (0, 2)}

uxy = F (x , y , u, ux , uy )

not involving uxx , uyy → 4-points: s 0
4 ≡ {(0, 0), (1, 0), (0, 1), (1, 1)}.
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Invariant discretization

Invariant discretization on 4-points

Z ∈ L : Z = ξ(x , y , u)∂x + η(x , y , u)∂y + φ(x , y , u)∂u

Prolongation on the lattice: consider the action of the vector field Ẑ at
some reference point {x0,0, y0,0, u0,0} and apply it to all points figuring on
the stencil:

prZ =
∑
i ,j

(ξi ,j∂xi,j + ηi ,j∂yi,j + φi ,j∂ui,j ).

XD (f ) = pr X (f ) =
∑

(m,n)∈s04

[
f (xm,n) ∂xmn − f ′ (xm,n) umn ∂umn

]
,

Y D (g) = pr Y (g) =
∑

(m,n)∈s04

[g (ym,n) ∂ymn − g˙(ym,n) umn ∂umn ] .

Strong invariants XD (f ) I (xi j , yi j , ui j) = 0, Y D (g) I (xi j , yi j , ui j) = 0.
f = 1, x , x2 g = 1, y , y2
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Invariant discretization

6 functionally independent invariants on SLx(2)⊗ SLy (2):

ξ1 =
(x0,1−x0,0)(x1,1−x1,0)
(x0,0−x1,0)(x0,1−x1,1)

=
ε0,1ε1,1

h1,0(h1,0+ε1,1−ε0,1) ,

η1 =
(y0,0−y1,0)(y0,1−y1,1)
(y0,1−y0,0)(y1,1−y1,0)

=
δ1,0δ1,1

k0,1(k0,1+δ1,1−δ1,0)

H1 = u0,0 u0,1 ε
2
0,1 k2

0,1
H2 = u1,0 u1,1 ε

2
1,1 (k0,1 + δ1,1 − δ1,0)2

H3 =
u1,0 (h1,0−ε0,1)2 (k0,1−δ1,0)2

u0,0 ε20,1 k2
0,1

H4 =
u1,1 ε21,1 (k0,1+δ1,1−δ1,0)2

u0,0 h2
1,0 δ

2
1,0
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Invariant discretization

Invariant lattice: ξ1 = A, η1 = B
Invariant orthogonal lattice

ξ1 = 0, η1 = 0 ⇐⇒ xm,n = xm, ym,n = yn.

Checking the invariance on VIR(x)⊗ VIR(y)

X̂D(x3)ξ1 = (x1,1 − x0,0)(x1,0 − x0,1)ξ1 |ξ1=0 = 0
⇓

∀ n X̂D(xn)ξ1|ξ1=0 = 0 (1)

The orthogonal lattice ξ1 = 0, η1 = 0 is the only VIR(x)⊗ VIR(y)
invariant lattice.
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Invariant discretization

The invariants H1, · · · ,H4 all vanish or become infinite on ξ1 = 0, η1 = 0.
The only finite SLx(2)⊗ SLy (2) -invariants

J1 = H1H3 = u0,1u1,0h2
1,0k

2
0,1, (2)

J2 =
1
ξ21

H2

H3
= u0,0u1,1h2

1,0k
2
0,1. (3)

No Virasoro - invariants

X̂D(x3)J1 = −h2
1,0J1, X̂D(x3)J2 = −h2

1,0J2.

J2 − J1 is a weak Virasoro invariant ⇒ Wave equation
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Invariant discretization

Expanding u in Taylor series on the lattice

J2 − J1 = h3
1,0 k3

0,1 (uuxy − uxuy ).

The Liouville equation is approximated by the SLx(2)⊗ SLy (2) invariant
difference scheme

J2 − J1 = a sign (J1) | J1 |3/2 + b sign (J2) J1| J2 |1/2

+c sign (J1) | J1 |1/2J2 + d sign (J1) | J2 |3/2, (a + b + c + d = 1)

ξ1 = 0, η1 = 0,

lim
h,k→0

1
h3k3 {J2 − J1 − [a|J1|3/2 + bJ1|J2|1/2 + c |J1|1/2J2 + d |J2|3/2]} =

= [uuxy − uxuy − u3][1 +O(h, k)]
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Invariant discretization

Recurrence formula

b = d = 0, c = 1− a, a ∈ R

um+1,n+1 =
um,n+1um+1,n

um,n
Am,n+1;m+1,n,

Am,n+1;m+1,n =
1 + a h k sign (um+1,num,n+1)

√
| um,n+1um+1,n|

1 + (a − 1) h k sign (um+1,num,n+1)
√
|um,n+1um+1,n|

.

um0,0 = 0 um0+1,n = um0+1,n−1
um0−1,n

um0−1,n−1

u0,n0 = 0 um,n0+1 = um−1,n0+1
um,n0−1

um−1,n0−1

u0,n0 = um0,0 = 0 um0+1,n0+1 = um0−1,n0+1
um0+1,n0−1

um0−1,n0−1
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Invariant discretization

The 9-point - stencil

J1 = u01u10h2k2, J2 = u00u11h2k2,

J3 = u11u20h2k2, J4 = u10u21h2k2,

J5 = u11u02h2k2, J6 = u01u12h2k2,

J7 = u12u21h2k2, J8 = u11u22h2k2.

J4J6 = J1J7
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Invariant discretization

J2 − J1 = J4 − J3 = J6 − J5 = J8 − J7 = h3k3(uuxy − uxuy )[1 +O(h, k)]

α[4(J2 − J1)− (J6 − J5 + J4 − J3)] + β[4(J8 − J7)− 3(J6 − J5 + J4 − J3)] =

= 2h3k3(uuxy − uxuy )(α− β)[1 +O(h2, hk , k2)] (α, β ∈ R)

2α[4A3 − 2A1 − (A4 + A5)] + 2β[4A6 + 2A1 − 3(A4 + A5)] =

=
6∑

a,b=1

γa,b Aa
√
|Ab|,

6∑
a,b=1

γa,b = 2(α− β).

A1 = 1
2 (3J1 − J8) ,A2 = 1

2 (J1 + J4 + J6 − 2J8) ,A3 = ·
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Invariant discretization

u22 ↔ J8
I )

J8 = J7 + 3(J2 − J1)− 1√
2

(3J1 − J7)
√
|3J1 − J7|

u22 =
1

u11
[u12u21 + 3(u11u00 − u10u01)

− 1√
2
hk(3u01u10 − u12u21)

√
|3u01u10 − u12u21|]
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Invariant discretization

II )

J8 =
J7 + 3(J2 − J1)− 3√

2
J1 sign (3J1 − J7)

√
|3J1 − J7|

1− 1√
2

sign (3J1 − J7)
√
|3J1 − J7|

u22 = {u12u21 + 3(u11u00 − u10u01)−

3√
2
hku01u10 sign (3u01u10 − u12u21)

√
|3u01u10 − u12u21|}

{u11[1− hk√
2

sign (3u01u10 − u12u21)
√
|3u01u10 − u12u21|]}−1

7 points involved.
Boundary conditions;
Numerical instabilities close to zeroes.
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Invariant discretization

Figure : The 4- point (light) and 7-point (dark) recursion for the solution
f1 = 2{

(
x2 + 1

) (
y2 + 1

) (
tan−1(x) + tan−1(y) + 6

)2}−1. Steps h = k =0.02 on
a grid 20 x 20.
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Invariant discretization

Discrete Integrability

Adler, Startsev Theor. Math. Phys. 121 (1999)
discretization of the algebraic Liouville equation on a 4-point lattice

ui+1,j+1(1 +
1

ui+1,j
)(1 +

1
ui ,j+1

)ui ,j = 1.

Linearizable via

ui ,j = −
(vi+1,j − vi ,j)(vi ,j+1 − vi ,j)

vi+1,jvi ,j+1
, vi+1,j+1− vi+1,j − vi ,j+1 + vi ,j = 0.

General solution

ui ,j = −
(ci+1 − ci )(kj+1 − kj)

(ci+1 + kj)(ci + kj+1)
∀ci , kj

It has NO continuous point symmetries. Generalized symmetries.

cm+1 = φ1(x) + h dφ1
dx +O(h2), kn+1 = φ2(y) + k dφ2

dy +O(k2)

um,n = −hk φ1,xφ2,y
(φ1+φ2)2

+O(h3, h2k , hk2, k3)
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Invariant discretization

The invariant discretization by the pseudo-group approach

Alternative symmetry preserving discretization R. Rebelo and F.
Valiquette (2014)
The entire VIR(x)⊗ VIR(y) is preserved as generalized symmetries

X̂ (f , g) =
∑
i ,j

{
f (xi )∂xi + g(yj)∂yj

−
[
f (xj+1)− f (xj)

xj+1 − xj
+

g(yi+1)− g(yi )

yi+1 − yi

]
∂uij}

u11u00 − u10v01 − u00u01u10(x10 − x00)(y01 − y00) = 0,
x01 = x00, y10 = y00.
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Numerical experiments

Numerical experiments

1 preserving the SLx (2,R)⊗ SLy (2,R)

u11u00 − u10u01 = h k [au01u10 + (1− a)u00u11] sign (u01u10)
√
|u01u10|,

2 preserving linearizability

u11u00 − u10u01 = h k u00u11[
u01 + u10

2
− h k u01u10],

3 preserving generalized symmetries

u11u00 − u10u01 = h k u00u01u10,

4 The standard discretization

u11u00 − u10u01 = h k u3
00,

Higher order corrections in h, k
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Numerical experiments

5 test functions

f1 =
2

(x2 + 1) (y2 + 1) (tan−1(x) + tan−1(y) + 6)2 ,

f2 =
8
(
1− 4

(
x + 1

2

))
(1− 4y) exp (−2x (1 + 2x)− 2y (y + 2))(

e−2x(1+2x) + e2y(1−2y) + 1
)2 ,

f3 = − 3.38 sin(1.3(x + 0.01)) cos(1.3(y + 0.01))

(cos(1.3(x + 0.01)) + sin(1.3(y + 0.01)) + 3)2

f4 =
8xy

(x2 + y2 + 2)2

f5 =
383.1 e3.862(2.5(x−0.5)+0.4y+2.5)(
e9.655(x+0.5) + 12.83e1.545y

)2
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Numerical experiments

a) b)

c) d)

Figure : Plots of the exact solutions a) f1, b) f2, c) f3 and d) f4 in the domain D1
used in the numerical integrations.
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Numerical experiments

Global numerical estimator

χα (F ) =

√√√√√∑ij

(
Fαij − Fij

)2∑
ij F 2

ij

Table : Relative mean square distance between the numerical solutions and the
analytic one in the domain D0.

χInv χAS χRV χstand
f1 5.2× 10−6 2.7× 10−6 3.1× 10−4 9.2× 10−4

f2 3.4× 10−4 1.5× 10−4 7.6× 10−3 2.2× 10−2

f3 4.7× 10−5 1.5× 10−5 3.0× 10−3 9.2× 10−3

f4 4.3× 10−5 7.9× 10−5 5.2× 10−3 2.0× 10−2

f5 3.8× 10−2 3.0× 10−2 2.8× 10−1 4.3× 10−1

D0 = [−1.5, 1.08]× [−1.0, 1.58], h = k = 0.02, latice points 130× 130
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Numerical experiments

Point-like numerical estimator

a) b)

c) d)

Figure : Rij =
∣∣∣Fα

ij −Fij
Fij

∣∣∣ for f2 : a) Invariant, b) Adler-Startsev, c) R-V., d)

Standard. Maximal error 2× 10−3, 2× 10−4, 1.5× 10−2, 4× 10−2.
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Numerical experiments

a) b)

c) d)

Figure :
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Numerical experiments

a) b)

c) d) e)

Figure : The function f5: a) analytic, b) symmetry preserving, c) Adler-Startsev,
d) Rebelo-Valiquette, e) Standard.
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Numerical experiments

Stability on the step size

a)
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Figure :
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Numerical experiments

b)
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Numerical experiments

Stability on the parameter a

-0.5 -0.3 -0.1 0.1 0.3 0.5 0.7 0.9 1.1 1.3 1.5
a

-3.32

-3.30

-3.28

-3.26

-3.24

-3.22

-3.20

-3.18

Log10[χInv ]

Figure : Plot of χInv for the function f2 in the parameter range a ∈ [−0.5, 1.5].
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Conclusions

Conclusions

Explicit construction of symmetry preserving discretization is obtained
for PDE;
Maximal finite subgroup of Infinite-dimensional symmetry group is
preserved;
Lattice equations may be weak invariant of the full group;
Discretization preserving generalized symmetriy group can be obtained
by the pseudo-group approach.
Linearizability preserving discretizations are more stable than the other
approches, but ...
Numerical experiments based on the preserving symmetry
discretization works well like linearizable, except around zeros

Discretizations of other equations Liouville type
Use of symmetries for controlling
The 3WI equation, DS eq. ....
Multidimensional non integrable eq.s
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