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Aims

@ How symmetry structure in PDEs can be preserved in PAEs;

@ Compare three different structure preserving procedures of
discretization for the Liouville equation (as prototype):

e maximal finite subgroup of the point symmetry group,
e infinite point-symmetry group as discrete higher symmetries ,
o linearizability .
© Geometric integration: focus on preserved geometrical properties
under discretization addressed to numerical solutions.
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Point-Symmetry preserving discretization
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A 2011 , CRC Press; Dorodnitsyn V A, Kozlov R and Winternitz P
2000, J. Math. Phys. 41 480-504.

[§ Winternitz P 2004, 644 of Lecture Notes in Physics pp 185-243, B.
Grammaticos, et al., nlin.SI/0309058; Winternitz P 2011, LMS Lecture
Series, Ed.s Levi, Olver, Thomova, Winternitz;

[§ Levi D and Winternitz P 1991 Phys. Lett. A 152 335-338; Levi D and
Winternitz P 1996 J.Math. Phys. 37 5551-5576; Levi D and
Winternitz P 2006 J. Phys. A 39, no. 2, R1-R63
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Motivations

Implementation on ODEs

[3 Bourlioux A, Rebelo R and Winternitz P 2008 J. Nonlinear Math.

Phys. 15 362-372; Bourlioux A, Cyr-Gagnon C and Winternitz P 2006
J.Phys. A 39 6877-6896;
Implementation on PDEs

[d F Valiquette and P Winternitz, 2005 J.Phys. A 39 9765;
[§ Levi D and Rodriguez M A 2014 arXiv:1407.0838;

3 Bihlo A and Popovych R O 2012 , SIAM J. Sci. Comput. 34
B810-B839.; Bihlo A and Nave J C 2013 , SIGMA 9; Bihlo A 2013 J.
Phys. A: Math. Theor. 46 062001; Bihlo A, Coiteux-Roy X and
Winternitz P 2014, arXiv:1409.4340.
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Liouville Equation

A toy model: the Liouville Equation

The Liouville equation

z,, = €.
Constant Curvature surfaces B
sl(2) reduction of the 00z = Zlg Bajjexp[Ba; - 2]
A.V. Mlkhailov JEPT Lett. (1979)
Uy = (U, Uy, Uy) U =f (U, Ux, Uk, ...), Uy =g (U, Uy, Uy, ...)
S.I. Svinolupov, V.V. Sokolov, Fun.AAppl. (1982)

Algebraic form v uy, — Uy uy, = w3, u=ée*.

Linearizability

u:2¢;fy, $xy =0 (B. T.)
Px
p(xy)=1v(x)+xy) = z=In <2(w+x;)2>
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Liouville Equation

The Point Symmetry Group
oo-dim Lie point symmetry algebra (Medolaghi, 1898)

X(f(x)) = f(x)0x—fi(x) udy,
Y(gly) = gly)0, —g (y) ud, Vf,gsmooth fs

(X (0, XA =x (&F L), V()Y @)=Y (& -&&), [X(F),Y(@)]=0.

L = vir, @ viry,
i(%,y)=u(x(x),y (7)) xxyy, F(X)xx=1(x), &(¥)yy=8()

Maximal finite subalgebra

shk(2,R) @ sl (2,R)cCL
f.g € P»
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Invariants of SL, (2,R) ® SL, (2,R)

A basis of 2° order "strong" invariants [ (x, y, u, Uy, Uy, Usx, Uxy, Uyy)

Ullyy — Ux Uy, (2quX — 3u)2<) (2uuyy — 3u)2,)

h=——5—7, b =

u3 ub
prd X (f) h =pr® Y (g) h =0 Vfg
= VIR (x) ® VIR (y) — Invariant
2o (32— 201 28,y (3U2 — 2uty
@)X (F) fp = e 2ma) @)y (g) ), 2o (Bt 2ute)

= fox = 8yyy =0
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Invariant discretization

The symmetry preserving discretization

Idea:
@ Replace a given PDE by a system of difference equations formed
out of invariants of the action of its point symmetry group on a

stencil.
@ The difference system describes both a lattice and the PAE
@ In the continuous limit

the lattice eq. — identity, PAE — PDE
Given a PDE
F (X, y,u, Ux, Uy, Uge, Uxy, Uyy,---) =0 = L (Lie symmetry alg.)
PAE

L = Ea (Xm+i,n+j7}/m+i,n+j7 Um+i,n+j) = 07
a:]-?"‘7/7 Imin < 1 < Imax, jmin Sjgjmax-
A Stencil = {N adjacent points € RZ} in the limit sufficient to

reproduce all derivatives in PDE = |ipmax — imin| and |jmax — Jjminl -
h 10 / 35



Invariant discretization

2nd order PDE = 6-point stencil : {(0,0),(1,0),(0,1),(1,1), (2,0),(0,2)}

qu = F(ny, u, Uy, Uy)
not involving u., u,, — 4-points: s{ = {(0,0),(1,0), (0,1),(1,1)}.
] 11/ 35



Invariant discretization

Invariant discretization on 4-points

ZeLl: Z =&(x,y,u)0x +n(x,y,u)dy + ¢(x,y, u)y

Prolongation on the lattice: consider the action of the vector field Z at
some reference point {x00, ¥0,0, Uo,0} and apply it to all points figuring on
the stencil:

pri = Z(gi,jaxi,j + 1i,jOy;; + ¢"Ja“”f)'

i
XP(H)y=prX(F) = D [f(xmn) O — ' (Xmn) tmn Oy ]
(m,n)€sy
yP (8)=prY(g) = Z [& (Ym,n) Oyrmn — & (Ym,n) Umn Ouma] -
(m,n)esy

Strong invariants XD (f) /(x;j,y,'j, u,-j) = O, YD (g) / (X,'j,y,'j, U,'j) =0.
f= 17X7X2 g = 17y7y2
RS 133



Invariant discretization

6 functionally independent invariants on SL,(2) ® SL,(2):

& = (x0,1—x0,0)(x1,1—x1,0) _ €0,1€1,1
(x0,0—x1,0)(x0,1—x1,1) ~ h10(h1,0+€1,1—€0,1)’
_ (oo—y10)(o1—y11) _ 61,0011

m = (v0,1—y0,0)(¥1,1—Y1,0) ~ ko,1(ko,1+01,1—01,0)

_ 2 2
Hy = ug,0 uo1 €51 kg1
> 2
Ha = u1p u11 €1y (ko1 + 01,1 — d10)

Hy = o (h1,0—€0,1)? (ko,1—01,0)?
- 2
Uo,0 €p 1 kg,l

Uil Eil (ko,1+61,1—01,0)3
uo,0 h%,o 5%,0

Hy =
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Invariant discretization

Invariant lattice: & =A, m=2~8
Invariant orthogonal lattice

&1 =0, m =0 <= Xm,n = Xmy Ym,n = Yn-.

Checking the invariance on VIR(x) ® VIR(y)

A~

XPe = (a1 —x00)(x1.0 — x0.1)é1 |eg=0 = 0
)
Vn XP(x")é1le—0 =0 (1)

The orthogonal lattice £&; = 0, 71 = 0 is the only VIR(x) ® VIR(y)
invariant lattice.
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Invariant discretization

The invariants Hy, - - - , Hy all vanish or become infinite on & =0, 71 = 0.
The only finite SL,(2) @ SL,(2) -invariants

h = HiHs = up1u10hi ok ;. (2)
1 H

h = ?ﬁz = upou1,1h3 okG 1.- (3)
1

No Virasoro - invariants

A

XP(AYh=—hoh,  XP(P)h=—hoh.

Jo» — J1 is a weak Virasoro invariant = Wave equation
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Invariant discretization

Expanding v in Taylor series on the lattice
b — = h‘;’p kg,l (uuyy, — ucuy).

The Liouville equation is approximated by the SL,(2) ® SL,(2) invariant
difference scheme

Jo —Jy =asign(J1) [J1 32 + bsign(J) J1]J2 |12

+csign(Jq) |J1|V2da +dsign(J1) [J232, (@a+b+c+d=1)
&1=0, m=0,

. 1
Jim i (= A = (8P 4 BB 4 el A2 + d| B =

= [utyy — uyuy, — u3][1 + O(h, k)]
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Invariant discretization

Recurrence formula

b=d=0,c=1-a, acR

N Um7n+1Um+1,nA
Un+in+1 = U— m,n+1;m+1,n,
m,n

14 2 hk sign (tmetntmnss) [ imm it n]
Am,n+1;m+1,n = : .
1+ (a - 1) hk s1gn (um—l—l,num,n—i—l) \ ’Um,n—i-lum—i-l,n‘

— _ umofl,n
Umg,0 = 0 Umg+1,n = Umg+1,n—1 u o1
mo—1,n—
Um,np—1
Uo,ny = 0 Um no+1 = Um—l,no—i—lﬁ
m—1,np—
Um0+1,no—1
Uo,ng = Umg,0 = 0 Umg+1,n0+1 = Umg—1,ng+1

Umg—1,no—1
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Invariant discretization

The 9-point - stencil

S
5

0,2)

0,1)

0,0)

1,0) 2,0)

2,2
= upiu10h”k=,

2,2
= up1uoh” k=,
Js =

212
u11 oo h™k=,

212
= urouo1 h*k?,

Jads = IS

2,2
ugou11 h”k?,
2,2
uroto1 h*k?,
2,2
upru12h“k )

ui1 Uthzkz.
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Invariant discretization

b= =Js—J3=Js— Js = Jg — Jr = hPk3(uuny, — uuy)[1 + O(h, k)]

04[4(./2 — Jl) — (J6 —J5+ Jyp — J3)] + 5[4(./8 — J7) — 3(./6 —J5+ Jy — J3)]
= 2h3k3(uuyy, — uxuy)(a — B)[1 + O(h?, hk, k?)]

20[[4/43 —2A1 — (A4 + A5)] + 25[4/46 + 2A; — 3(A4 + A5)] =

6 6
= Z Ya,b Aa\/mv Z Ya,b = 2(a - 5)

a,b=1 a,b=1

Al=10Bh—h),A=L(h+da+Js—2k),A3="
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Invariant discretization

U < Jg

Jg=J7+ 3(./2 — Jl) — 7(3./1 — J7)\/ ‘3./1 — J7|

S

1
U = T[U12U21 + 3(u11U00 — U10UO1)
11

———=hk(3uo1 t10 — thatz1)/ |31 10 — Uru21]]

N
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Invariant discretization

y J7 + 3(./2 — Jl) — %Jl sign (3./1 — J7)\/ ’3./1 — J7‘

s = 3
1— %&gn (3J1 — J7) ‘3-/1 - J7|

uz = {ur2u21 + 3(u11Uo0 — U10U01)—

3 .
%hkum w10 sign (3uor 1o — tiatn1)y/|3uo1u1o — Uitz |}

hk . _
{u1[1 - 7 sign (3ugru1o — Urau21)v/[3uo1 10 — trauzn |]} 1

@ 7 points involved.
@ Boundary conditions;

@ Numerical instabilities close to zeroes.
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Invariant discretization

0.040
0.035
0.030
0.025
0.020

-0.9
-1.0

Figure : The 4- point (light) and 7-point (dark) recursion for the solution
A=2{(x*+1) (y?+1) (tan"(x) + tan"}(y) + 6)2},1. Steps h = k =0.02 on

a grid 20 x 20.
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Invariant discretization

Discrete Integrability

Adler, Startsev Theor. Math. Phys. 121 (1999)
discretization of the algebraic Liouville equation on a 4-point lattice

1 1
uit1jra(1+ )1+ Juij = 1.
Uit1, Ujjt1

Linearizable via

(Vit1j = vij)(Vije1 — Vi)
upj = — ; Vigl,j+1 — Vig1j — Vijy1+vij = 0.
Vit1,Vij+1

General solution

(cit1 — ci)(kiv1 — kj)

(civ1 + kj)(ci + kjt1)

It has NO continuous point symmetries. Generalized symmetries.
Cmi1 = 61(x) + h%2 + O(h?), ko1 = da(y) + kd¢2 +O(K?)

Um.n = hk(j;;ﬁf)y + O(h3, Wk, hik2, k3)

. o573
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Invariant discretization

The invariant discretization by the pseudo-group approach

Alternative symmetry preserving discretization R. Rebelo and F.

Valiquette (2014)
The entire VIR(x) ® VIR(y) is preserved as generalized symmetries

X(f,g) = > _ {f(x)0 +&()dy,
iJ
{f(xjﬂ) — f(x;) n g(yi+1) — &) B}
Xjt1 — X Yit1 — Vi 1

Ui11too — U10Vo1 — Uoolol U10(X10 - Xoo)(y01 - )/oo) =0,
X01 = Xo00, Y10 = Yoo-
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Numerical experiments

Numerical experiments
@ preserving the SL, (2,R) ® SL, (2,R)

u11Uoo — uiotor = hk [aupruio + (1 — a)ugour1] sign (uo1u10)+/ |to1 tiol,
@ preserving linearizability

Up1 + U1o

u11Ugo — uiolor = hk upouri| — hk up1uio],

@ preserving generalized symmetries
u11Ugo — Uiolor = h k ugouo1 o,
@ The standard discretization
— —hkud
u11lpo — UipUol Uopo>

Higher order corrections in h, k

e o573



Numerical experiments

5 test functions

2

f o= :

L e 1) (2 + 1) (tanL(x) + tan(y) +6)?

f = 8(1—4(X—|—%)) (1—4y)exp(—2x(1+2x) —2y(y +2))
(ef2x(1+2x) 4 e2y(172y) + 1)2 ;

£ 3.38sin(1.3(x + 0.01)) cos(1.3(y + 0.01))

> 7 (cos(1.3(x + 0.01)) + sin(1.3(y + 0.01)) + 3)2

£ 8xy

PRyt

383.1 3-862(2.5(x—0.5)+0.4y+2.5)
= —

(€9-655(x+05) 4. 12'83e1.545y)2
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— (3
-1 ~—_ |
T~ |
|

0 ‘\\\(\ | /»1
c) T~

Figure : Plots of the exact solutions a) f;, b) f, ¢) f3 and d) f; in the domain D;

used in the numerical integrations.
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Numerical experiments

Global numerical estimator

Table :

Xa (F) =

|

%—Hf

analytic one in the domain Dy.

2
Zif;

XInv XAS XRV Xstand
fL]52x10% 27x10°% 31x10% 92x10°*
fr134x107% 15x107* 76x1073 22x10°?
f347x107% 15x107® 3.0x1073 92x103
fa| 43x107° 79x107°> 52x1073 2.0x10°?
fs | 3.8x107%2 3.0x107%2 28x107! 43x10!

Do = [—1.5,1.08] x [—1.0,1.58], h = k = 0.02, latice points 130 x 130
]

Relative mean square distance between the numerical solutions and the
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Numerical experiments

Point-like numerical estimator

Figure : Rj = for f, : a) Invariant, b) Adler-Startsev, c) R-V., d)
Standard. Maximal error 2 x 1073, 2 x 10™%, 1.5 x 1072, 4 x 10~2.

. 20735
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Numerical experiments
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Figure : The function f5: a) analytic, b) symmetry preserving, c) Adler-Startsev,
d) Rebelo-Valiquette, €) Standard.
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Numerical experiments

Stability on the step size

fi

Log1o(x)

Inv A-S R-V St
-1
-2 S

/,A'"‘
-3 R e
’ ——
/// ,._—
7 4
-4 = 1/, e
/,/
-5 //
/7
/7
4
6 - L
===
a)
Figure :
]

—————

.01
.02
.04
.08

32 /35



Numerical experiments

fa
Log1p(x)
Inv A-S
-1
-2
A\\\§\ e
\\\\A//
-3
/7
-4 -r_ ,//
~——eey
b)
Figure

- ——

——— -

.01
.02

.04
.08
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Numerical experiments

Stability on the parameter a

Log1olXinv]

_348/-05 -03 -01 01 03 05 07 09 11 13 15
-3.20}
-3.22}
-3.24}
-3.26|
-3.28}

-3.30+

-3.32+¢

Fiiure - Plot of iiil for the function % in the parameter range a € [-0.5. 1.5]./
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Conclusions

Conclusions

Explicit construction of symmetry preserving discretization is obtained
for PDE;

Maximal finite subgroup of Infinite-dimensional symmetry group is
preserved;

@ Lattice equations may be weak invariant of the full group;
@ Discretization preserving generalized symmetriy group can be obtained

by the pseudo-group approach.

Linearizability preserving discretizations are more stable than the other
approches, but ...

Numerical experiments based on the preserving symmetry
discretization works well like linearizable, except around zeros

Discretizations of other equations Liouville type
Use of symmetries for controlling
The 3WI equation, DS eq. ....

Multidimensional non integrable eq.s
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