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Outline of the Problem

@ G— is a connected semi simple Lie group, M is an algebraic manifold,
G X M — M -an algebraic action.
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@ G— is a connected semi simple Lie group, M is an algebraic manifold,
G X M — M -an algebraic action.

o D.Hilbert : orbit space M/ G <=> C[M]® and regular orbits are
separated by polynomial invariants.
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finite dimensional G -space.
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Outline of the Problem

@ G— is a connected semi simple Lie group, M is an algebraic manifold,
G X M — M -an algebraic action.

D.Hilbert : orbit space M/G <= C[M]® and regular orbits are
separated by polynomial invariants.

M. Rosenlicht : orbit space M/ G <=> C(M)® and regular orbits are

°
separated by rational invariants.

@ Sumihiro linearization theorem =—> M C V is a G-submanifold of
finite dimensional G -space.

@ We study G -orbits and G-invariants in an irreducible (or

multiplisityfree) G -space V.
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Borel-Weil-Bott theorem: a realization of irreducible

representations

Notations:

@ G- complex connected semisimple Lie group.
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representations

Notations:
@ G- complex connected semisimple Lie group.
e g=Lie(G), bh C g- Cartan subalgebra, R C h* the root system, Ry
-the set of positive (negative) roots.

® g = @,crba - the canonical root decomposition,
Nt = Bper,Pa, b =1n_ Db -the Borel subalgebra, g=b@>n_.
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Borel-Weil-Bott theorem: a realization of irreducible

representations

Notations:

@ G- complex connected semisimple Lie group.

e g=Lie(G), bh C g- Cartan subalgebra, R C h* the root system, Ry
-the set of positive (negative) roots.

® g = @,crba - the canonical root decomposition,
Nt = Bper,Pa, b =1n_ Db -the Borel subalgebra, g=b@>n_.

@ X, € g, - Chevalley basis:

[Xa.Xﬁ] = Na"g Xa+ﬁv ifa+B€ER,
[H X,] = a(H) Xy, forall Heb,
[quXfa] == HtX S h,

(X""X.B)Killing - ‘Sﬂé,*ﬁv (Ha?H>Kiuing =wa(H),

where N, g are non zero integers, and N_, g = —Ny g = Ng,.
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Borel-Weil-Bott theorem: a realization of irreducible

representations

@ K C G -maximal compact subgroup, T C G -maximal torus, B C G
-Borel subgroup, T C B.
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Borel-Weil-Bott theorem: a realization of irreducible

representations

@ K C G -maximal compact subgroup, T C G -maximal torus, B C G
-Borel subgroup, T C B.

e t =Lie(K) -compact real form of g, t =Lie(T), b, = Lie(B) :

g = t2RC, h = b,®RC , h = taRC.
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Borel-Weil-Bott theorem: a realization of irreducible

representations

@ K C G -maximal compact subgroup, T C G -maximal torus, B C G
-Borel subgroup, T C B.

e t =Lie(K) -compact real form of g, t =Lie(T), b, = Lie(B) :
g = toRC,h = b,@RC b = DRC.

o Lie algebra t is spanned over R by vectors H,,x« € R, and Lie algebra
t is spanned over R by vectors
Xo + Xy Xy — Xy
p— , le p—

= —F7 —_—
o > /1 o

where & € Ry.
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o &= G/B=K/T -the flag manifold.
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o &= G/B=K/T -the flag manifold.
o ® - is a compact complex manifold, equipped with an invariant
complex structure:

J(by) = an, J (an) = —by.
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O =G/B = K/T -the flag manifold.
o ® - is a compact complex manifold, equipped with an invariant
complex structure:

J(by) = an, J (an) = —by.

Killing metric = invariant Kahler (-Einstein) metric sz on ®.
A € R -dominant weight, i.e. A (Hy) >0, foralla € Ry, L(A)
-irreducible G-representation with highest weight A.
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o &= G/B=K/T -the flag manifold.
o ® - is a compact complex manifold, equipped with an invariant
complex structure:

J(by) = an, J (an) = —by.

o Killing metric = invariant Kahler (-Einstein) metric > on ®.

@ A € R -dominant weight, i.e. A (Hy) >0, forall @« € Ry, L(A)
-irreducible G-representation with highest weight A.

o ) : K x)C —K/T l-dimensional bundle: (kt,z) ~ (k, x, (t) z).
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o &= G/B=K/T -the flag manifold.
o ® - is a compact complex manifold, equipped with an invariant
complex structure:

J(by) = an, J (an) = —by.
Killing metric = invariant Kahler (-Einstein) metric sz on .
A € R -dominant weight, i.e. A (Hy) >0, foralla € Ry, L(A)
-irreducible G-representation with highest weight A.
7yt K x) C —K/T l-dimensional bundle: (kt,z) ~ (k, x, (t) z).
Borel-Weil-Bott theorem

L(A) =T (my).
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O =G/B = K/T -the flag manifold.
® - is a compact complex manifold, equipped with an invariant
complex structure:

J(by) = an, J (an) = —by.
Killing metric = invariant Kahler (-Einstein) metric sz on ®.
A € R -dominant weight, i.e. A (Hy) >0, foralla € Ry, L(A)
-irreducible G-representation with highest weight A.
7yt K x) C —K/T l-dimensional bundle: (kt,z) ~ (k, x, (t) z).
Borel-Weil-Bott theorem
L(A) =TY (my).

Holomorphic sections of bundle 7, are holomorphic functions
f : G — C, which satisfy the following condition (induced
representation):

fgt) =x,(t) f(g).

Valentin Lychagin (University of Tromso) Differential Invariants



Example: Binary Forms

e G=SL,(C),K=SU(2), T=S'=(z€C,|z| =1), and

® =SL,(C)/B=SU(2)/S! =CPL
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Example: Binary Forms

e G=SL,(C),K=SU(2), T=S'=(z€C,|z| =1), and
® =SL,(C)/B=SU(2)/S'=CP.

@ Dominant weights correspond to characters ), that act as z —— z".
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Example: Binary Forms

e G=SL,(C),K=SU(2), T=S'=(z€C,|z| =1), and
® =SL,(C)/B=SU(2)/S'=CP.

@ Dominant weights correspond to characters ), that act as z —— z".

@ Holomorphic sections of bundle 77, are homogeneous polynomials of
degree n.
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Connections and Jet Decomposition

@ M- (real or complex) manifold, 77 : E; — M -(real or complex)
manifold, 7t : J¥ (7r) — M- the bundles of k-(holomorphic) sections
of 7.
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Connections and Jet Decomposition

@ M- (real or complex) manifold, 77 : E; — M -(real or complex)
manifold, 7t : J¥ (7r) — M- the bundles of k-(holomorphic) sections
of 7.

o Splitting J* (1) — S¥T* ® 71 of the jet-bundle sequence
0—Skt*om — I (m) = I (m) -0
is equivalent to existence of k-th order linear differential operator
ST

with symbol id .
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Connections and Jet Decomposition

@ M- (real or complex) manifold, 77 : E; — M -(real or complex)
manifold, 7t : J¥ (7r) — M- the bundles of k-(holomorphic) sections
of 7.

o Splitting J* (1) — S¥T* ® 71 of the jet-bundle sequence
0—Skt*om — I (m) = I (m) -0
is equivalent to existence of k-th order linear differential operator
ST

with symbol id .

o Let dy : QO (M) — O (M) @ O (M) be a connection in cotangent
bundle T* and dg : T (71) — T (1) ® Q! (M) be a connection in
bundle 7t.
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Connections and Jet Decomposition

@ Define 1-st order differential operators
d¥ T () @K (M) = T () @ =K (M),

where £X (M) = Sk (Q! (M)) is the k-th symmetric power of
Q! (M), as composition

Sk(v)eO

T (m)@xk (M) GO (M) @K (M) QY (M) = T (1) @ (M
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Connections and Jet Decomposition

@ Define 1-st order differential operators
d®) . T (7) @ £ (M) — T (7) @ 51 (M),
where £X (M) = Sk (Q! (M)) is the k-th symmetric power of
Q! (M), as composition

dsk( Yoo

Tk (M) "= T(n)ezk (M) (M) ST (1)< (M
o Let
de=d* Vo...ody:T(n) =T () k(M)
be the k-th order operator.
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Connections and Jet Decomposition

@ Define 1-st order differential operators
d¥ T () @K (M) = T () @ =K (M),

where £X (M) = Sk (Q! (M)) is the k-th symmetric power of
Q! (M), as composition

Sk(v)eO

d
Tk (M) "= T(n)ezk (M) (M) ST (1)< (M
o Let
de=d* Vo...ody:T(n) =T () k(M)
be the k-th order operator.
@ Then the corresponding morphisms

Py, () =Skt
split the jet-bundle sequences:

Jk(s) =s®dis®--- D dgs.
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Connections and splitting differential equations

o Let £ ={&, C J*(n) } be a formally integrable system and
g = {gx CS*T*® 7} be the symbol.
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Connections and splitting differential equations

o Let £ ={&, C J*(n) } be a formally integrable system and
g = {gx CS*T*® 7} be the symbol.

e We say that connections (LJ, V) in the bundle 7t and T* are
compatible with PDE & if

P E — 8k,

for all k.
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Connections and splitting differential equations

o Let £ ={&, C J*(n) } be a formally integrable system and
g = {gx CS*T*® 7} be the symbol.

e We say that connections (LJ, V) in the bundle 7t and T* are
compatible with PDE & if

P E — 8k,
for all k.
@ Then
v,O
&k 2 Di<k&i
for all k.
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Splitting Jets over Flag Manifolds

@ Nomizu (=Levi Civita ) connection
dy : O (@) — O (@) ® Q! (D). On invariant vector fields
1

Vx(Y)= Q[X' Y]t

where X, Y € t and Z, is the projection on np = T.P.
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Splitting Jets over Flag Manifolds

@ Nomizu (=Levi Civita ) connection
dy : O (@) — O (@) ® Q! (D). On invariant vector fields
1
Vx(Y)= Q[X' Y,
where X, Y € t and Z, is the projection on np = T.P.

@ In our case:

Vo (3p) = NZ’ﬁaa+ﬁ+Na' 3p-a:
Vi (bg) = My gy Moy
Vs (b) — NZ’ﬁaaw n Nazi_ﬁ 2 p.
Vi, (35) = —NZ’ﬁbHﬁ_ Nﬁz‘—"‘ be_p-
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Splitting Jets over Flag Manifolds

e Wang connection: do: I (7)) — TR (7)) ® Q! (®) acts as
follows:
dof = df —w)f

where w) € O (K) is a differential invariant 1-form such that

w/\’t = A and wA]ni =0.

Valentin Lychagin (University of Tromso) Differential Invariants



Splitting Jets over Flag Manifolds

e Wang connection: do: I (7)) — TR (7)) ® Q! (®) acts as
follows:
dof = df —w)f

where w) € O (K) is a differential invariant 1-form such that
wily=Aand wyl,, =0.
@ These connections give us splittings:
Jk(s) =s®dis®--- D dgs,

where d,s € T (1)) @ Z" (D) .
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Cauchy -Riemann equations

o Let Ecg = {0u = 0} be the Cauchy-Riemann equation on
holomorphic sections of the bundle 7).
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Cauchy -Riemann equations

o Let Ecg = {0u = 0} be the Cauchy-Riemann equation on
holomorphic sections of the bundle 7).

@ The corresponding symbols are

gk = 5/( Tl,O_
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Cauchy -Riemann equations

o Let Ecg = {0u = 0} be the Cauchy-Riemann equation on
holomorphic sections of the bundle 7).

@ The corresponding symbols are
gk = 5/( Tl,O_

@ The Cauchy-Riemann equation is compatible with Nomizu and Wang
connections and

V.0 ,
Ecrik 2 ®i<kS' T,
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Universal horizontal forms

o a =[s]k e (m) =

Qx :ax € J- (7‘[/\> — ¢y, (ak) € m} @ SKTE.
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Universal horizontal forms

o a =[s]k e (m) =

Qx :ax € J- (7‘[/\) — ¢y, (ak) € m} @ SKTE.

@ Then
Jk (8)" (Qk) = dis,
and
Qi = HE(QO),
Qk+1 = Sym Ods‘k(v)®|:, (Qk), when k > 1.
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Universal horizontal forms on equations

@ Let PDE & be compatible with connections (V, ).
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Universal horizontal forms on equations

@ Let PDE & be compatible with connections (V, ).
@ Then ay € £ —

QE cak € Ex '—>(Pdk (ak) € gk (a),

and
i () (@F) = dhes,

for all solutions s.

Valentin Lychagin (University of Tromso) Differential Invariants



Universal horizontal forms on equations

@ Let PDE & be compatible with connections (V, ).
@ Then ay € £ —

QE cak € Ex '—>(Pdk (ak) € gk (a),

and
i () (@F) = dhes,
for all solutions s.

@ Moreover
Qf = d(af).
Q/§+1 = Symodsk( V)eO (Qk)

when k > 1.
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Invariant forms

o If Qua, #0= Qxa, = Gk.a, @ Qo,a,, Where
Qo €SKTI®C

is a complex valued symmetric k-form on T, (as a complex space).
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Invariant forms

o If Qoo # 0= Qi = Gk,a, ® Qo,a,, Where
Qo €SKTI®C

is a complex valued symmetric k-form on T, (as a complex space).
@ Horizontal symmetric k-forms gy are G-invariant and satisfy the
following relations:

—

Gk+1 = Symodsk(v) (qk) + g1 - Gk,
when k > 1.
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Invariant forms

o If Qoo # 0= Qi = Gk,a, ® Qo,a,, Where
Qo €SKTI®C

is a complex valued symmetric k-form on T, (as a complex space).
@ Horizontal symmetric k-forms gy are G-invariant and satisfy the
following relations:

—

Gk+1 = Symodsk(v) (qk) + g1 - Gk,

when k > 1.
@ In the similar way, for £ = £ we get

£ k71,0
qk’ak eSs Ta ,

and
Gh 1 = Symodse(v) (af ) + o - af
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Invariants

@ We have
T® = Bper, I1a

where I, = (a,, by), and J(I1,) = I1,, and
TH = @a€R+H:}c’O
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Invariants
@ We have

T® = Dyper, 11y
where I, = (a,, by), and J(I1,) = I1,, and

1,0 1,0
T @DLER+H0L
o Let
£
=), wa
lXER+

where w, € T1L0.
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Invariants

o We have
T® = Dyper, 11y
where I, = (a,, by), and J(I1,) = I1,, and

1,0 _ 1,0
T - @DLER+H0L

@ =Y wa

lXER+

o Let

where w, € T1L0.
e We say that a point a1 € &1 cr is regular if w, # 0 at this point, for
allw € Ry.
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Invariants

o We have
T® = Dyper, 11y
where I, = (a,, by), and J(I1,) = I1,, and

1,0 _ 1,0
T - @DLER+H0L

@ =Y wa

lXER+

o Let

where w, € T1L0.
e We say that a point a1 € &1 cr is regular if w, # 0 at this point, for
allw € Ry.
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Invariants

o We have
T® = Dyper, 11y
where I, = (a,, by), and J(I1,) = I1,, and

1,0 _ 1,0
T - @DLER+H0L

@ =Y wa

lXER+

o Let

where w, € T1L0.
e We say that a point a1 € &1 cr is regular if w, # 0 at this point, for
allw € Ry.
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Invariants

o We have
T® = Dyper, 11y
where I, = (a,, by), and J(I1,) = I1,, and

1,0 _ 1,0
T - @DLER+H0L

@ =Y wa

lXER+

o Let

where w, € T1L0.
e We say that a point a1 € &1 cr is regular if w, # 0 at this point, for
allw € Ry.

@ At a regular point we have also
=), o’
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Invariants

o At a regular point forms {w,} give a basis (over C) in T1? and let
{0a} be a dual basis in T as a vector space over C .
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Invariants

o At a regular point forms {w,} give a basis (over C) in T1? and let
{0a} be a dual basis in T as a vector space over C .

o Let
wy = Zy (b +1a})

decomposition the 1-forms in basis (a,, by) , where z, € C .
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Invariants

o At a regular point forms {w,} give a basis (over C) in T1? and let
{0a} be a dual basis in T as a vector space over C .

o Let
wy = Zy (b +1a})
decomposition the 1-forms in basis (a,, by) , where z, € C .

o We say that ay € & cg is regular if the corresponding point aj is
regular and horizonal forms dZ, are independent at a5.
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Field of rational differential invariants

@ Rational differential invariants are rational functions of invariants
Zy and q,, where |o| > 2.

@ Rational differential invariants separate regular orbits.

© The field of rational differential invariants is genarated by invariants
Zy , Qr, where |o| = 2, and derivatives 9.

©Q The field of rational differential invariants is genarated by invariants

Zy , o, where |o| = 2, and Tresse derivatives 3.
o
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Equivalence

@ A holomorpic section s of the bundle 77! defines meromorphic
functions Z, (s) and gyp (s) on ®. Therefore, it should be algebraic
relations among them. Denote by

M, c CV,

where N = ny + M the corresponding algebraic variety.
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Equivalence

@ A holomorpic section s of the bundle 77! defines meromorphic
functions Z, (s) and gyp (s) on ®. Therefore, it should be algebraic
relations among them. Denote by

M, c CV,

where N = ny + M the corresponding algebraic variety.
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Equivalence

@ A holomorpic section s of the bundle 77! defines meromorphic
functions Z, (s) and gyp (s) on ®. Therefore, it should be algebraic
relations among them. Denote by

M, c CV,

where N = ny + M the corresponding algebraic variety.

Two regular holomorphic sections s and s’ are G-equivalents if and only if
Ms = M.
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Thank you for your attention
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