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Quantum mehanis

Hilbert spae - L2(Q), where Q = R
n
is the lassial

on�guration spae.

Observables - self-adjoint operators, e.g. the Hamiltonian:

Ĥ =
p̂2

2m
+ V (x̂),

where:

p̂kψ(x) :=
~

i
d
dxk

ψ(x) � momentum operator,

x̂kψ(x) := xkψ(x) � position operator.
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ψ(x) � momentum operator,

x̂kψ(x) := xkψ(x) � position operator.
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i
~
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Quantum mehanis

Hilbert spae - L2(Q), where Q = R
n
is the lassial

on�guration spae.

Observables - self-adjoint operators, e.g. the Hamiltonian:

Ĥ =
p̂2

2m
+ V (x̂),

where:

p̂kψ(x) :=
~

i
d
dxk

ψ(x) � momentum operator,

x̂kψ(x) := xkψ(x) � position operator.

Evolution governed by the Shrödinger equation:

i~
d

dt
ψ = Ĥψ ⇐⇒ ψ(t) = e−

i
~
tĤψ(0) .

Momentum representation: ψ̃(p) � Fourier transform of ψ(x).

Probability densities: |ψ(x)|2 and |ψ̃(p)|2.
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Geometri Quantization

How muh of this struture an be reonstruted from the lassial

phase spae? (Souriau, Tulzyjew 1965-68)
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Geometri Quantization

How muh of this struture an be reonstruted from the lassial

phase spae? (Souriau, Tulzyjew 1965-68)

In partiular: p̂kψ(x) :=
~

i
d
dxk

ψ(x) does not work in

urvilinear oordinates (xk) on the on�guration spae Q!
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phase spae? (Souriau, Tulzyjew 1965-68)

In partiular: p̂kψ(x) :=
~

i
d
dxk

ψ(x) does not work in

urvilinear oordinates (xk) on the on�guration spae Q!

Is the linear (a�ne) struture of the on�guration spae Q

neessary in quantum mehanis?
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Geometri Quantization

How muh of this struture an be reonstruted from the lassial

phase spae? (Souriau, Tulzyjew 1965-68)

In partiular: p̂kψ(x) :=
~

i
d
dxk

ψ(x) does not work in

urvilinear oordinates (xk) on the on�guration spae Q!

Is the linear (a�ne) struture of the on�guration spae Q

neessary in quantum mehanis?

Is the Lebesque measure d

nx arried by the linear struture of

Q neessary for the de�nition of the appropriate Hilbert spae

struture:

(ϕ|ψ) :=
∫

Q

ϕψ d

nx .
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Classial mehanis

Phase spae: P = T ∗Q = R
2n
; sympleti form ω = dpi ∧ dx i

Observables - funtions on P.

Evolution - governed by the Hamiltonian vetor �eld XH ,

uniquely assigned to any observable H aording to:

ω(XH , ·) = −dH .

Example:

H =
p2

2m
+ V (x) .

Its Hamiltonian vetor �eld:

XH = g ij 1

m
pj∂x i −

∂V

∂x i
∂pi .
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Polarization

Position representation ψ(x) versus momentum representation

ψ̃(p): di�erent Lagrangian foliations of P.
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Polarization

Position representation ψ(x) versus momentum representation

ψ̃(p): di�erent Lagrangian foliations of P.

{x = const.} for the position representation.

{p = const.} for the momentum representation.
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Polarization

Position representation ψ(x) versus momentum representation

ψ̃(p): di�erent Lagrangian foliations of P.

{x = const.} for the position representation.

{p = const.} for the momentum representation.

PSfrag replaements

Λ

QΛ = P/Λ
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Polarization

Position representation ψ(x) versus momentum representation

ψ̃(p): di�erent Lagrangian foliations of P.

{x = const.} for the position representation.

{p = const.} for the momentum representation.

PSfrag replaements

Λ

QΛ = P/Λ

Geometrially: quantum states represented by wave funtions

de�ned on a generalized on�guration spae QΛ = P/Λ

Jerzy Kijowski Center for Theoretial Physis PAS Warsaw, PolandGeometri quantization and Bäklund transformations 5/20



Galilei transformation

Classial Galilei transformation:

x ′ = x − Vt ; p′ = p −mV

(V � observer's veloity).
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Galilei transformation

Classial Galilei transformation:

x ′ = x − Vt ; p′ = p −mV

(V � observer's veloity). At t = 0, we have x ′ = x . Nevertheless,

wave funtion undergoes the Galilei transformation:

ψ(x) := ψ′(x) · e i
~
S(x)

where S(x) = mVx .
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respet to a referene frame.
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wave funtion undergoes the Galilei transformation:

ψ(x) := ψ′(x) · e i
~
S(x)

where S(x) = mVx . Wave funtion desribes quantum state with

respet to a referene frame.

Referene frame: Lagrangian surfae transversal to foliation Λ.
For the observer at rest:

λ = {p = 0} .
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Galilei transformation

Classial Galilei transformation:

x ′ = x − Vt ; p′ = p −mV

(V � observer's veloity). At t = 0, we have x ′ = x . Nevertheless,

wave funtion undergoes the Galilei transformation:

ψ(x) := ψ′(x) · e i
~
S(x)

where S(x) = mVx . Wave funtion desribes quantum state with

respet to a referene frame.

Referene frame: Lagrangian surfae transversal to foliation Λ.
For the observer at rest:

λ = {p = 0} .

For the observer moving with veloity V :

λ′ = {p′ = 0} = {p = mV } .
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Galilei transformation

Theorem: A pair of referene frames, (λ′, λ) de�nes uniquely a

losed one-form on QΛ. It will be denoted �λ′ − λ�.
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Galilei transformation

Theorem: A pair of referene frames, (λ′, λ) de�nes uniquely a

losed one-form on QΛ. It will be denoted �λ′ − λ�.
Closed form is exat (due to trivial topology): λ′ − λ = dSλ′,λ.
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Galilei transformation

Theorem: A pair of referene frames, (λ′, λ) de�nes uniquely a

losed one-form on QΛ. It will be denoted �λ′ − λ�.
Closed form is exat (due to trivial topology): λ′ − λ = dSλ′,λ.

Resulting phase fator: ψλ′ = e
i
~
Sλ′,λ · ψλ
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Galilei transformation

Theorem: A pair of referene frames, (λ′, λ) de�nes uniquely a

losed one-form on QΛ. It will be denoted �λ′ − λ�.
Closed form is exat (due to trivial topology): λ′ − λ = dSλ′,λ.

Resulting phase fator: ψλ′ = e
i
~
Sλ′,λ · ψλ

Global phase never ontrolled!

PSfrag replaements

Λ

QΛ

λ′

λ

q
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Galilei transformation

Proof: For q ∈ QΛ and κ ∈ q there is a anonial isomorphism:

Tκq ≃ T ∗
qQΛ

where 〈P |p′〉 := Ω(p
1

, p′) = Ω(p
2

, p′).

PSfrag replaements

Λ

QΛ

κ

κ′

q

p′

p
1

p
2

P

Eah �ber q is an a�ne spae.
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Galilei transformation

Polarization Λ and a transversal referene frame λ imply a

sympletomorphism:

P ≃ T ∗QΛ .

QΛ = P/Λ

P=T
∗
QΛ

- zero setion of T
∗
QΛλ - zero setion of
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Galilei transformation

Polarization Λ and a transversal referene frame λ imply a

sympletomorphism:

P ≃ T ∗QΛ .

QΛ = P/Λ

P=T
∗
QΛ

- zero setion of T
∗
QΛλ - zero setion of

Observable Sλ′,λ on P generates a group of sympletomorphisms:

(x , p) →
(
x , p + t(λ′ − λ)

)
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Hilbert spae of half-densities

There is no need for a �privileged� measure on the on�guration

spae QΛ if we treat wave funtions as half-densities and not just

salar funtions:

(φ|ψ) :=
∫

Q

φψ dnx =

∫

Q

(

φ
√
d

nx
)(

ψ
√
d

nx
)

.

Φ = φ
√
d

nx , Ψ = ψ
√
d

nx
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Hilbert spae of half-densities

There is no need for a �privileged� measure on the on�guration

spae QΛ if we treat wave funtions as half-densities and not just

salar funtions:

(φ|ψ) :=
∫

Q

φψ dnx =

∫

Q

(

φ
√
d

nx
)(

ψ
√
d

nx
)

.

Φ = φ
√
d

nx , Ψ = ψ
√
d

nx

L2(QΛ) � Hilbert spae of square-integrable half-densities with

salar produt:

(Φ|Ψ) =

∫

Q

ΦΨ
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Quantization of momenta

Now, quantization of momenta does not require any linear

struture on the on�guration spae QΛ:
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Quantization of momenta

Now, quantization of momenta does not require any linear

struture on the on�guration spae QΛ:

If X = X i ∂
∂x i

is a vetor �eld on QΛ, then X (x , p) := X i (x)pi
generates a group of sympletomorphisms of P � a anonial lift of

the �ow X from QΛ to T ∗QΛ.

Naive quantization rule: p̂kψ(x) :=
~

i
d
dxk

ψ(x) must be replaed by:

X̂Ψ(x) :=
~

i
LXΨ(x)

(Lie derivative of a half-form).
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Quantization of momenta

Now, quantization of momenta does not require any linear

struture on the on�guration spae QΛ:

If X = X i ∂
∂x i

is a vetor �eld on QΛ, then X (x , p) := X i (x)pi
generates a group of sympletomorphisms of P � a anonial lift of

the �ow X from QΛ to T ∗QΛ.

Naive quantization rule: p̂kψ(x) :=
~

i
d
dxk

ψ(x) must be replaed by:

X̂Ψ(x) :=
~

i
LXΨ(x)

(Lie derivative of a half-form).

Automatially self-adjoint if X -omplete!
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Quantization shemes

Quantum state is desribed by a wave funtion Ψ with

respet to a polarization Λ (a �representation�) and a

referene frame λ.
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Quantization shemes

Quantum state is desribed by a wave funtion Ψ with

respet to a polarization Λ (a �representation�) and a

referene frame λ.

Appropriate notation would be ΨΛ,λ.
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Example

Classial dynamis of a free partile:

x(t) = x(0) +
1

m
tp(0)

p(t) = p(0)
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Example

Classial dynamis of a free partile:

x(t) = x(0) +
1

m
tp(0)

p(t) = p(0)

Classial dynamis of a harmoni osillator:

x̃(τ) = osωτ x̃(0)+
1

mω
sinωτ p̃(0) = osωτ

(

x̃(0)+
1

m

tanωτ

ω
p̃(0)

)

p̃(τ) = −mω sinωτ x̃(0) + osωτ p̃(0)
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1
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Classial dynamis of a harmoni osillator:

x̃(τ) = osωτ x̃(0)+
1

mω
sinωτ p̃(0) = osωτ

(

x̃(0)+
1

m

tanωτ

ω
︸ ︷︷ ︸

t

p̃(0)
)

p̃(τ) = −mω sinωτ x̃(0) + osωτ p̃(0)

x̃(τ) =
1√

1+ ω2t2
x(t)

p̃(τ) = − mω2t√
1+ ω2t2

x(t) +
√

1+ ω2t2p(t)
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Example

Classial dynamis of a free partile:

x(t) = x(0) +
1

m
tp(0)

p(t) = p(0)

Classial dynamis of a harmoni osillator:

x̃(τ) = osωτ x̃(0)+
1

mω
sinωτ p̃(0) = osωτ

(

x̃(0)+
1

m

tanωτ

ω
︸ ︷︷ ︸

t

p̃(0)
)

p̃(τ) = −mω sinωτ x̃(0) + osωτ p̃(0)

x̃(τ) =
1√

1+ ω2t2
x(t)

p̃(τ) = − mω2t√
1+ ω2t2

x(t) +
√

1+ ω2t2p(t)

Foliations {x(t) = onst .} and {x̃(τ) = onst .} oinide.
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Example

x̃(τ) =
1√

1+ ω2t2
x(t)

p̃(τ) = − mω2t√
1+ ω2t2

x(t) +
√

1+ ω2t2p(t)

PSfrag replaements

{x(0) = onst .} = {x̃(0) = onst .}

{x(t) = onst .} = {x̃(τ) = onst .}

{p
(0

)
=



o

n

s

t

.}
=

{p̃
(0

)
=



o

n

s

t

.}

p̃(τ) = 0

p(0) = 0
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Example

x̃(τ) =
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√
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o
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=
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)
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s

t
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p̃(τ) = 0

p(0) = 0

λ = {p(t) = 0}
λ̃ = {p̃(τ) = 0}

= {p(t) = mω2t

1+ ω2t2
x(t)}

Jerzy Kijowski Center for Theoretial Physis PAS Warsaw, PolandGeometri quantization and Bäklund transformations 14/20



Example
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.}
=

{p̃
(0

)
=



o

n

s

t

.}

p̃(τ) = 0

p(0) = 0

λ = {p(t) = 0}
λ̃ = {p̃(τ) = 0}

= {p(t) = mω2t

1+ ω2t2
x(t)}

λ̃− λ =
mω2t

1+ ω2t2
x(t)

= d{1
2

( mω2t

1+ ω2t2

)
x2}
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Example

Consider a family of quantum states Ψ(τ) = ψ(τ, x̃)
√
dx̃ .

φ(t, x)
√
dx = ψ(

1

ω
artanωt,

x√
1+ ω2t2

)e
i
~

mω2t

2(1+ω2t2)
x2

√
dx

(1+ ω2t2)
1

4
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Example

Consider a family of quantum states Ψ(τ) = ψ(τ, x̃)
√
dx̃ .

φ(t, x)
√
dx = ψ(

1

ω
artanωt

︸ ︷︷ ︸

τ

,
x√

1+ ω2t2
︸ ︷︷ ︸

x̃

)e
i
~

mω2t

2(1+ω2t2)
x2

︸ ︷︷ ︸

S
λ̃,λ

√
dx

(1+ ω2t2)
1

4

︸ ︷︷ ︸√
dx̃

Theorem:

(
φ satis�es the free

Shrödinger equation.

)

⇐⇒
(
ψ satis�es the Shrödinger equation

of a harmoni osillator.

)
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Example

Consider a family of quantum states Ψ(τ) = ψ(τ, x̃)
√
dx̃ .

φ(t, x)
√
dx = ψ(

1

ω
artanωt

︸ ︷︷ ︸

τ

,
x√

1+ ω2t2
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x̃

)e
i
~

mω2t

2(1+ω2t2)
x2

︸ ︷︷ ︸

S
λ̃,λ

√
dx

(1+ ω2t2)
1

4

︸ ︷︷ ︸√
dx̃

Theorem:

(
φ satis�es the free

Shrödinger equation.

)

⇐⇒
(
ψ satis�es the Shrödinger equation

of a harmoni osillator.

)

Bäklund transformation via geometri quantization!
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How ΨΛ,λ hanges if we hange Λ and λ?
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How ΨΛ,λ hanges if we hange Λ and λ?

On the lassial level any suh hange is in�nitesimally

implemented by a Hamiltonian vetor �eld XH .
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How ΨΛ,λ hanges if we hange Λ and λ?

On the lassial level any suh hange is in�nitesimally

implemented by a Hamiltonian vetor �eld XH .

If we want to have a polarization-independent desription of a

quantum state, we must de�ne a quantum ounterpart of this

hange, i.e. a mapping from lassial to quantum observables:

F(P) ∋ H
quantization sheme−−−−−−−−−−−−→ Ĥ ∈ Op(H)

(self-adjoint operators!)
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implemented by a Hamiltonian vetor �eld XH .

If we want to have a polarization-independent desription of a

quantum state, we must de�ne a quantum ounterpart of this

hange, i.e. a mapping from lassial to quantum observables:

F(P) ∋ H
quantization sheme−−−−−−−−−−−−→ Ĥ ∈ Op(H)

(self-adjoint operators!) GXH
t → e−

i
~
tĤ
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Quantization shemes

We already know how to �quantize� some observables:
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Quantization shemes

We already know how to �quantize� some observables:

Funtion on QΛ generate Galilei transformations and,

therefore, must be quantized as multipliation operators.

Funtion linear in momenta generates a hamiltonian �ow on

P, preserving polarization Λ and the referene frame {p = 0}.
Corresponding transport of the wave funtion is generated by

the Lie derivative: X̂ = ~

i
LX , automatially self-adjoint.
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Quantization shemes

We already know how to �quantize� some observables:

Funtion on QΛ generate Galilei transformations and,

therefore, must be quantized as multipliation operators.

Funtion linear in momenta generates a hamiltonian �ow on

P, preserving polarization Λ and the referene frame {p = 0}.
Corresponding transport of the wave funtion is generated by

the Lie derivative: X̂ = ~

i
LX , automatially self-adjoint.

Linearity ???
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Quantization shemes

The result of the �hange of polarization� proedure should not

depend upon the way we hange it!!!

XH

−XH

XG

−XG

e
i
~
Ĥ e

i
~
Ĝ

X{H,G}

e

(

i
~
{H,G }̂

)

Base: polarizations

Fiber: quantum states
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Quantization shemes

The result of the �hange of polarization� proedure should not

depend upon the way we hange it!!!

XH

−XH

XG

−XG

e
i
~
Ĥ e

i
~
Ĝ

X{H,G}

e

(

i
~
{H,G }̂

)

Base: polarizations

Fiber: quantum states

Path-independene requires: [Ĥ , Ĝ ]− {H,G }̂ = c · I.
Modulo �c · I� beause only projetive representations onsidered:

global phase never ontrolled!
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Linear Sympleti group

The above dream of many generations annot be ful�lled!
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Linear Sympleti group

The above dream of many generations annot be ful�lled!

No universal quantization sheme!!!

Non-vanishing urvature!

But some mirales our.

Small mirale: If P is a linear sympleti spae than algebra F2(P)
of �at most quadrati� observables generates the linear sympletyi

group Sp(P) whih is uniquely, and exatly quantized.
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Linear Sympleti group

The above dream of many generations annot be ful�lled!

No universal quantization sheme!!!

Non-vanishing urvature!

But some mirales our.

Small mirale: If P is a linear sympleti spae than algebra F2(P)
of �at most quadrati� observables generates the linear sympletyi

group Sp(P) whih is uniquely, and exatly quantized.

Remainder: These are projetive representations of Sp(P). There
is no unitary representation, unless we pass to the universal

overing: the metapleti group Mp(P).
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Linear Sympleti group

Any linear Lagrangian foliation Λ of P an be used to

represent quantum states.
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representations (�Frational Fourier transform�, equivalene of

all possible quantum dynamis).
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Linear Sympleti group

Any linear Lagrangian foliation Λ of P an be used to

represent quantum states.

There is a unique transformation between two suh

representations (�Frational Fourier transform�, equivalene of

all possible quantum dynamis).

Theorem 1: Observables whih are linear with respet to momenta

in any of the above representations span the spae F(P) of all the
observables.
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Linear Sympleti group

Any linear Lagrangian foliation Λ of P an be used to

represent quantum states.

There is a unique transformation between two suh

representations (�Frational Fourier transform�, equivalene of

all possible quantum dynamis).

Theorem 1: Observables whih are linear with respet to momenta

in any of the above representations span the spae F(P) of all the
observables.

Theorem 2: A unique quantization sheme F(P) → Op(H)
satisfying X̂ = ~

i
LX is the Weyl quantization.
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