
Internal Lagrangians and gauge systems

Kostya Druzhkov

Department of Mathematics and Statistics

University of Saskatchewan

Geometry of Di�erential Equations, IUM
May 1, 2024

Kostya Druzhkov Internal Lagrangians and gauge systems May 1, 2024 1 / 38



Classical Hamiltonian formalism

Canonical equations

ṗi = −∂H
∂qi

, q̇i =
∂H

∂pi
(1)

Con�guration manifold K : q1, . . . , qN .

In�nitely prolonged system (1)

E : t, q1, . . . , qN , p1, . . . , pN , Dt = ∂t +
∂H

∂pi
∂qi −

∂H

∂qi
∂pi (2)

Paths through instantaneous states

E = T ∗K × R
πE
��
R

σ

BB

σ :

{
qi = f i (t)

pi = gi (t)

` = pidq
i − Hdt ∈ Λ1(E)

σ 7→
∫ t1

t0

σ∗(`)
(3)

Dt → Hamiltonian dynamics ⇔ autonomy + the trivial connection on πE .

Before the Legendre transformation: L and πE : TK × R→ R ⇒ `.
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How can one describe the Lagrangian formalism in terms of
the intrinsic geometry of di�erential equations?

Main idea

The Hamiltonian formalism is a (non-covariant) version of the Lagrangian
one rewritten in terms of the intrinsic geometry of variational equations.

Outline

If E ⊂ J∞(π) and E(L) vanishes on E , then L produces a unique
element of a certain cohomology group of E (internal Lagrangian).

Internal Lagrangians can be varied in a (non-)covariant manner within
classes of paths through properly de�ned instantaneous states.

Instantaneous states are encoded by the lifts of involutive hyperplane
distributions from the base of a di�erential equation πE : E → M. In
some cases, it is reasonable to consider such lifts gauge equations.

An alternative approach: intrinsic Lagrangians (M. Grigoriev).
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Jets

Let π : En+m → Mn be a locally trivial smooth vector bundle. Denote by

x1, . . . , xn coordinates in U ⊂ M (independent variables),

u1, . . . , um coordinates along the �bers over U (dependent variables).

In local coordinates, the∞-jet [h]∞x0 of a section h ∈ Γ(π) at a point x0 ∈ U

is given by partial derivatives of its components. Coordinates on J∞(π):

x i ([h]∞x0 ) = x i (x0) , uiα([h]∞x0 ) =
∂|α|hi

(∂x1)α1 . . . (∂xn)αn
(x0) (4)

The Cartan distribution C on J∞(π) is spanned by the total derivatives

Dxk = ∂xk + uiα+xk∂uiα , k = 1, . . . , n (5)

The Cartan distribution C is a connection (= horizontal distribution) on the
bundle π∞ : J∞(π)→ M,

π∞ : [h]∞x0 7→ x0 (6)

Kostya Druzhkov Internal Lagrangians and gauge systems May 1, 2024 4 / 38



Jets

Let π : En+m → Mn be a locally trivial smooth vector bundle. Denote by

x1, . . . , xn coordinates in U ⊂ M (independent variables),

u1, . . . , um coordinates along the �bers over U (dependent variables).

In local coordinates, the∞-jet [h]∞x0 of a section h ∈ Γ(π) at a point x0 ∈ U

is given by partial derivatives of its components. Coordinates on J∞(π):

x i ([h]∞x0 ) = x i (x0) , uiα([h]∞x0 ) =
∂|α|hi

(∂x1)α1 . . . (∂xn)αn
(x0) (4)

The Cartan distribution C on J∞(π) is spanned by the total derivatives

Dxk = ∂xk + uiα+xk∂uiα , k = 1, . . . , n (5)

The Cartan distribution C is a connection (= horizontal distribution) on the
bundle π∞ : J∞(π)→ M,

π∞ : [h]∞x0 7→ x0 (6)

Kostya Druzhkov Internal Lagrangians and gauge systems May 1, 2024 4 / 38



Dual description

the ideal CΛ∗(π) ⊂ Λ∗(π) (7)

In local coordinates, a Cartan di�erential 1-form ω ∈ CΛ1(π) has the form

ω = ωαi θ
i
α , θiα = duiα − uiα+xkdx

k (8)

Smooth functions on jets: F(π).

Let η be a locally trivial smooth vector bundle over M, and let F be a
section of π∗∞(η). The in�nite prolongation of {F = 0} ⊂ J∞(π) is

E : Dα(F i ) = 0 (9)

Cartan distribution: on J∞(π) ⇒ on E ⇒ connection on πE = π∞|E .
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If E ⊂ J∞(π) and E(L) vanishes on E , then L produces a unique
element of a certain cohomology group of E (internal Lagrangian).

If L is an element of

Λn
h(π) = F(π) · π∗∞(Λn(M)) (10)

such that E(L)|E = 0, there is a Cartan n-form ωL ∈ CΛn(π) that satis�es

d(L + ωL)− δL1...n
δui

θi0 ∧ dx1 ∧ . . . ∧ dxn ∈ C2Λn+1(π) , (11)

where C2Λ∗(π) is the square of CΛ∗(π).

All restrictions (L + ωL)|E play the role of Poincaré-Cartan forms.

all (L+ωL)|E ⇒ the same element of
{` ∈ Λn(E) : d` ∈ C2Λn+1(E)}

d(CΛn−1(E)) + C2Λn(E)
(12)

The cohomology class of L ⇒ a unique internal Lagrangian, i.e., element of

{` ∈ Λn(E) : d` ∈ C2Λn+1(E)}
d(Λn−1(E)) + C2Λn(E)

(13)
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For ϕ ∈ Γ(π∗∞(π)), we denote by Eϕ the evolutionary vector �eld

Eϕ = Dα(ϕi )∂uiα (14)

The Noether identity: there is ωL ∈ CΛn(π) such that EϕyωL ∈ Λn−1
h (π),

LEϕL = EϕyE(L) + dh(EϕyωL) (15)

Internal Lagrangians are cohomology classes of Λ(E)/C2Λ(E)

The �ltration Λ(E) ⊃ C2Λ(E) ⊃ C3Λ(E) ⊃ C4Λ(E) ⊃ . . . leads to the
spectral sequence for the Lagrangian formalism.

Let us recall that the Vinogradov C-spectral sequence is produced by

Λ(E) ⊃ CΛ(E) ⊃ C2Λ(E) ⊃ C3Λ(E) ⊃ . . . (16)

Any embedding of E to any ∞-jet manifold . . .

Each internal Lagrangian of E can be (ambiguously, but globally) extended
to the jet manifold.

Internal Lagrangians ⇒ the Noether theorem.
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Instantaneous states are encoded by the lifts of involutive hyperplane
distributions from the base of a di�erential equation πE : E → M.

. . .

De�nition

A spatial distribution on E is the lift of an involutive regular distribution of
rank = n − 1 from the base Mn.

Typical example

M = Rn : x0 = t , x1, . . . , xn−1 s on M : ∂x1 , . . . , ∂xn−1 (17)

C on E : Dt , Dx1 , . . . , Dxn−1 S on E : Dx1 , . . . , Dxn−1 (18)

CΛ1(E) : θ
i
α = θiα|E SΛ1(E) : dt, θ

i
α = θiα|E (19)

s de�nes "simultaneous" ≈ reference system (no time though).

Λ(E) ⊃ SΛ(E) ⊃ S2Λ(E) ⊃ S3Λ(E) ⊃ . . . (20)

Sp ⊂ Cp ⇒ SkΛ∗(E) ⊃ CkΛ∗(E) ⇒ morphisms of the spectral sequences.
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Paths through instantaneous states

Integral manifolds of spatial distributions are (local) solutions to the
respective spatial equations. They represent (local) instantaneous states.

De�nition

A section σ of the bundle πE is an S-section if

dσx(sx) = Sσ(x) for any x ∈ M. (21)

S-sections encode paths through instantaneous states. We are going to
perturb them.

De�nition

A mapping γ : R×M → E is a path in S-sections if the mappings

γ(τ) : x → γ(τ, x) (22)

are S-sections for all τ ∈ R.
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Non-covariant variational principle (6 slides before gauge)

Internal Lagrangians can be varied in a non-covariant manner within
classes of paths through properly de�ned instantaneous states.

Let ` be an internal Lagrangian of E , ` ∈ `.

De�nition

An S-section σ is an S-stationary point of ` if for any compact oriented
submanifold Nn ⊂ Mn, the relation

d

dτ

∣∣∣
τ=0

∫
N

γ(τ)∗(`) = 0 (23)

holds for each path γ in S-sections such that γ(0) = σ and all points of
the boundary ∂N are �xed.

Let us stress that the choice of a representative has no impact and
all solutions of E are S-stationary points of `.

No time.
Kostya Druzhkov Internal Lagrangians and gauge systems May 1, 2024 10 / 38
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Is time actually important

for the Hamiltonian formalism?
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Examples

The Laplace equation

uyy = −uxx (24)

E : x , y , u, ux , uy , uxx , uxy , uxxx , . . . (25)

Consider the internal Lagrangian represented by the ` = (L + ωL)|E ,

L + ωL = −
u2x + u2y

2
dx ∧ dy − ux θ0 ∧ dy + uy θ0 ∧ dx . (26)

Suppose S is the lift of the distribution s = ker dy :

S : Dx = ∂x + ux∂u + uxx∂ux + uxy∂uy + uxxx∂uxx + uxxy∂uxy + . . . , (27)

Solutions to the S are given by y0 ∈ R and arbitrary functions a(x), b(x),

y = y0 , u = a(x) , uy = b(x) , ux = ∂xa , uxy = ∂xb , . . . (28)

Any S-section σ has the form

u = f (x , y) , uy = g(x , y) , ux = ∂x f , uxy = ∂xg , . . . (29)

where f , g ∈ C∞(R2) can be chosen arbitrarily.
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σ∗(`) =
(g2 − (∂x f )2

2
− g∂y f

)
dx ∧ dy (30)

The Euler-Lagrange equations are

∂2x f + ∂yg = 0 , g = ∂y f (31)

Thus

All S-stationary points are solutions to Laplace's equation (and vice versa).

This is not a coincidence.

Theorem

Let L be a horizontal n-form, and let E be the in�nite prolongation of the
Euler-Lagrange equation E(L) = 0. Suppose S is the lift of a nowhere
characteristic involutive hyperplane distribution. Then an S-section σ is an
S-stationary point of the corresponding internal Lagrangian if and only if σ
is a solution to πE .
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Why gauge?

Let us consider the wave equation

uxy = 0 (32)

Suppose s = ker dy (characteristic). Then any S-section σ has the form

u = f (x , y), ux = ∂x f , uy = h1(y), uxx = ∂2x f , uyy = h2(y), . . . (33)

The functions f (x , y), h1(y), h2(y), . . . can be chosen arbitrarily. They
satisfy the in�nite number of constraints (≈ the spatial equation)

∂xhi = 0 i = 1, 2, (34)

What about the in�nite number of the relations

∂y f = h1, ∂yhi = hi+1 ? (35)

But

No internal Lagrangians can give an in�nite number of equations.

So, for any `, S-stationary points ) solutions. Apparently, instantaneous
states here are not just solutions to the S.
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Basic structures on E
A πE -vertical vector �eld X on E is a symmetry of πE if

LX CΛ∗(E) ⊂ CΛ∗(E) (36)

A variational p-form is an element of the vector space

E
p, n−1
1 (E) =

{ω ∈ CpΛp+n−1(E) : dω ∈ Cp+1Λp+n(E)}
d(CpΛp+n−2(E)) + Cp+1Λp+n−1(E)

(37)

A presymplectic structure of E is an element of ker d2, n−11 , where

d
2, n−1
1 : E 2, n−1

1 (E)→ E
3, n−1
1 (E) (38)

An internal Lagrangian of E generates a unique presymplectic structure.

All symmetries of E de�ne morphisms of the form

Xy : E 2, n−1
1 (E)→ E

1, n−1
1 (E) (39)

Gauge symmetries of Lagrangian equations can be de�ned internally.
Gauge symmetries: Xyω = 0, where ω 3 d`, while ` ⇐ the Lagrangian.
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. . .

In some cases, it is reasonable to consider such lifts gauge equations.

A πE -vertical vector �eld X on E is an S-symmetry if

LX SΛ∗(E) ⊂ SΛ∗(E) (40)

Sp ⊂ Cp ⇒ SkΛ∗(E) ⊃ CkΛ∗(E) ⇒ morphisms of the spectral sequences.

The morphisms are given by C → S. For example, a variational p-form

ω + d(CpΛp+n−2(E)) + Cp+1Λp+n−1(E) (41)

gives rise to the S-variational p-form

ω + d(SpΛp+n−2(E)) + Sp+1Λp+n−1(E) , (42)

which is not a variational p-form for the (E ,S). (Top horizontal degree)

Lagrangian L ⇒ internal Lagrangian ` ⇒ presymplectic structure ω ⇒
S-presymplectic structure ωS ⇒ (`,S)-gauge symmetries: XyωS = 0.
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Examples

The Laplace equation again

uyy = −uxx s = ker dy S : Dx (43)

The presymplectic structure is represented by the form d`,

d` = −θx ∧ θ0 ∧ dy + θy ∧ θ0 ∧ dx . (44)

θ0 = du − uxdx − uydy , θx = dux − uxxdx − uxydy ,

θy = duy − uxydx + uxxdy . Since −θx ∧ θ0 ∧ dy ∈ S3Λ3(E), the form

ω = θy ∧ θ0 ∧ dx (45)

represents the same S-presymplectic structure as d`.

Any S-symmetry has the form

X = ϕ∂u + χ∂uy + Dx(ϕ)∂ux + Dx(χ)∂uxy + . . . (46)

ϕ and χ are arbitrary functions on E .
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No (`,S)-gauge symmetries for the Laplace equation

Xyω = χ θ0 ∧ dx − ϕθy ∧ dx (47)

Denote uy by v . The spatial equation: the in�nite prolongation of the ODE

yx = 0 , 0 = 0 , 0 = 0 for (y , u, v) (48)

Any S-variational 1-form is represented by

a dy ∧ dx + b θ0 ∧ dx + c θy ∧ dx (49)

Linearization of an equation F = 0: Eϕ(F ) = lF (ϕ) ⇒ lE = lF |E . Then

lS =

Dx 0 0
0 0 0
0 0 0

 l∗S =

−Dx 0 0
0 0 0
0 0 0

 (50)

S-variational 1-form (49) is trivial i� (a; b; c)T ∈ im l∗S (⇐ k-line theorem).

Triviality ⇒ b = c = 0. Then (47) de�nes the trivial S-variational 1-form
i� ϕ = χ = 0. No (`,S)-gauge symmetries.
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The wave equation again

uxy = 0 , S : Dx (51)

` = −uxuy
2

dx ∧ dy − uy

2
θ0 ∧ dy −

ux

2
dx ∧ θ0 , θ0 = du − uxdx − uydy .

(52)

Any vector �eld of the form

Yϕ = ϕ0 ∂u + ϕ1∂uy + ϕ2 ∂uyy + ϕ3 ∂uyyy + . . . (53)

is an (`,S)-gauge symmetry, where ϕ0, ϕ1, . . . are arbitrary functions of y ,
uy , uyy , . . . Indeed, d` represents the same S-presymplectic structure as

ω =
1

2
θx ∧ θ0 ∧ dx , (54)

θ0 = du − uxdx − uydy , θx = dux − uxxdx .

Yϕ yω =
ϕ0
2

dx ∧ θx ∈ d
(ϕ0
2
θ0

)
+ S2Λ2(E) (55)

Let us note that if ϕ1 = Dy (ϕ0), ϕ2 = D
2
y (ϕ0), . . . , then Yϕ is a

symmetry of the wave equation.
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Spatial-gauge Cauchy problems on the characteristics

An S-section σ
u = f (x , y) , ux = ∂x f , uy = h1(y) , uxx = ∂2x f , uyy = h2(y) , . . . (56)

is an S-stationary point of ` if and only if

∂x∂y f = 0 (57)

Any S-stationary point σ can be transformed into a solution of the wave
equation using the transformation Φ1, where ΦT denotes the �ow of the
(`,S)-gauge symmetry Yϕ = ϕ0 ∂u + ϕ1∂uy + ϕ2 ∂uyy + ϕ3 ∂uyyy + . . . for

ϕ0 = 0 , ϕ1 = −h1 + ∂y f , ϕ2 = −h2 + ∂2y f , ϕ3 = −h3 + ∂3y f , . . . (58)

Solutions to the spatial equation have the form

y = y0 , u = a(x) , ux = ∂xa , uy = c1 , uxx = ∂2xa , uyy = c2 , . . . (59)

Initial data (initial state): a(x) modulo +const0, c1 modulo +const1, . . .
The solution is a unique (`,S)-gauge equivalence class of S-sections.
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Non-covariant action and spatial-gauge equivalence

If an (`,S)-gauge symmetry generates a global �ow

the corresponding transformations play the role of spatial-gauge ones. For
a spatial equation S, the set of all such transformations generates a group
(group operation is composition), which we call (`,S)-gauge group.

If an equation E is embedded into a certain J∞(π) and L is a horizontal
n-form such that E(L)|E = 0, then L (but not its cohomology class) gives
rise to a unique S-variational 1-form of E .

If ξ is an S-variational 1-form and for each x ∈ ∂M, sx = Tx ∂M, then the
action

σ 7→
∫
M

σ∗(ξ) (60)

is well-de�ned on S-sections, provided M is compact and oriented.

Kostya Druzhkov Internal Lagrangians and gauge systems May 1, 2024 21 / 38



Non-covariant action and spatial-gauge equivalence

If an (`,S)-gauge symmetry generates a global �ow

the corresponding transformations play the role of spatial-gauge ones. For
a spatial equation S, the set of all such transformations generates a group
(group operation is composition), which we call (`,S)-gauge group.

If an equation E is embedded into a certain J∞(π) and L is a horizontal
n-form such that E(L)|E = 0, then L (but not its cohomology class) gives
rise to a unique S-variational 1-form of E .

If ξ is an S-variational 1-form and for each x ∈ ∂M, sx = Tx ∂M, then the
action

σ 7→
∫
M

σ∗(ξ) (60)

is well-de�ned on S-sections, provided M is compact and oriented.

Kostya Druzhkov Internal Lagrangians and gauge systems May 1, 2024 21 / 38



Maxwell's equations

Let E be the in�nite prolongation of the Maxwell equations

∂µF
µν = 0 . (61)

Here M = Rn; Fµν denotes ∂µAν − ∂νAµ; the metric is (+,−, . . . ,−);
x0 = t, x1, . . . , xn−1; µ, ν = 0, . . . , n − 1; n > 2.
We also use the spatial indices i , j , k = 1, . . . , n − 1.

L = −1
4
FµνF

µνdnx , dnx = dx0 ∧ . . . ∧ dxn−1 (62)

L + ωL = −1
4
FµνF

µνdnx − Fµνθ
ν ∧ (∂µy dnx) , θν = dAν − ∂µAνdxµ

` = (L + ωL)|E . Put s = ker dt. The S-presymplectic structure:

ω = −θ0i ∧ θ
i ∧ (∂0y dnx) , (63)

where θ0i = (dF0i − ∂µF0idxµ)|E , and θ
i

= θi |E .
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Coordinates on E : xµ, and

Aν , F 0i , ∂0A
0, ∂20A

0, . . . and all their spatial derivatives, except for, say,
∂1F

01 and its spatial derivatives.

In�nitely many degrees of spatial freedom of the form ∂p0A
0.

Any S-symmetry has the form

X(χ,η,ϕ) = χi∂Ai + ηi∂F 0i + ϕ0∂A0 + ϕ1∂∂0A0 + ϕ2∂∂20A0 + . . . (64)

χi , ϕ0, ϕ1, . . . ∈ F(E) can be chosen arbitrarily, while ηi ∈ F(E) satisfy

D i (η
i ) = 0, D i = Di |E . (65)

X(χ,η,ϕ) yω = −ηiθi ∧ (∂0y dnx) + χiθ0i ∧ (∂0y dnx) . (66)

This di�erential form represents the trivial S-variational 1-form i� ηi = 0
and there exists a function ε ∈ F(E) such that

χi = D
i
(ε) i = 1, . . . , n − 1 . (67)

(`,S)-gauge symmetries: X(χ,η,ϕ) for η
i = 0, χi = D

i
(ε).
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(`,S)-gauge symmetries

D
i
(ε)∂Ai + ϕ0∂A0 + ϕ1∂∂0A0 + ϕ2∂∂20A0 + . . .

for arbitrary ε, ϕ0, ϕ1, . . . ∈ F(E).

The degrees of spatial freedom ∂p0A
0 are spatial-gauge, while

gauge symmetries of the Maxwell equations
(
ϕ0 = D

0
(ε), ϕ1 = D

0
(ϕ0),

. . .
)
can not get rid of the spatial-gauge freedom degrees.

Any S-section σ has the form

σ :
Aν = f ν , F 0i = g i , ∂0A

0 = h1, ∂20A
0 = h2, . . .

∂iA
ν = ∂i f

ν , . . .
(68)

f ν , h1, h2, . . . ∈ C∞(Rn) can be chosen arbitrarily, while g i ∈ C∞(Rn)
must satisfy one constraint (Gauss's law):

∂ig
i = 0 (69)

Here ∂µf
ν , ∂µg

i , . . . denote the partial derivatives ∂xµ f
ν , ∂xµg

i , . . .
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Any (`,S)-gauge symmetry: D
i
(ε)∂Ai + ϕ0∂A0 + ϕ1∂∂0A0 + ϕ2∂∂20A0 + . . .

Any S-section: Aν = f ν , F 0i = g i , ∂0A
0 = h1, ∂20A

0 = h2, . . .

∂ig
i = 0

Any (`,S)-gauge equivalence class of S-sections has the form

f i modulo + ∂ iε, g i , (70)

f 0 modulo + anything, h1 modulo + anything, . . . (71)

Here ε ∈ C∞(Rn).

n = 4:

(`,S)-gauge equivalence classes of solutions to the spatial equation ⇔
tuples (t0;E0;B0), where E0 and B0 are instantaneous electric and
magnetic �eld (at t = t0) respectively.
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∫
σ∗(`) =

∫ (1
2
g igi −

1

4
(∂i fj − ∂j fi )(∂ i f j − ∂j f i )− gi (∂

0f i − ∂ i f 0)
)
dnx .

Resolve the constraint ∂ig
i = 0:

g i = ∂j r
ij , r ij ∈ C∞(Rn) r ij = −r ji (72)∫

σ∗(`) = (73)

=

∫ (1
2
∂k r

ik∂j rij −
1

4
(∂i fj − ∂j fi )(∂ i f j − ∂j f i )− ∂j rij(∂0f i − ∂ i f 0)

)
dnx .

For any compact oriented submanifold Nn ⊂ Rn

we can take as variations δf ν , δr ij , δh1, δh2, . . . arbitrary functions on Rn

that vanish with all their derivatives on ∂N and such that δr ij = −δr ji .
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Then the variational problem reduces to the corresponding E-L equations

∂0∂j r
ij = ∂j(∂

i f j − ∂j f i ) ,
∂j
(
∂k rik − (∂0fi − ∂i f0)

)
= ∂i

(
∂k rjk − (∂0fj − ∂j f0)

)
.

(74)

The latter equation is equivalent to the existence of λ ∈ C∞(Rn) such that

∂k rik − (∂0fi − ∂i f0) = ∂iλ . (75)

Thus, an S-section σ is an S-stationary point of the internal Lagrangian `
i� there is a function λ ∈ C∞(Rn) such that σ satis�es the equations

∂0g
i = ∂j(∂

i f j − ∂j f i ) , (76)

g i = ∂0f i − ∂ i (f 0 − λ) . (77)

Any S-stationary point Aν = f ν , F 0i = g i , ∂0A
0 = h1, . . . ⇒ into a

solution using Φ1, where ΦT is the �ow of the (`,S)-gauge symmetry

ϕ0∂A0 + ϕ1∂∂0A0 + ϕ2∂∂20A0 + . . . (78)

for ϕ0 = −λ , ϕ1 = −h1 + ∂0(f 0 − λ) , ϕ2 = −h2 + ∂20(f 0 − λ) , . . .
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Remarkable conclusion

All S-stationary points of the Maxwell system are (`,S)-gauge equivalent
to its solutions!

Since Maxwell's equations are Lorentz-invariant, the same conclusion can
be made for all spatial distributions that one can obtain from the S using
Lorentz transformations.

Let us consider an example of a variational equation that is not a
Lagrangian one. The potential KdV equation

ut = 3u2x + uxxx (79)

admits the di�erential consequence E(L) = 0, where

L =
(uxut

2
− u3x +

u2xx
2

)
dt ∧ dx . (80)

E : t, x , u, ux , uxx , uxxx , . . . Dt , Dx (81)
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The corresponding internal Lagrangian ` is represented by

` =
(ux(3u2x + uxxx)

2
− u3x +

u2xx
2

)
dt ∧ dx − 1

2
(3u2x + uxxx) dt ∧ θ0 +

+ uxx dt ∧ θx +
1

2
ux θ0 ∧ dx , (82)

θ0 = du− uxdx − (3u2x + uxxx)dt, θx = dux − uxxdx − (6uxuxx + uxxxx)dt.
Let S be the lift of the distribution ker dt. The S-presymplectic structure:

ω =
1

2
θx ∧ θ0 ∧ dx . (83)

Any S-symmetry of the potential KdV equation has the form

X = ϕ∂u + Dx(ϕ)∂ux + D
2
x (ϕ)∂uxx + . . . , (84)

where ϕ ∈ F(E) can be chosen arbitrarily. Then

Xyω =
1

2

(
Dx(ϕ)θ0 − ϕθx

)
∧ dx ∈ Dx(ϕ)θ0 ∧ dx + d

(ϕ
2
θ0

)
+ S2Λ2(E)

and (`,S)-gauge symmetries are given by functions of the form ϕ = ϕ(t).
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S-stationary points are (`,S)-gauge equivalent to solutions

Any S-section σ has the form

σ : u = f , ux = ∂x f , uxx = ∂2x f , uxxx = ∂3x f , . . . , (85)

where f ∈ C∞(R2) can be chosen arbitrarily.

σ∗(`) =
(∂x f ∂t f

2
− (∂x f )3 +

(∂2x f )2

2

)
dt ∧ dx , (86)

S-stationary points are described by the Euler-Lagrange equation

∂x

(
∂t f − 3(∂x f )2 − ∂3x f

)
= 0 ⇔ ∂t f = 3(∂x f )2 + ∂3x f + g(t) (87)

Denote by ΦTg the �ow of the (`,S)-gauge symmetry ϕ = −
∫ t
0
g(τ)dτ .

Φ1
g relate S-stationary points to solutions of the potential KdV.
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KdV and potential KdV

ut = 3u2x + uxxx

ρ

��
vt = 6vvx + vxxx

ρ : v = ux , vx = uxx , . . . (88)

ρ establishes the one-to-one correspondence

between (`,S)-gauge equivalence classes of S-sections of the potential
KdV and ρ∗(S)-sections of the KdV equation.

between (`,S)-gauge equivalence classes of S-stationary points of `
and solutions to the KdV.

Thus, in this example, (`,S)-gauge symmetries lead to the description of
dynamics given by another equation (spatial-gauge Cauchy problems for
potential KdV = Cauchy problems for KdV).
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Covariant child

Suppose ` is an internal Lagrangian of E represented by a form ` ∈ Λn(E).

A section σ of the bundle πE is an almost solution if for each x ∈ M,

dim
(
dσx(TxM) ∩ Cσ(x)

)
> n − 1. (89)

A mapping γ : R×M → E is a path in almost solutions of πE if the

γ(τ) : x 7→ γ(τ, x) (90)

are almost solutions of πE for all τ ∈ R.

Almost solutions σ and σ′ of πE are almost gauge equivalent if there exist
di�eomorphisms f1, . . . , fk : E → E such that
1) each fi is an Si -gauge transformation, where Si is a spatial distribution;
2) σ is an S1-section; 3) fi ◦ . . . ◦ f1 ◦ σ is an Si+1-section, 1 6 i 6 k − 1;
4) σ′ = fk ◦ . . . ◦ f2 ◦ f1 ◦ σ.

Kostya Druzhkov Internal Lagrangians and gauge systems May 1, 2024 32 / 38



Covariant child

Suppose ` is an internal Lagrangian of E represented by a form ` ∈ Λn(E).

A section σ of the bundle πE is an almost solution if for each x ∈ M,

dim
(
dσx(TxM) ∩ Cσ(x)

)
> n − 1. (89)

A mapping γ : R×M → E is a path in almost solutions of πE if the

γ(τ) : x 7→ γ(τ, x) (90)

are almost solutions of πE for all τ ∈ R.

Almost solutions σ and σ′ of πE are almost gauge equivalent if there exist
di�eomorphisms f1, . . . , fk : E → E such that
1) each fi is an Si -gauge transformation, where Si is a spatial distribution;
2) σ is an S1-section; 3) fi ◦ . . . ◦ f1 ◦ σ is an Si+1-section, 1 6 i 6 k − 1;
4) σ′ = fk ◦ . . . ◦ f2 ◦ f1 ◦ σ.

Kostya Druzhkov Internal Lagrangians and gauge systems May 1, 2024 32 / 38



An almost solution σ is a stationary point of ` if

for any compact oriented submanifold Nn ⊂ Mn, the relation

d

dτ

∣∣∣
τ=0

∫
N

γ(τ)∗(`) = 0 (91)

holds for each path γ in almost solutions such that γ(0) = σ and all points
of the boundary ∂N are �xed.

Covariant canonical variational principle

An almost gauge equivalence class satis�es the covariant canonical

variational principle if it can be represented by a stationary point of `.

The choice of a representative of ` has no impact.

Solutions of a variational equation produce almost gauge equivalence
classes that satisfy the covariant canonical variational principle.

No concept/role of time.
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E ⊂ J∞(π), E(L)|E = 0

L⇒ λ ∈ {` ∈ Λn(E) : d` ∈ C2Λn+1(E)}
d(CΛn−1(E)) + C2Λn(E)

(92)

If M is compact and oriented, then the action

σ 7→
∫
M

σ∗(λ) (93)

is well-de�ned on almost solutions such that ∀x ∈ ∂M,

dσx(Tx ∂M) ⊂ Cσ(x) (94)
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Main weakness of this approach

Constrained variational problems may arise due to the non-triviality of
spatial equations.
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Thank you!
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