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Hierarchies

Hierarchies 1

General set-up for hierarchies: Lie algebra g

g;, 1 = 1,2, Lie subalgebras of g

g=g1D g

m; the projection of g onto g; induced by this decomposition

go Lie algebra of the Lie subgroup Gy

Set linear independent, commuting elements:

{Filj>1}em

tj flow parameter w.r.t. F;, 0; = (%, t ={t}.
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Hierarchies

Hierarchies 2

@ Search for g»(t) € Gy such that the deformations

Fj = g(t) " Figa(t),j > 1
satisfy for all j; > 1 and j» >

0

87%(? ) [3}2?7‘-2( 11)] [771(3}1) 912] (1)

@ The last equality in (1) follows from [J},J,] = 0.
@ (1): compatible Lax equations, for in practice it implies

0 0

871;-1(”1(%))_8?2(7”(%)) [71(F5), m(FR)] = O,

a set of zero curvature relations.
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Algebras
Pseudo difference operators 1

e Commutative k-algebra R, k =R or C.
e My(R) : Z x Z-matrices, coefficients from R
o A= (aj) € Mz(R):

dAn—1n—1 dn—1n @dn—1n+1

dn n—1 dnn dn n+1

dn+1n—-1 @dn+ln 9An+1n+1
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Algebras
Pseudo difference operators 2

e To {d(s)|s € Z} in R is associated diag(d(s)):

dn—-1) 0 0
0 din) 0
0 0 d(n+1)

@ Diagonal matrices:

D1(R) = {d = diag(d(s))|d(s) € R for all s € Z}.
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Algebras
Pseudo difference operators 3

o Shift matrix A

o Action of the {A™ | m € Z} on D1(R):
A"diag(d(s))A™™ = diag(d(s + m)).
e Each A = (aj;) € Mz(R) : decomposes uniquely
A=Y diN, d € Di(R)

i€Z
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Algebras
Pseudo difference operators 4

@ Lower triangular matrices

LT(R)={L|L=> &N t; € Di(R)}

i<N

e Each L = Z,SNZ;Ai,ﬁN € D1(R)*, is invertible.
o Considera Lo =3, 6N 01 € Di(R)*. Then:

Lo = KoAK L,
with Ko = ZISO k,'/\i, ki € @1(:"?)7 ko € @1(R)* and
LT(R)={P|P=>_ piLh,pi € D1(R)}

i<N
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Algebras
Pseudo difference operators 5

o Consider the invertible operator A := A — Id:

Xp—1 Xp — Xn—1
Al xo |)=1] Xn+1— Xn

Xn+1 Xp4-2 — Xp+1

@ For the difference operator A we have

PsA=LT(R)={L|L=Y ;A (; € D1(R)}
i<N

Elements of PsA also called: pseudo difference operators.
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Compatible Lax equations in PsA 1

e Given R, set {0; | i > 1} of commuting derivations of R
o Example: R=k[tj | i > 1] or R = k|[[t; | i > 1]] and

0
8,’ = Bti = 3T

o Consider Lo = 3",y liN = KoMKy ', 61 € D1(R)*, with
0i(Ko) =0, forall i >1.
@ Define the Lie algebra

LTso(Lo) ={L €Y liL},l; € KoD1(R)K; '}

i>0
and similarly LTo(Lo), LT~0(Lo) and LT<o(Lo).
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Compatible Lax equations in PsA 2

@ Sufficient to consider two decompositions in PsA. First:
LT>o(N) ® LT<o(A) = PsAso ® PsAcp = g1 © go.
@ Group corresponding to g» = PsA_q:
U-={ld+B | B € PsAo}

@ Basic commuting directions : the {A* | k > 1}

@ Deformation of A:

L=NA+) dN"" d € Di(R).
i=1

o Examples: L = UANU™L, with U € U_.
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Compatible Lax equations in PsA 3

o Let B, :=(L")>0,r > 1.

@ Search for deformations L that satisfy:
O (LF2) = [Bi, LF] = [LF, LK ], ki and ke > 1.
e Sufficient the Lax equations for L
a/q(L) = [‘Bkwﬁ’] = [Laﬁ’ﬁlo]v ki > 1,

the Lower Triangular Toda (LTT)-hierarchy.

o Consequence: zero curvature relations

8k1(Bk2) — 8,(1(23,(1) - [Bkl,B/Q] = 0, kl and k2 > 1.
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Compatible Lax equations in PsA 4

@ Other relevant decomposition in PsA:
LT-o(N) ® LT<o(A) = PsAso ® PsA<g = g1 © go.
@ Group corresponding to go = PsA<g:
P_={dld+B|,d € Di(R)", B € PsAp}.

o Basic commuting directions : the {AK | k > 1}.

@ Deformation of A:

M =doA+ > dA'™ d; € Dy(R) and do € D1(R)".
i=1

o Examples: M = PAP~1, with P € P_.
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Compatible Lax equations in PsA 5

o Consider the cut-off's C, := (M")so,r > 1.
@ Search for deformations M that satisfy:

O (M7) = [Cpy, M?] = [M, MZp], 11 and ry > 1.
e Sufficient Lax equations for M the
afl(jvt) = [GI’UM] = [M7Mr§10]’ n = 17

the Strict Lower Triangular Toda (SLTT)-hierarchy.

o Consequence: zero curvature relations

on(Cr) —0n(Cr) —[Cr,Cr] =0,r1 and rn > 1.
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Compatible Lax equations in PsA 6

o L solution of the LT T-hierarchy, Ay := —(L£K) <0, k > 1.
@ Zero curvature relations for the {Ay | k > 1}:

8/(1(./4;(2) — 8;(2(./4;(1) — [.Akl,.A;Q] =0,k and kr > 1.

@ M solution of the SLTT-hierarchy, D, := —(M")<q,r > 1.
e Zero curvature for the {D, | r > 1}:

on(Dy,) — 0r,(Dy) — [Py, D, ] =0, and r, > 1.
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Related Cauchy problems 1

o The setting (R,{0;}) is called exponentially complete, if for

each r € R the element

il

e =
j=0
is a well-defined element of R*, satisfying 0;(e") = 0i(r)e".

@ The setting (R, {0;}) is said to be compatibility complete, if
for each collection {g(i) € R,i =1,2,---} that satisfies the
compatibility conditions

0i,(g(2)) = 0i,(g(h)), for all iy and i, > 1, (2)
there exists a k € R satisfying
0i(k) = g(i) for all i > 1.

e Example: the setting (k[[t; | i > 1]], {0; = 6%).
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Related Cauchy problems 2

@ Assume we have a set of pseudo difference operators of strict
negative order

{Aili=1,A=> am(N"}.
m>0

For example, {A; = —(L/)<o} with L a potential solution of
the LT T-hierarchy..
o Consider foraX =1+, kiN, ki € D1(R), the system

0:(K) = AK,i > 1, (3)

If the standard setting (R,{0;}) is compatibility complete, then
there is a solution X in PsA of the system (3) if and only if the
{A;} satisfy the zero curvature relations.
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Related Cauchy problems 3

@ Assume we have a set of pseudo difference operators of order
zero or less

{Dr|r=1,D, = dm()\""}.
m=0

For example, {D, = —(M")<o} with M a potential solution of
the SLTT-hierarchy.

o Consider fora X =3, kN, ki € D1(R), ko € D1(R)*, the
system

9,(X) = DX, r > 1, (4)

Let the setting (R,{0;}) be compatibility complete and
exponentially complete. Then there is a solution X in PsA of the
system (4) if and only if the {D,} satisfy the zero curvature
relations.
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Geo

Geometric construction of solutions 1

Hilbert space

H:{Zanz”]aneC,Z\an °< oo},

neZ nez

Subspaces H; = {>_,.;anz" € H},i € Z.
Orthonormal basis: {e; :=z' | i € Z}
b e B(H) = Z x Z-matrix [b] = (bjj) w.r.t. the {e;}.

Example: A is the matrix corresponding to M1 : H — H,

M%(Z anz") = Z anz" L.

nez nezZ
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Geo

Geometric construction of solutions 2

e Each b € B(H) decomposes as b = u_(b) + p4(b), with

0 0 0
[w-(B]=1"" byps O 0 |

bn+1 n—1 bn+1 n 0

bn—l n—1 bn—l n bn—l n+1
[p+(b)] = e 0 bn n bn n+1

0 0 bn+1 n+1
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Geo

Geometric construction of solutions 3

e Consider the group
G(0) = {g € GL(H) | u_(g) and u_(g™!) Hilbert-Schmidt }.

e For ne€ Z, put G(n) = (M1)"G(0).
@ G = U,ezG(n) group, each G(n) connected component of G

o Commuting flows in G:

[ee)
M= {7 = €Xp Z tl
i=1
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Geo

Geometric construction of solutions 4

e Big cell in G(0): Q = U_P; = P_U4, where:
o U_:={g=Id+u_(g)| g € G(0)},
o Py :={g=pi(g)lgcG(0)}
o Up:={gePi|gi=1, forallieZ}
o P_:={gecG(0)|gj=0forall i <}

e Big cell in G(n): (M1)"Q = (My)"U_Py = (M1)"P_Uy

e For g € G(n), choose the algebra of coefficients

Re = C®({y €T [ (t)gy(t)™ € (M1)"Q}),

with the derivations 0; = %, i>1.
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Geo

Geometric construction of solutions 5

There holds:

(a) Let g € G. For each coset gP € G/Py thereis a Lgp, in
PsA that is a solution of the LT T-hierarchy.

(b) Let g € G. For each coset gU, € G/U, there is a Mgy, in
PsA that is a solution of the SLTT-hierarchy.

e For i € Z, define the subspace

H; = {Z anz" € H}.

n<i
@ The {H;} form the basic flag
-Hi_1 CH CHig1---,

corresponding to Id Py.
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Geo

Geometric construction of solutions 6

e To gP, corresponds the flag F,p, = {W; = gH;}:
~-gHi—1 C gH; C gHjy1 -+
e To gU, corresponds the flag Fgp, = {W; = gH;} and the

basis {f;},
fi #0,fi € Wi/ Wi_1.
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Darboux
Darboux transformations 1

@ R ring of functions, d = aitl derivation of R

@ v € R, Schrodinger operator Ly := 0% 4 v,
3
o P; = 93 —{— Va—i— 1 (L2)>0

@ The Lax equation

o (52) = [Py ]

is equivalent with the KdV-equation:

0 103 3 0
873( v) = 48t1( )+§v87t1(‘/)

for v.
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Darboux
Darboux transformations 2

o Consider nonzero ¢ in kernel of Lo
Lo(p) = 0%(¢) + v = 0 and ¢! exists .

e L) decomposes as

@ Darboux transformation of L5

EBr—0— 2o 8(5’)) _ P4

¢
=0 XDyrao - Xy
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Darboux
Darboux transformations 3

o Compatibility with KdV: if q := 9(¢) - ¢! satisfies

99 _ 30\
9 = 9°(q) — 6q9(q),

and v satisfies the KdV-equation, then also v satisfies the
KdV-equation.

@ Generalizing to KP, this led to the question:

Determine in a class of solutions L of the KP hierarchy
differential operators P € R[0] such that PLP~! is

again a solution of the KP hierarchy in this class.
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Darboux
Darboux transformations 3

@ Similar question in PsA:

Determine in a class of solutions £ resp. M of the

LTT hierarchy resp. SLLT hierarchy difference operators

P, resp. Q € PsA>q such that PLPL resp. QMQ 1 is again
a solution of the LTT hierarchy resp. SLTT hierarchy.

o If the order of P in A is n, then the transformations
L — PLP and M — QMQ !

are called Darboux transformations of order n.
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Darboux
Darboux transformations 4

The Darboux transformations of order n:

(a) Let g1,82 € G. The solutions Lg p, and Lg,p, of the LTT
hierarchy are connected by a Darboux transformations of
order n if and only if the corresponding flags ¥z p, = {V;}
and Fg,p, = {W;} satisfy for all i € Z:

Vi € Wi, dim(W;/V;) = n.

(b) Let g1,8 € G. The solutions Mg, y, and Mg,y, of the SLTT
hierarchy are connected by a Darboux transformations of
order n if and only if the corresponding flags F g p, = {V;}
and Fg,p, = {W;} satisfy for all i € 7Z:

Vi c W;, dim(W;/V;) = n.

o
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THANK YOU FOR YOUR ATTENTION
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