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First Order Differential-Geometric Poisson Brackets

@ First order differential-geometric Poisson brackets

{0/(x), (<)} = [g7(u(x))ax + b} (u(x))uf]8(x — ')

satisfy the skew-symmetry and Jacobi identity iff g¥(u) is a
symmetric nondegenerate tensor and b (u) = —g”I”,, where I, is
a Levi-Civita connection, while the metric gjj(u) is flat.
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First Order Differential-Geometric Poisson Brackets

@ First order differential-geometric Poisson brackets

{u'(x), I (x')} = (g% (u(x))0x + b (u(x)) uf]6(x — ')

satisfy the skew-symmetry and Jacobi identity iff g¥(u)is a
symmetric nondegenerate tensor and b}/ (u) = —g'srfk, where T¥ o 1S
a Levi-Civita connection, while the metric gij(u) is flat.

@ Corresponding Hamiltonian systems are

) oH
k
= [gUaX Isr'_,gk X (5 J

where the Hamiltonian functional H = | h(u, uy, Uxy, Usx, ... ) dX.
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First Order Differential-Geometric Poisson Brackets

@ First order differential-geometric Poisson brackets

{u'(x), I (x')} = (g% (u(x))0x + b (u(x)) uf]6(x — ')

satisfy the skew-symmetry and Jacobi identity iff g¥(u)is a
symmetric nondegenerate tensor and b}/ (u) = —g'srfk, where T¥ o 1S
a Levi-Civita connection, while the metric gij(u) is flat.

@ Corresponding Hamiltonian systems are

) oH
k
= [gUaX Isr'_,gk X (5 J

where the Hamiltonian functional H = | h(u, uy, Uxy, Usx, ... ) dX.

@ In a particular case H = [ h(u)dx, we have N component
hydrodynamic type system

= (V'V;h).
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Third Differential-Geometric Poisson Brackets

{u/(x), o (x')} = [§7(u(x))a3 + b} (u(x)) ukd3
(e (u(x))ufs + ¢ (u(x)) uf u)ox

] () + s, ()bl + o () kU 15 (x — ).

kmn
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Third Differential-Geometric Poisson Brackets

{u'(x), ¥ (x')} = [g7(u(x))23 + b} (u(x))ukd?
+(c(u(x))uk + ¢l (u(x))ubum)a,
] (u(x))uby + d) (u(x)ukul +d) (u(x)ukulul]o(x — x').

kmn
In special coordinate system d(a) =0, d/ (a) =0, d!_(a) = 0. Then

kmn
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Third Differential-Geometric Poisson Brackets

{u'(x), ¥ (x')} = [g7(u(x))23 + b} (u(x))ukd?
+(c(u(x))uk + ¢l (u(x))ubum)a,
] (u(x))uby + d) (u(x)ukul +d) (u(x)ukulul]o(x — x').

kmn
In special coordinate system d(a) =0, d/ (a) =0, d!_(a) = 0. Then

kmn
{a'(x), d(x')} = 9x[g¥(a(x))ax + b} (a(x)) uf]8' (x = X').

satisfy the skew-symmetry and Jacobi identity iff
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Third Differential-Geometric Poisson Brackets

{u'(x), ¥ (x')} = [g7(u(x))23 + b} (u(x))ukd?
+(c(u(x))uk + ¢l (u(x))ubum)a,
] (u(x))uby + d) (u(x)ukul +d) (u(x)ukulul]o(x — x').

kmn
In special coordinate system d(a) =0, d/ (a) =0, d!_(a) = 0. Then

kmn
{a(x), 4 (x)} = 9x[g” (a(x))ax + b (a(x)) ux]d' (x — X').
satisfy the skew-symmetry and Jacobi identity iff

8mk,n + 8kn,m + 8mnk = 0,

1
Emn,kl = §gpq(qu,ngp/,m — 8qk,n8pm,| + 8qk,m8pl,n — Bqk,m8pn,|

+&qn,k&pm,I — 8qn,k&pl.m 1 Bqm,k&pn,I — gqm,kgp/,n),
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{u'(x), ¥ (x')} = [g7(u(x))23 + b} (u(x))ukd?
+(c(u(x))uk + ¢l (u(x))ubum)a,
] (u(x))uby + d) (u(x)ukul +d) (u(x)ukulul]o(x — x').

kmn
In special coordinate system d(a) =0, d/ (a) =0, d!_(a) = 0. Then

kmn
{a(x), 4 (x)} = 9x[g” (a(x))ax + b (a(x)) ux]d' (x — X').
satisfy the skew-symmetry and Jacobi identity iff

8mk,n + 8kn,m + 8mnk = 0,

1
Emn,kl = §gpq(qu,ngp/,m — 8qk,n8pm,| + 8qk,m8pl,n — Bqk,m8pn,|

+&qn,k&pm,I — 8qn,k&pl.m 1 Bqm,k&pn,I — gqm,kgp/,n),

1 _ pq
where Cnkm = §(gmn,k - gkn,m) and Cijk = giqg:ipbk .
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Metric. Nonlinear System

8mk,n + 8kn,m + 8mn,k = O|

1
Emn,kl = §gpq(qu,ngpl,m — 8qk.n&pm,I T Eqk,m&pl,n — &qk,m&Epn,!

+gqn,kgpm,l — 8qn,k8pl,m + 8qm, k8pn,l — gqm,kgpl,n)-

@ This system has a solution in the form

g = g0+ g am 4 @) mon

Ikmn

@ The nonlinear part

1
§gpq (qu,ngpl,m - qu,ngpm,l + qu,mgpl,n - qu,mgpn,l

+8qn,k&pm,I — 8qn,k&pl,m + qm,k&pn,! — gqm,kgp/,n)
can be parameterized in the form

8ik = ‘Pm’l’iﬁlpmv
where ;5 = 9;5.,a" + i and g = — 14,
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Emn,kl = §gpq(qu,ngpl,m — 8qk.n&pm,I T Eqk,m&pl,n — &qk,m&Epn,!

+gqn,kgpm,l — 8qn,k8pl,m + 8qm, k8pn,l — gqm,kgpl,n)-

@ This system has a solution in the form

g = g0+ g am 4 @) mon

Ikmn

@ The nonlinear part

1
§gpq (qu,ngpl,m - qu,ngpm,l + qu,mgpl,n - qu,mgpn,l

+8qn,k&pm,I — 8qn,k&pl,m + qm,k&pn,! — gqm,kgp/,n)
can be parameterized in the form

8ik = ‘Pm’l’iﬁlpmv
where §;5 = 9;5,,a™ + &jg and 5 = —1P,4;.Lie Algebras.
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Metric. Nonlinear System

@ The linear part
8mk,n + 8kn,m + 8mnk = 0

can be solved by virtue of the Monge parameterization:
ds®> = gy(a)da’da* = d7 Qd,

where d = (dat, da?, ..., daV, a'da® — a®da', a%da® — a3da?, ...) and
Q is a constant nondegenerate symmetric matrix.
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Metric. Nonlinear System

@ The linear part
8mk,n + 8kn,m + 8mnk = 0

can be solved by virtue of the Monge parameterization:
ds®> = gy(a)da’da* = d7 Qd,

where d = (dat, da?, ..., daV, a'da® — a®da', a%da® — a3da?, ...) and
Q is a constant nondegenerate symmetric matrix.
@ Passive Form.
8mk,n + 8kn,m + 8mnk = 0,

1
8mn,kl = §gpq (qu,ngpl,m — 8qk,n8pm,| + 8qk,m8pl,n — 8qk,m8pn,!

+8qn,k&pm,I — Bqn,k&pl,m + &qm,k&pn,! — gqm,kgpl,n)-
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Particular Case

Theorem: In the particular case cjjx = 0 (three distinct indices), a general
solution of the above nonlinear system is parameterized by a sole
polynomial function G of degree 4 such that

gk = —2G ik, 8km = Gkm: Ckkm = —Ckmk = G kkm, k # m,

while all other connection coefficients cjy = 0.
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Particular Case

Theorem: In the particular case cjjx = 0 (three distinct indices), a general
solution of the above nonlinear system is parameterized by a sole
polynomial function G of degree 4 such that

gkk = —2G ik, 8km = Gkm: Ckkm = —Ckmk = G kkm, k 7# m,

while all other connection coefficients cjy = 0.

This leads to

Emm = — Z Rmp(ap)2 -2 Z Hmpap + Dm,
pF#m p7#m

8km = kaakam + Hkmak + Hmkam + kav k # m,

where Ry = Rk, Fkm = Fmk, Dy are constants, and

k
Cmmk = —Cmkm = Rkma" + Hmi, k 7& m.
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Two Component Case

Theorem: only two metrics in 2-component case:

(1) 1—(a%)? 1+aa? 2) —2a% al
ik 1+ alz?2 1-— (31)2 ’ ik 3l 0 :
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Three Component Case

Using the ansatz c;jx = 0 we are able to reduce the nonlinear system to:
Ri2F12 = HioHa1, FisRiz = HisHz1,  FasRes = HasHso,
DiRi2Ri3 + H2,Ri3 + HizRip = 0,
DyR12R»3 + H3 Ros + H3,R12 = 0,
D3Ri3Ra3 + H3 Rz + H3, Rz = 0.

In the generic case Rj; # 0 we obtain the three-parameter family of metrics

—(a*+B,)* — (2°)° a'(a® + B,) a(a' +By)
gik = a'(a*+B,) —(a')? = (*+B5)° a*(a° + B)
a(a' + By) a(a + Bs) —(a" +By)* - (&%)

EVF, MVP, GVP, RV (ltaly, Russia, UK) Poisson Brackets 17.10.2013 8 /17
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Using the ansatz c;jx = 0 we are able to reduce the nonlinear system to:
Ri2F12 = HioHa1, FisRiz = HisHz1,  FasRes = HasHso,
DiRi2Ri3 + H2,Ri3 + HizRip = 0,
DyR12R»3 + H3 Ros + H3,R12 = 0,
D3Ri3Ra3 + H3 Rz + H3, Rz = 0.

In the generic case Rj; # 0 we obtain the three-parameter family of metrics

—(a*+B,)* — (2°)° a'(a® + B,) a(a' +By)
gik = a'(a*+B,) —(a')? = (*+B5)° a*(a° + B)
a(a' + By) a(a + Bs) —(a" +By)* - (&%)

The particular cases

Q Ri2=0, Ri3 #0, Ro3 # 0,
Q@ Ri2=0, Ri3 =0, Roz #0,
Q Ri2=0, Ri3 =0, Ri3 =0,
were solved separately, obtaining a complete classification of 53 metrics.
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WDVV Associativity Equations

@ In three component case, WDVV associativity equations reduce to the
single equation
2
fttt = f;(xt - fxxx f;tt:
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WDVV Associativity Equations

@ In three component case, WDVV associativity equations reduce to the
single equation
fttt = f;(zxt - fxxx &tt:
which can be written as the hydrodynamic type system
a = by, bi=c &= (b*—ac),

where a = fxxx. b= fxxt| c = fxtt-
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WDVV Associativity Equations

@ In three component case, WDVV associativity equations reduce to the
single equation

fttt = f;(zxt - fxxx &tt:
which can be written as the hydrodynamic type system
ar = by, br=cx, c = (b*—ac)x,

where a = fxxx. b= fxxt| c = fxtt-
@ This system is bi-Hamiltonian, i.e.

a
b = JQ(SH]_ = J15H0,
¢ t
where
-3D 3Da Db
Jo=| 3%aD 3(bD+ Db) 3D+ ¢

bD 3Dc—cc (b*—ac)D+ D(b? — ac)
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WDVV Associativity Equations

@ and

0 0 D3
= 0 D3 —D?aD
D3 —DaD? D2bD + DbD? + DaDaD
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WDVV Associativity Equations

@ and

0 0 D3
= 0 D3 —D?aD
D3 —DaD? D2bD + DbD? + DaDaD

Here Hy = [ cdx, Ho = —3a(D~b)? — (D~1b)(D c).
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Lorentzian Metric

The third order Hamiltonian structure is associated with the action

1
S=3 /(fftfm ¥ ffie) dxdt.
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Riemann Curvature Tensor

The Riemann tensor of curvature has the form
Riii = jsRia = gjs[0kT5 — 01T + Tiu L — TinTik],
where )
k= §g'm(gmj,k + &mk,j — &jk,m)-
However, taking into account
8mk,n + 8kn,m + 8mnk = 0.

we obtain . .
= —8""gjk.m-
Then
Riixi = ik jt — &it,jk + & (8ik,m&jl,s — &il,m&jk,s)-
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