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Abelian Vortices

Surface Σ with metric g = Ωdzdz̄ = Ω(dx2 + dy2) = Ω(dr2 + r2dθ2).

Ginzburg-Landau energy

E =
i

4

∫
Σ
dz ∧ dz̄

[
Ω−1B2 + DµφD

µφ+
Ω

4
(1− φ̄φ)2

]
,

- Connection 1-form: A = Azdz + Az̄dz̄
- Covariant derivative: Dµ = ∂µ − iAµ
- Magnetic field: B = 2i(∂z̄Az − ∂zAz̄)

E =
1

2

∫ [
1

Ω

(
B − Ω

2
(1− φ̄φ)

)2

+

+ |D1φ+ iD2φ|2 + B − i(∂1(φ̄D2φ)− ∂2(φ̄D1φ))
]
dx2 ≥ πN

where

N =
1

2π

∫
Bdx2
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Abelian Vortices

Bogomolny equations

B =
Ω

2

(
1− φφ̄

)
Dz̄ φ = 0

Vortex: finite energy solutions to these equations.
Substitute φ = eh/2+iχ. Eliminate Az̄ .
We find the Taubes equation

∆0h + Ω
(

1− eh
)

= 0, ∆0 = 4∂z∂z̄ .

Non-integrable in general

Exact solutions on hyperbolic surfaces (constant negative curvature).
[Witten77, Manton&Rink2010]
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Painlevé property for PDEs

Only Painlevé-integrable case: hyperbolic surfaces [Schiff1991].

Painlevé analysis for PDEs [Weiss,Tabor,Carnevale1982]:

1. Find the dominant behaviour around an arbitrary ϕ(x , y)

χ ≡ eh ∼ χ0(x , y)ϕ(x , y)p, ϕ(x , y) arbitrary

2. Expand dependent variable in power series

χ ∼
∑
j≥0

χj(x , y)ϕ(x , y)p+j

3. Substitute in the PDE

4. Match terms order by order in ϕ(x , y)

Coefficient of the resonance ⇒ differential equation for Ω
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Only Painlevé-integrable case: hyperbolic surfaces [Schiff1991].
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Painlevé analysis for PDEs [Weiss,Tabor,Carnevale1982]:

1. Find the dominant behaviour around an arbitrary ϕ(x , y)

χ ≡ eh ∼ χ0(x , y)ϕ(x , y)p, ϕ(x , y) arbitrary

2. Expand dependent variable in power series

χ ∼
∑
j≥0

χj(x , y)ϕ(x , y)p+j

3. Substitute in the PDE

4. Match terms order by order in ϕ(x , y)

Coefficient of the resonance ⇒ differential equation for Ω

Felipe Contatto (DAMTP, Cambridge) W.I.N.E Mikulov 23 October 2015 5 / 11
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Painlevé analysis for PDEs [Weiss,Tabor,Carnevale1982]:

1. Find the dominant behaviour around an arbitrary ϕ(x , y)

χ ≡ eh ∼ χ0(x , y)ϕ(x , y)p, ϕ(x , y) arbitrary

2. Expand dependent variable in power series

χ ∼
∑
j≥0

χj(x , y)ϕ(x , y)p+j

3. Substitute in the PDE

4. Match terms order by order in ϕ(x , y)

Coefficient of the resonance ⇒ differential equation for Ω

Felipe Contatto (DAMTP, Cambridge) W.I.N.E Mikulov 23 October 2015 5 / 11
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Modified Abelian Vortices

Idea: modify the Ginzburg-Landau energy to find a modified Taubes
equation admitting further integrable cases

L =

∫ −G (|φ|)2

4
FµνF

µν +
1

2
DµφD

µφ− 1

8G (|φ|)2

(
1− |φ|2

)2

︸ ︷︷ ︸
V (|φ|)

Ω d2x

E =
1

2

∫ [
G (|φ|)2

Ω

(
B − Ω

2G (|φ|)2
(1− |φ|2)

)2

+ |Dz̄φ|2
]
d2x + πN

Where N = 1
2π

∫
Σ F12dx

1 ∧ dx2

Modified Taubes equation ∆0h + Ω
G2 (1− eh) = 0

Consider G (|φ|)2 = |φ|q.
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Define χ = eh to get rid of the log-singularities

∆0χ−
1

χ
|∇χ|2 +

Ω

2
χ(1−q)/2(1− χ) = 0

χ ∼ χ0(x , y)ϕ(x , y)p

Separate cases

1. p = m > 0⇒ q = 4
p = 4

m , m = 1, 2, . . .

2. p = −n < 0⇒ q = 2(p+2)
p = 2(n−2)

n , n = 1, 2, . . .

m, n = 1⇒ Ω = 0

m, n = 2⇒ Σ hyperbolic [Schiff1991]

m, n ≥ 3: 0 < q < 2⇒ Σ flat

For 0 < q < 2, we require 4
m = q = 2(n−2)

n , n ≥ 3.

Possible solutions (m, n) = (3, 6), (4, 4), (6, 3).
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Integrable cases

Boundary conditions: given z0

|φ(z)| ∼z→z0 |z − z0|N

∼z→∞ 1

Reminder
∆0h + Ωe−

q
2
h
(

1− eh
)

= 0

Ω = 1 (flat)

Possible values of q

q = 1: Sinh-Gordon equation ∆0h/2 = sinh(h/2)
q = 4

3 and 2
3 : Tzitzéica equation

∆0u +
1

3

(
e−2u − eu

)
= 0,

where h = 1
q−1u.

Remark: q = 1 and 4/3 were found in [Dunajski2012].
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An explicit solution

Sinh-Gordon and Tzitzéica under symmetry reduction
log |φ|2 = h = h(r) are PIII equations in disguise.

Use asymptotic solutions to calculate the possible values of the vortex
number N and the vortex strength [McCoy et al.77, Kitaev87].

Consider q = 2
3 :

h = −3u ∼r→0 ln

[(
1− αN r

2
3

(3−N)
)6
βN r2N

]
∼r→∞

3
√

3

π

{
1 + 2 cos

[π
9

(6− 2N)
]}

K0(r)

where αN , βN are constants, N = 1, 2 and K0(r) =
√

π
2r e
−r .
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Abelian vortices on conical singularities

∆0h + Ωe−
q
2
h︸ ︷︷ ︸

Ω̃

(
1− eh

)
= 0

Ordinary Taubes equation on g̃ = Ω̃(dr2 + r2dθ2)

e
q
2
h ∼r→0 rqN ⇒ Ω̃ has a conical singularity at the origin

g̃ ∼r→0 dR2 + R2 (1− qN/2)2 dθ2,

where R = r1−qN/2.
Possible construction of vortices on the universal cover
[Contatto,Dorigoni2015]

.
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Outlook

Modification of Abelian Higgs model

Derivation of further integrable cases through Painlevé analysis

Dual interpretation

Modified vortices ↔ Abelian vortices on conifolds.

Thank you!

felipe.contatto@damtp.cam.ac.uk
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