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k-constrained KP hierarchy

Consider a microdifferential Lax operator:

L := D +
∞∑
i=1

UiD
−i D :=

∂

∂x

with functions Ui = Ui (t1, t2, t3, ...), which depend on an arbitrary
(finite) number of independent variables t1 := x , t2, t3, ...
KP hierarchy is the following family of Lax equations for L:

αiLti = [Bi , L] αi ∈ C i ∈ N

Bi := (Li )≥0 is a differential part of the i-th power of L. From the
latter Zakharov-Shabat equations arise: Ltmtn =Ltntm⇒
[αn∂tn−Bn, αm∂tm−Bm] = αmBn,tm−αnBm,tn +[Bn,Bm] = 0

If n = 2, m = 3 the latter is equivalent to the KP eq. (U1 := U):

(α3Ut3 −
1

4
Uxxx − 3UUx)x =

3

4
α2
2Ut2t2 .
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k-constrained KP hierarchy

Consider the symmetry reduction of the KP hierarchy:

(Lk)<0 = qM0D
−1r>

where Matl×l(C) 3M0 is a constant matrix, and functions
q = (q1, ..., ql), r = (r1, ..., rl) are fixed solutions of the system:

αnqtn = Bn{q} αnrtn = −Bτn {r} Bn := (Ln)≥0

Reduced flows admit the following Lax representation

[Lk ,Mn] = 0 Lk := Lk = Bk + qM0D
−1r> Mn = αn∂tn − Bn.

The latter is equivalent to the (1 + 1)-dimensional integrable
systems for functional coefficients Ui and functions q, r:

Uitn = Pin[U1,U2, ...,Uk−1,q, r] i = 1, k − 1
αnqtn = Bn[Ui ,q, r]{q} αnrtn = −Bτn [Ui ,q, r]{r}
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Examples

1. k = 1, n = 2 : L1 = D +qM0D
−1q∗, M2 = i∂t2 −D2−2qM0q∗

with M∗0 =M0. Lax equation [L1,M2] = 0 is equivalent to the
NLS:

iqt2 = qxx + 2 (qM0q
∗)q.

2. k = 2, n = 2 : L2 = D2 + 2u +qM0D
−1q∗, M2 = i∂t2 −D2− 2u

with M∗0 = −M0. Equation [L2,M2] = 0 is equivalent to
the Yajima-Oikawa system:

iqt2 = qxx + 2uq, iut2 = (qM0q
∗)x .

3. k = 2, n = 3 : L2 = D2 + 2u + qM0D
−1q∗,

M3 = ∂t3 − D3 − 3uD − 3
2(ux + qM0q∗), M∗0 = −M0

[L2,M3] = 0 is equivalent to the KdV with self-consistent sources:

qt3 = qxxx + 3uqx + 3
2uxq + 3

2qM0q∗q,
ut3 = 1

4uxxx + 3uux + 3
4 (qxM0q∗ − qM0q∗x)x .
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Examples

4. Vector generalization of the modified KdV equation

qt3 = qxxx + 3 (qM0q
∗)qx + 3 (qxM0q

∗)q M∗0 =M0.

5. Generalization of the Boussinesq equation:

3α2
2ut2t2 = (−uxx − 6u2 + 4(qM0q∗))xx M∗0 =M0

α2qt2 − qxx − 2uq = 0

6. Vector generalization of the Drinfeld-Sokolov-Wilson system:

qt3 = qxxx + 3uqx + 3
2uxq q = q̄ M∗0 =M0 = M̄0

ut3 = (qM0q>)x
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k-constrained KP hierarchy
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(2+1)-dimensional k-cKP hierarchies

Introduce (2+1)-dimensional generalizations of the k-cKP hierarchy:

[Lk ,Mn] = 0 Lk = α∂y −
k∑

i=0
uiD

i − qM0D
−1r>

Mn = αn∂tn −
n∑

j=0
vjD

j Mn{q} = 0 Mτ
n {r} = 0
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hierarchy and its solutions, Theor. Math. Phys. 167 (2) (2011) 590
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Examples: Davey-Stewartson (DS-III) and
(2+1)-dimensional Yajima-Oikawa systems

1. k = 1, n = 2 :

L1 = ∂y − qM0D
−1q∗ M2 = i∂t2 − D2 − 2u

with u = u(x , y , t2) = ū(x , y , t2), M0 =M∗0.
Equation [L1,M2] = 0 is equivalent to the DS-III system:

iqt2 = qxx − 2uq uy = (qM0q
∗)x

2. k = 2, n = 2 :

L2 = i∂y − D2 − 2u − qM0D
−1q∗ M2 = i∂t2 − D2 − 2u

with M0 = −M∗0, u = ū.
Equation [L2,M2] = 0 is equivalent to the (2+1)-dimensional
generalization of the Yajima-Oikawa system:

iut2 = iuy + (qM0q
∗)x iqt2 = qxx + 2uq
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Examples: KP equation with self-consistent sources

3. k = 2, n = 3 :

L2 = i∂y − D2 − 2u − qM0D
−1q∗,

M3 = ∂t3 − D3 − 3uD − 3
2

(
ux + iD−1{uy}+ qM0q∗

)
,

with M∗0 = −M0, u = ū. Equation [L2,M3] = 0 is equivalent to
the KP equation with self-consistent sources:

qt3 = qxxx + 3uqx + 3
2

(
ux + iD−1{uy}+ qM0q∗

)
q,[

ut3 − 1
4uxxx − 3uux + 3

4 (qM0q∗x − qxM0q∗)x −
−3

4 i (qM0q∗)y

]
x

= −3
4uyy .
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Examples: (2+1)-dimensional Drinfel’d-Sokolov-Wilson
system

4. k = 3, n = 3:

L3 = ∂τ3 − D3 − u1D − 1
2u1,x − qM0D

−1q>

M3 = ∂t3 − D3 − u1D − 1
2u1,x

With the additional reduction u1 = ū1 := u, M0 =M∗0 = M̄0

Lax equation [L3,M3] = 0 is equivalent to the following
(2+1)-dimensional generalization of the Drinfel’d-Sokolov-Wilson
equation:

qt3 = qxxx + uqx +
1

2
uxq ut3 = uτ3 + 3(qM0q

>)x .
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New extensions of the (2+1)-k-cKP hierarchies

We introduce the following generalizations of
the (2+1)-dimensional k-constrained KP hierarchies:

Lk = βk∂τk −
∑k

j=0 ujD
j − qM0D

−1r>

Mn,l = αn∂tn −
∑n

i=0 viD
i − cl

∑l
j=0 q[j ]M0D

−1r>[l − j ], l = 1, . . .

Mn,l{q} = cl(Lk)l+1{q} Mτ
n,l{r} = cl(L

τ
k)l+1{r}

uj = uj(x , τk , tn), vi = vi (x , τk , tn), αn, βk , cl ∈ C

where M0 is M ×M constant matrix, uj and vi are N ×N matrix
functions; q and r are N ×M matrix functions respectively;
q[j ] and r[j ] have the form: q[j ] := (Lk)j{q}, r>[j ] := ((Lτk)j{r})>.
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New extensions of the (2+1)-k-cKP hierarchies

Proposition

Lax equation [Lk ,Mn,l ] = 0 is equivalent to the system:

[Lk ,Mn,l ]≥0 = 0
Mn,l{q} = cl(Lk)l+1{q} Mτ

n,l{r} = cl(L
τ
k)l+1{r}

In case k = 0, n = 2, l = 1 Lax equation [Lk ,Mn,l ] = 0 is
equivalent to the following matrix generalization of the DS-system
(y := τ0)

α2qt2 = cqxx + c1qyy + cv0q + c1qM0S
−α2r>t2 = cr>xx + c1r>yy + cr>v0 + c1SM0r>

v0y = −2(qM0r>)x Sx = −2(r>q)y

where α2, c, c1 ∈ C, v0 and S are N × N and M ×M matrix
functions; q and r are N ×M matrix functions respectively.
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Examples

New extensions of the (2+1)-k-cKP hierarchies also contain:

(2+1)-dimensional mKdV equation

qt3 − qxxx − qyyy + 3qx

∫
|q|2xdy + 3µqy

∫
|q|2ydx +

+3q

∫
(q̄qy )ydx + 3q

∫
(qxq)xdy = 0.

Nizhnik equation

ut3 − uxxx − uyyy + 3∂x

{(∫
uxdy

)
u

}
+ 3∂y

{
u

(∫
uydx

)}
= 0

Matrix (2+1)-dimensional generalizations of Yajima-Oikawa,
Drinfel’d-Sokolov systems, new extensions of KP equations
with self-consistent sources.
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Solution generating method for (2+1)-dimensional k-cKP
hierarchies and their extensions

Theorem. Let matrices of functions ϕ and ψ satisfy L{ϕ} = ϕΛ,
Lτ{ψ} = ψΛ̃ with constant matrices Λ, Λ̃ and the following
operator

L := α∂t −
n∑

i=0

uiD
i + qM0D

−1r>, α ∈ C

Construct the binary Darboux transformation (BDT):

W = I − ϕ
(
C + D−1{ψ>ϕ}

)−1
D−1ψ>

with some constant matrix C . Then:

L̂ := WLW−1 = α∂t −
n∑

i=0

ûiD
i + q̂M0D

−1r̂> + ΦMD−1Ψ>

with M = CΛ− Λ̃>C , Φ = ϕ
(
C + D−1{ψ>ϕ}

)−1
,

Ψ> =
(
C + D−1{ψ>ϕ}

)−1
ψ>, q̂ = W {q}, r̂ = W−1,τ{r}.



k-cKP hierarchy (2+1)-k-cKP hierarchies Extended (2+1)-k-cKP hierarchies Solution generating method Conclusions

Solution generating method for (2+1)-dimensional k-cKP
hierarchies and their extensions

In a similar way we can dress both operators from the extensions of
(2+1)-dimensional k-cKP hierarchies:

Lk = βk∂τk −
∑k

j=0 ujD
j − qM0D

−1r>

Mn,l = αn∂tn −
∑n

i=0 viD
i − cl

∑l
j=0 q[j ]M0D

−1r>[l − j ], l = 1, . . .

Mn,l{q} = cl(Lk)l+1{q} Mτ
n,l{r} = cl(L

τ
k)l+1{r}

Let matrices of functions ϕ and ψ satisfy:

Lk{ϕ} = ϕΛ, Lτk{ψ} = ψΛ̃,

Mn,l{ϕ} = clL
l+1
k {ϕ}, Mτ

n,l{ψ} = cl(L
τ
k)l+1{ψ}.

Using binary Darboux transformation

W = I − ϕ
(
C + D−1{ψ>ϕ}

)−1
D−1ψ>

we obtain...
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Solution generating method for (2+1)-dimensional k-cKP
hierarchies and their extensions

L̂k := WLkW
−1 = βk∂τk −

k∑
j=0

ûjD
j − q̂M0D

−1r̂> + ΦM1D
−1Ψ>,

M̂n,l := WMn,lW
−1 = αn∂tn −

n∑
i=0

v̂iD
i − cl

∑l
j=0 q̂[j ]M0D

−1r̂>[l − j ]+

+cl
l∑

s=0
Φ[s]M1D

−1Ψ>[l − s]

with M1 = CΛ− Λ̃>C , Φ = ϕ
(
C + D−1{ψ>ϕ}

)−1
,

Ψ> =
(
C + D−1{ψ>ϕ}

)−1
ψ>, q̂ = W {q}, r̂ = W−1,τ{r},

Φ[j ] := (L̂k)j{Φ} , Ψ[j ] := (L̂τk)j{Ψ}, q̂[j ] = (L̂jk){q̂},
r̂[j ] = (L̂jk)τ{r̂}.
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Conclusions

New generalizations of the (2+1)-dimensional k-constrained
KP hierarchies include matrix DS system, new matrix
generalization of the Nizhnik system, (2+1)-dimensional
generalizations of the Yajima-Oikawa system, KP equations
with self-consistent sources.
The proposed solution generating method is based on
invariant transformations of the integro-differential operators
via BDT. It allows to construct solutions of the corresponding
nonlinear systems starting with an arbitrary seed solution.

Chvartatskyi O., Sydorenko Yu. Matrix generalizations of integrable
systems with Lax integro-differential representations // Journal of
Physics: Conference Series 411 (2013) 012010

Chvartatskyi O., Sydorenko Yu. A new bidirectional generalization
of (2+1)-dimensional matrix k-constrained KP hierarchy //
submitted to Journ. Math. Phys (2013)
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Thank you for your attention!
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