Nontrivial 1-parameter families of zero-curvature
representations obtained via symmetry actions

Diego Catalano Ferraioli

Universidade Federal da Bahia
(Salvador, Brazil)

Workshop on Integrable Nonlinear Equations
Mikulov, Czech Republic
October 22, 2015

Diego Catalano Ferraioli (UFBA) ZCRs and PSS equations



D. Catalano Ferraioli and L. de Oliveira Silva:

Nontrivial 1-parameter families of zero-curvature representations
obtained via symmetry actions, J. Geom. Phys. 94 (2015) 185-198

Diego Catalano Ferraioli (UFBA) ZCRs and PSS equations



An outline

@ On the problem of constructing 1-parameter families of
zero-curvature representations (ZCRs)

o Preliminaries

@ Main results and some examples
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Constructing nontrivial 1-parameter families of ZCRs

A typical property

A typical property of integrable PDEs is that of admitting ZCRs.

Particularly important are parameter dependent ZCRs o
( A is a spectral parameter).

The presence of a parameter is crucial from several point of view:
- search of exact solutions;
- existence of parametric Biacklund transformations;

- existence of hierarchies of conservation laws.
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Constructing nontrivial 1-parameter families of ZCRs

Nontriviality of a parameter

A cohomological obstruction to triviality:

Michal Marvan, On the horizontal gauge cohomology and
non-removability of the spectral parameter, Acta Appl. Math. 72
(2002) 51-65

Using horizontal gauge cohomology:

- we know when a parameter is trivial;

- we know how to remove a parameter.
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Constructing nontrivial 1-parameter families of ZCRs

Embedding & in a parameter dependent family o,

Often we only know a nonparametric ZCR «.

Can we insert a nontrivial parameter?

@ Many attempts using classical symmetries:

Lund-Regge (1976);

Sasaki (1979);

Levi-Sym-Tu (1990);
Cieslinski-Goldstein-Sym (1994).

@ A cohomology-based method:
e Marvan (2010)
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Constructing nontrivial 1-parameter families of ZCRs

About the symmetry-method

Main problem with symmetry-method:

@ Often one obtains a trivial 1-parameter family of ZCRs o .
How to recognize “good” symmetries? (if any)

An unproved conjecture (Cieslinski-Goldstein-Sym 1994):

"Good" symmetries can be identified by a mismatch of the
symmetry algebras of & and that of the covering defined by the
ZCR.
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Constructing nontrivial 1-parameter families of ZCRs

Cohomology-based infinitesimal criterion

We found an infinitesimal criterion which allows one to solve the
problem of identifying “good” symmetries, if any.

Relatively to a given ZCR a:

We are able to distinguish between “good” and “bad” symmetries.

In particular we found that “bad” symmetries form a sub-algebra of
the Lie algebra of classical symmetries, which is invariantly
associated to any ZCR a.
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Preliminaries

Notations
{F(x,us) =0, |o|<k}=:&cC JKn) . E —= M
(xu) = (x)
M ... JK(m) = . = I (7)) = ... = I (7) Mo 2 J=(7) = JK(7),
Too 1 J°() > M
E—EM @ &) Jo(n) &  formally integrable

&) ={D(F)=0: |7| >0}

= CH(E) = CFTUEM) L E(8)

N (&) forms over &(=)
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Preliminaries

Bicomplex structure of A*(&)

T(E) =V (E)DE (&) o= M| g () 5 M
AL(&) = N1O) (&) A0 (£)

ALO(£) := Ann (¥ (&)) (loc. gen. by {dx'})
AOD(£Y .= Ann(2(&)) (loc. gen. by {é{, = 91|§(m)} )
APO)(&)  (p-horizontal)

AOA) (&) (g-vertical)

N (E) = Bpsq=r NP (&)
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Preliminaries

Bicomplex structure of A*(&)

‘J:: d|£>(oc) :JH+C7V y ‘5,%,:36:0 ‘7 JHogvzfgvoJH
. — NP (£) ﬂ> APFHLA (&) — . (horizontal complex)
(. (5) 2y APt gy — (vertical complex)

The action on A*(&) is completely determined by
dr (01 A @2) = dyy (1) Az + (1) 01 Ady (@2),
J\/ ((!)1 A 0)2) = JV ((1)1)/\602 +(*1)w10)1 A Jv(a)g)
and by the action on functions

- - : of
dyf := D;(f)dx', dyf: *79"
H i(f) v I

o

with D; denoting the total derivatives restricted to &)
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Preliminaries

g-valued horizontal forms

A9 (&) :=A@0) (&)
g Lie algebra of a matrix Lie group G, g C gl(n,R) or g C gl(n,C)

g N (&) = Dq0 QNI (&) ( g-valued horizontal forms)

[Aro1, Ap o] := [Ar, Ag] an A o,
[, ] can be extended by linearity to g@ A* (&)

[p.0]=—(-1)"[o,p]
(=D)"[p.[o. 7]+ (-1)*[o, [z, p]] + (-1)*[7,[p,c]] = 0
dulp.o] = [dup, 0]+ (~1)[p.dno]

p gl (&), cegah (&), T€gRA (&)
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Preliminaries

Definition (ZCRs)

A g-valued zero curvature representation (ZCR) for an equation & is a 1-form
a € ga A (&) such that

= 1
dyo = - .
HX 2[0{,&]
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Preliminaries

Gauge transformations and removable parameters

Any G-valued smooth function S on &(<), defines a gauge transformation:

a (ZCR) — a°:=dyS-S'+S-a-S! (ZCR)

_ -1
o — o, ::aMl,le]a,b[ - (aA)MAIZ(OCMl)Ml =«

- —1\ Mig
((xsl)Sz = q%25 = (al)(MloMll) = ((x:/l}” ) = oMo = 0

Definition (removable parameters)

Let @) be a 1-parameter family of g-valued ZCRs of &, with A € ]a, b[ C R.
VAg € ]a, b[ exists a G -valued smooth

Al e 3l «— | function S;such that S, =I (identity) and
from oy, s-1
W, =" .

If A is not removable, then a; is called nontrivial.

v

Diego Catalano Ferraioli (UFBA) ZCRs and PSS equations




Preliminaries

Marvan's gauge complex of a g-valued ZCR

Let o be a ZCR of & 1
dyo = > [a,a]. (1)

Marvan's horizontal gauge complex of a ZCR a:

0= g@A% (&) 2 g Al (&) %5 ga R (&) — ... — g@ A (&) — 0

Ou :=dy—ady: g@N(E) — gaAPTL(&)
0] —  dyo-—[a,0]

In view of (1) one has:
d2=o.
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Preliminaries

The obstruction to the removability of a parameter

Theorem. (Marvan 2002)
If oy is a 1-parameter family of g-valued ZCRs for &, with A €]a, b, then:
Q o = ﬁa,l is a 1-cocycle with respect to éal, ie., éal () =0;

Q the parameter A is removable if, and only if, there exists a solution
K € g®A%(&) of the equation

&, = 0a (K). (2)

For any solution K of (2) and Ag €]a, b[, the G-valued matrix S, such that
—1

St . .
oy, = o, * s the solution of the Cauchy problem

Sl = Ksl7
S;LOZH.

The first gauge cohomology group HZ (&,g) is the obstruction to removability
of a parameter from a ZCR.
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Action of symmetries on ZCRs

Action of symmetries on ZCRs

F:J&) () = J=)(x) F = A=) (contact transf.)
g@A@+LE) (1) ﬂ("’ﬂoF* g@A@+1b) ()
dy 1 O T du
a@A@D)(1) — a@A@Db)(1)
m(ab)oF+

Using (a, b)-projections: n(@b) - g A* (1) — g A@b) (1)

E,W C J(m) (form. int.), A(&) =%, F:= Flew
ﬁ_(a+1,b)oﬁ.
g®/\(a+1vb)(@) LN g®/\(a+1,b)(éa)
dua T O Tdye
geA@ (@) g AEE)()
ﬁ;’ oF*

Using (a, b)-projections: ﬁ((;’b) gRN (&) =g @ A@:b) (&)
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Action of symmetries on ZCRs

Action of symmetries on ZCRs

Proposition.

If F is the infinite prolongation of a point or contact transformation,
which maps a formally integrable equation & C J¥(r) to a formally
integrable equation % C JX(r), then

maps ZCRs of % to ZCRs of &.
In particular, if F is the restriction to &) of a classical symmetry of a

formally integrable equation &, then F* maps any ZCR o of & to a ZCR
F#(a).

Diego Catalano Ferraioli (UFBA) ZCRs and PSS equations



Infinitesimal obstruction to removability

Projected Lie derivatives

Let Z € 2(J°(n)) and @ € g AP9)(1):
Z(0) = P9 (Lz(w)) (n(P9) _projected Lie derivative).

If Z is a generalized symmetry of & and @ € g @ AP9)(&):

Z(0) := 7P9 (L5 (o)) (79 _projected Lie derivative),

with Z := Z|(gv7(oa).
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Infinitesimal obstruction to removability
Commutation formula for Z and dy
(&

If Z is a generalized symmetry of &, for any @ € g AlP-9) (&) one

has:
Z(dn(®)) = du(Z(@)).

Then for a ZCR «

one gets
% Z a)aa] - %[(x,Z((x)] =

[a Z( )] = 0 Z ().

du (Z () -
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Infinitesimal obstruction to removability

Z() is closed w.r.t. dg

Proposition.

Z(Oc) is a 1-cocycle with respect to éa, i.e.,

aaZ((X) :Ov (3)

for any (generalized) symmetry Z of & and any ZCR a € g@AL(&).
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Infinitesimal obstruction to removability

Construction of 1-parameter family of ZCRs ¢,

For a classical symmetry Z of &, with associated flow {A; }:

oy = Af(a) (1 -parameter family of ZCRs).
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Infinitesimal obstruction to removability

Infinitesimal obstruction to removability

Theorem (infinitesimal obstruction to removability)

The parameter 4 in oy = Af(a) is removable if, and only if, Z(c)

is a coboundary with respect to dy, i.e.,

Z(0t) = 9K,

for some g-valued smooth function K on &().

Definition (gauge-like symmetries)

Z is a generalized (or classical) gauge-like symmetry for the ZCR
acgaN(&) iff ) .
Z(a) = duK,

for some g-valued smooth function K on &().
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Infinitesimal obstruction to removability

Gauge-like symmetries form a Lie algebra

Proposition (algebra of gauge-like symmetries)

If Z; and Z, are gauge-like for o with

then _
[Z1, Z2](e) = do (K12)
with
Kiz = Z1(Ko) — Zo(K1) — [K1, Ko .

Therefore, gauge-like symmetries of a ZCR « form a Lie
sub-algebra of the Lie algebra of generalized symmetries of &

Modulo contact transformations, such an algebra is invariantly
associated to the ZCR o.
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Infinitesimal obstruction to removability

KDV: up = Uy + 60Uy

Classical symmetries are generated by “prolongations” of
1
Y1:6X, Y2:t8X+6<9u, Y3:8t, Y4:3t8t+x8xf2u<9u

A ZCR is

_( 0 wu-1 Uy U +2u+2u° —4
(x—< -1 0 >dx+( —4 -2y —uy dt.

The prolonged flow of Yy, up to order 2, is such that

A 21 -31

(t, x, U, Uy, Uxx) — <e3’1t, e'x, e tu, e uy, e‘“uxx)

0 oA -4
(Z;L:( —el € —’(_)e u)dX+

Uy et ux)<—i—2e’lu—&—2e’}”u2 — 434
—4e34 _2ehy —uy dt.
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Infinitesimal obstruction to removability

Chen-Lee-Liu system:

Us + Usy — 2uvuy, =0
Vi + Vax — 2uvvy =0

Classical symmetries are generated by “prolongations” of

Yi=0«, Yo=0: Yz=—-ud,+vo,

Y, = xdy +2td; — va,.

1 1
suv—3 u
o= 2 2 1 1 dX+
v —suv+3

2
2(%uv—%) —l—%uxv—%uvx UPv — U+ uy
2
uv? —v — vy —2(%uv—%) —%uxv—f—%uvx

The prolonged flow of Yy , up to order 1, is such that

(t, %, U, v, Ux, vy) — (eMt7 e*x, u, e Pvetuy, e*MvX)
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Infinitesimal obstruction to removability

Chen-Lee-Liu system:

One has that

1 1.1 A
Suv—se etu
v suv+se
2
2 (uv—eh)"+ 3 (uev—uwy) ety — ety + ety dt
1 2 1 ’
2_et —§(uv—el) — 5 (uxv —uwy)

uve—etv — vy
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Infinitesimal obstruction to removability

Burgers: uy = Uy + Ul

The algebra of classical symmetries is generated by
Y1 =y, Yo =0, Y3 = x0x + 2t0¢ — udy,
Yy = tdy — Oy, Ys = —xtdy — t20: + (x + tu) d,.

Consider for instance the following two ZCRs:

0 0 0 0
o= dx + dt,
u O ug+u? 0

u 0 ue 4?2 0
Z 2 1t3

ﬁ_< _1 _u )dx+ _u _ue o
2 4 4 4 8

With respect to a, the algebra of classical symmetries is gauge-like. Whereas
for B only Y1, Y2 and Y3 are gauge-like.
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Infinitesimal obstruction to removability

An example with a non-projectable symmetry:

For uys = sinu, the field X = xd, — td; generates a projectable symmetry which is non
gauge-like w.r.t.

< 1 % > 1 < cos(u)  sin(u) )
o= dx+ — ) dt
L -1 4\ sin(u) —cos(u)

Under the point transformation
T= t—u, & =x, v=u,

the equation, the ZCR and the symmetry transform to

Ver = (vevee + v3sin(v) —3vZsin(v) + 3vesin(v) — sin(v)),

ve—1
vg cos(v) % vesin(v) .
1- = Z 2(vf—1) - z 1—v, [ cos(v)  sin(v)
p= | dE+ g,
2(1‘/5‘/1) _ "55’:(") VE“ZS(V) 1 4 sin(v) —cos(v)

Y =E&0d: +(v—1)d: (non-projectable and non gauge-like w.r.t. ).
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Infinitesimal obstruction to removability
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